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Some Formule in Elimination. By F. 8S. Macautay. 
Received and read May 8th, 1902. 


1. The object of the following paper is to investigate the properties 
of the determinants which arise in the theory of elimination when 
conducted according to the methods of Bezout, and, in particular, to 
find a simple expression for the resultant. The equations are supposed 
homogeneous, of different orders, and general, that is, complete in all 
their terms with unconnected literal coefficients. 

Cayley* has given (without proof) an extremely general expression 
for the resultant of » equations in the form D/D,/.../D,-., or 
DD, ... | D,D,..., where D is any non-vanishing determinant of the 
complete matrix corresponding to the function O,8,+...+0,8, of 
order t, (cf. §3 below), and D,, D,, ..., Dr, are other determinants. 
The simpler, but less general, expression for the resultant found 
below is D/A, where D is a determinant selected arbitrarily in 
accordance with a certain rule (§ 6a) from the same matrix, and A is 
a minor of D. 

For three equations it can be verified that the two results D/D, and 
D/A are the same; D, and A are not, however, composed entirely of 
the same elements for the same D, but each is independent of the 
elements in which they differ. To verify the identity of the two 
results for more than three equations would be difficult, and of little 
use. The advantage of the simpler form D/A lies in the fact that A 
can be at once written down from D, whereas D,, D,, ... are only ob- 
tained by a complicated process, which Cayley does not fully explain. 

The theory suggested by Cayley has been developed in considerable 
detail by K. Bes.t He discusses at length the case of three equa- 
tions, from which he infers the result for » equations. He does not 
prove that D, D,, ... can be so chosen that no one of them vanishes 
identically; and he is scarcely justified in describing his method as 
a new process, since it does not appear to differ in any essential 
feature from that of Cayley. 


* The method is described generally in the Camb. and Dub, Math. Jour., Vol. 111., 
1848, p. 116, and isexplained more in detail in Salmon’s Higher Algebra (4th edition, 
1885), p. 87. j 

+ © Théorie générale de 1’Elimination, d’aprés la méthode Bezout, suivant un 
nouveau procédé,’’? Verhandelingen der Koninklijke Akademie van Wetenschappen te 
Amsterdam (Sectie 1), Deel v1., No. 7, 1899, 8vo, pp. 1-121. 
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H. Laurent* has also given a supposed explicit expression for the 
resultant, but an incorrect one. 

The resultant of n general equations may be defined as an integral 
function of the coefficients, without repeated factors, whose vanish- 
ing is the necessary and sufficient condition that the equations should 
have a common solution. In the case of » equations containing 





* «T) Elimination,” Scientia, Phys.-Math., No. 7,1900, pp. 1-75. Thismonograph, 
although curious and interesting, is rendered practically valueless in what relates 
to equations in several unknowns by its unreliable methods and conclusions. The 
resultant is nowhere defined and is regarded as an indefinite fractional expression. 
The following are some of the principal omissions and errors :— 

(1) The proof (§ 15) of the theorem that, when two (non-homogeneous) poly- 
nomials in two variables are given as moduli, one variable can be expressed as an 
integral function of the other is incomplete, since two general assumptions are 
made proofs of which are not supplied. . a 

(2) The proof (§ 16) that the z-eliminant C of three equations in 2, y, s of orders 
m,n, p is of order mnp in z is faulty, since the author’s method for expressing C 
leads to a fraction instead of an integral function of z. The same error appears 
still more prominently in § 17. 

(3) The proof (§ 18) of Bezout’s reduced form of a given polynomial with respect 
to other given polynomials as moduli completely fails when it passes beyond reduc- 
tion in one variable. 

(4) The statement (§ 20) that 0?/T1J [the author uses D for J; cf. § 10 (14) of this 
paper] is a determinant with all its elements to the left of the diagonal zero is an 
error, but an unimportant one, since it breaks up into a product of determinants in 
the diagonal. The statement that ?/MJ depends only on the coefficients of the 
terms of highest order in the several equations is correct, but the proof is lacking. 
The author’s proof of the same result in the Now. Ann. de Math., Series 3, 
Vol. 11., 1883, p. 147, is not valid. In the same place, p. 149, he is in error in 
stating that 2 cannot vanish unless the equations have a double solution, from 
which he deduces incorrect conclusions. Again, in § 20 of the monograph, the 
author states that 0?/I1/7 is independent of the roots of the equations. He does not 
explain what the statement means; but it is certainly untrue. If it were true, 
then the ratio of Q to any other expression 9’ formed in like manner would also 
be independent of the roots, which can easily be tested and found incorrect for the 
case of a linear and a quadratic equation in two unknowns. Netto, in referring 
to Laurent, says that 0?/TlJ is a constant, without further explanation (Anceyhklopadie 
d. Math, Wiss., Teil t., Band 1., Heft 3, 1899, p. 274). It would seem that both 
writers have been misled by an assumed, but false, analogy with an equation in a 
single unknown. 

(5) In § 23 is contained the so-called explicit expression for the resultant referred 
to above; but the author is in error in supposing this expression ‘‘ indépendant des 
aij,’ and in supposing it to be the resultant, or to contain the resultant as a factor. 

(6) In § 26 the author implies that in order to calculate the resultant of » homo- 
geneous equations in 2 unknowns it is of advantage to make the orders equal by 
multiplying the equations of inferior order by powers of the same unknown, over- 
looking the fact that, if two of the equations have a common factor, the resultant 
vanishes identically. Multiplying by powers of different unknowns is also of no 
advantage. 

In contrast with the above we may mention § 19, which gives a proof of Jacobi’s 
theorem, and § 22, which proves that, if the vanishing points (or solutions) of 7 given 
polynomials fin » variables are distinct, finite, and complete, then any polynomial 


which vanishes at all these points is of the form 3 @f, i.¢., vanishes identically with 
respect to the f’s as moduli, ) . 
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more than » unknowns the resultant of elimination of (n—1) of 
the unknowns is called the eliminant in the remaining unknowns. 
The most usual form of expression for the resultant is by means of 
the Poisson product. Select any one of the equations C = 0; solve 
the remaining (n—1) equations, after putting one of the cilenavare x 
equal to 1; substitute all the solutions in U, and take the product 
TIC; then we numerator fi of ILC (when reduced to its lowest terms) 
isthe resultant of the equations. # is an integral function of the 
coefficients, being the numerator of a symmetric function of the 
roots of the (n—1) equations ; and the vanishing of Ff is a necessary 
and sufficient condition that the x equations have a common solution. 
The degree of & in the coefficients of any one of the equations is equal 
to the product of the orders of the remaining equations, and the weight 
of every term in Ff is equal to the product of the orders of all the 
equations. The denominator of the Poisson product is the m-th power 
of the resultant of the (n—1) equations when «=O, m being the 
order of OC. is independent of the particular choice of the unknown 
a and the equation C = 0;* this also follows from § 4 and (18) of § 10 
in this paper. ff is non-factorisable.+ Thus & satisfies all the con- 
ditions required by the definition of the resultant. In this paper the 
resultant is regarded from a different point of view, viz., as a factor 
of a determinant; but it is identified with R by means of its pro- 
perties, and also actually identified in § 10 (18). 


: ¢ (10) i} . 

2, Notation.—Let 0%”, O,’, ..., 04", or ©), O,, ..., O,, be » given 
homogeneous general polynomials in n variables 2, #, ..., %, of orders 
M4, Mg, ..., M, respectively. 


Ui 
Let O° denote the value of C” (a ee tt) WHEN. 57, lesen 
1). ° e . 
are all zero; so that C? is a homogeneous polynomial in J variables 
X,5 Vo, oveg Vy. 

We imagine a correspondence to exist between the variables 
1, %, ..., Z, and the polynomials C,, O,,...,C, respectively. Thus we 
may, if we like, regard O, as a polynomial in 2, whose coefficients are 
POLYNOMMISIS 12 po. Ups ty Png tsimety. Ene 

A polynomial containing no arguments xa... x," divisible by 
w™ is said to be reduced in a, ; if, further, it contains no arguments 





* Hadamard, ‘‘ Mémoire sur l’Elimination,’’? deta Math., Vol. xx., 1897, p. 201. 
t+ Netto, Algebra, Bd. 1., 1896, p. 169, and Bd. 1., 1898, p. 79. 
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divisible by a", it is said to be reduced in 2, and a; andsoon. When 
the variables are not specified, a reduced argument or polynomial 
means one which is reduced in all the variables. 

In the function 0,S+0,8%+0,8°-+... of order ¢, it is to be 
understood that S® is a general polynomial of order t—m,, with all 
its coefficients at disposal, S“’ a general polynomial of order t—m, 
reduced in 2,, S® a general polynomial of order ¢—m, reduced in. 
%,, %, and so on. In the function 0,S°+C,8"+C,S8S°+..., where 
C,, C,, O,, ... are chosen from C;, C,, ..., C,, it is supposed that 8 is 
reduced in z,, S® in @,, x,, and so on; so that the significance of 
S®, S®, ... depends on the order in which 0;,, 0, ... appear in the 
constituent terms of the function. 


THEOREM.—It is a known theorem* that any polynomial C of order 
¢ can be expressed uniquely in the form 


C,8© ae ap Suet ibe Le (e Se-D4 S®, 


where J ( < n) is the number of the given general polynomials O,, ..., C« 


In order to prove this, we have to show that 8, 8, ..., S® can be 
chosen in one and only one way so as to satisfy the identity 


0, 8°40, S9+...+6,8¢ P2489 = 0. 


Hquate coefficients of the arguments on the two sides of the identity. 
The number of equations is equal to the number of arguments of 
order ¢; this is equal to the number of the unknowns, viz., the 
coefficients of S®, 8S, ..., 8°, as may be seen by considering the 


polynomial Bs 


(0 nm 1) My OL-1 (l 
BES ae ASU Ae ees weet ee 


p 


in which each argument of order ¢ comes in. once and once only. 
Again, the determinant of the coefficients of the unknowns in the 
equations is not zero; for, if it were, then the identity 


0, 8+ C0, 8+ ...4+0, 892+ 8° =0 


could be satisfied without S®, 8, ..., S” all vanishing identically ; 





* This theorem is a fundamental one in Bezout’s method, and is probably con- 
tained in his Théorie générale des Equations Algébriques (Paris, 1779, 4to, 471 pp.) 
which I have not been able to consult. 


, 
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and this is not possible, since the identity 
By? SO + x! SO +4 ..-ba,? SUD +4 BO = 0 
cannot be so satisfied. Hence the theorem is proved. In the last 
step we make use of the fundamental hypothesis that O,, C,, ..., C, 
are general, from which we are entitled to assume that, since a certain 
function of the coefficients of (C;, C,,.... does not vanish when 
O,, C,, ... have the particular values al, x, .... 16 cannot vanish for 
the actual values of C,, C,, ... . 

From this theorem follows another of special importance, viz., that 
a homogeneous polynomial of the form OC, 8,+ 0,S,+... +C,S, can be 
expressed uniquely in any one of the standard forms 


C, SO Cy eee (ne Gaal 


where C,, Oy, ..., OC, are the / polynomials C,, O,, ..., C, taken in any 
order we please. For 0,8,+C,8,+...+C,8, can clearly be written 
in the form 


Oy Kt Op St... + Op (Sl + 0, S940) S94 ...), 


which, by a proper choice of S®, S®, ..., S\~, can be made of the 


Ast Oy St Op So ee + Op S- ; 
and this can clearly be brought step by step to the form 
Cy, 8+ Cy SO+...4+ 0,80. 


Similar reasoning leads to the theorem that, if C,S,+...+ 0,8, 
of order ¢, vanishes identically, then 


pal 


y= = Oro, me Grell ete tL) 
p= 


where the polynomials S,, are of assignable orders, and satisfy the 
relations S,, = —S,, and S,, = 0. Thesame result holds if 0, ..., C; 
are any given polynomials, provided that certain functions of the 
coefficients do not vanish. 


3. Noration.—The matrix corresponding to a homogeneous integral 
function C,S,+C,8,+...+C,8, of order ¢ (also called a matrix of the 
coefficients of O,, C,, ..., C,) is formed as follows. Write down 
horizontally all the arguments ,, w, ...,, of order ¢t. Multiply O, 
by any argument w of S,, and write the coefficients of oC, under their 
corresponding arguments: ,, ,, ...,,, thus giving a row of the 
matrix. Write to the left of the row the coefficient of w in S,.. If 
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Nj, Ag, «++, A, are all the coefficients of S,, S,, ..., S,, we thus obtain a 
matrix with » columns and p rows, viz., 


Ww, Wy, eee W 
Ay ay Ayg coe Ay 


ry Qo, Qo eee A 
rv An U2 eee 


This (bordered) matrix is a diagrammatic representation of the 
function C,S,+...+0,8,, viz., the function is the sum of the pro- 
ducts of every element of the matrix by the two corresponding 
elements in the border. It represents also the whole coefficient of 


t p=e 
each argument in the function, viz., the coefficient of w, 1s 3 ApApg 
‘an 


D(n,t) denotes the determinant whose vanishing is the condition 
that the identity 


C: So uf C. SO + We Ca Se-) — se, 


of order ¢, can be satisfied. Thus D(n, ¢t) is obtained from the 
matrix corresponding to C,S+C,S%+...+0,S°-) by omitting the 
columns corresponding to arguments contained in S™’, that is, all 
columns corresponding to reduced arguments. We take D (n, t)=1 


when ¢ is less than the least of m,, a ee Tae 
R(n, t) denotes the H.C.F. of the x! determinants formed in a 
similar way to D (n, t) when Cj, C,, ..., CO, are arranged in any order. 


R(n, t) = D(n, t) when ¢ is less then the sum of the least two of 
My, My, ...5 M3 Otherwise I? (n, t) < D (n, t). 

Dl, t), 1 < n, is the determinant whose vanishing is the condition 
that the identity 


094 0s" +...400 st = 8? 


of order ¢, can be satisfied. Here lis the number of the variables 
(§ 2), and also the number of the given polynomials C. & (1, t) 
denotes the H.C.F. of the /! determinants like D (1, ¢). 

We take ¢, to stand for m,+m,+.. eth iar at ly and by for 
mM +...+m—l+1. BED 
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THrorEM.—The resultant of: C,; O,,:...; Cy, is BR (n, t,). 
The matrix from which D (n, t,) is obtained, viz., 


bed ited OES decd 

PAGE Cyndie yee Cy; 

Ag Ay, Qo, eee Ao, 
X,, | Gn G2. 


is the determinant D (n, ,) itself; for there are no reduced argu- 
ments of order ¢, (since the reduced argument of highest order is 
as ihe te _ vm) which is of order t,— 1), and consequently there 
are no columns, to be’ omitted.’ It: is then evident that D.(n, tn) 


vanishes if the equations 
Ay 1 Ay W_T oT, w, = = 0,, 


Cag Tatas oat Ty, WO, = 0, 


Ay + yp Ws + re wae = () 


can be satisfied. But these equations are satisfied, when the resultant 
vanishes, by giving to w,, #,, ...,, the values which they have for 
the common solution of the equations Cea Oa On roe Cy 
Hence the resultant is a factor of D (n, t,), and of all the x! determ- 
inants like, .D (,‘t,);.therefore it is a factor of their H.C.F.,. viz., 
Ri (n, t,). Also FR (m, t,) 1s of the same degree as the resultant in 
the coefficients of each of the polynomials 0,, C,, ... C, (proved in § 4). 
Hence R (n, t,,) is the resultant. 


4. Turorrm.—The degree of fi (n, ¢) in the coefficients of C, is 
equal to the number of arguments of order t—m, which are reduced 
in all the variables except w,, 7.e., it is equal to the coefficient of x’ 

ll Od hind BE Me .| 
l—a™ e-~1 1-2 
Let D'(n, t) be the determinant like D (n, t) for a different order 
of the polynomials, viz., for the order 0,,...., Cp, C,, 0). 

D' (n, t) is a determinant of the matrix corresponding to 


GO; SO-% +0, Soe -2) Va. (3 Se), | 
Hence the degree of D’ (n, ¢) in the coefficients of C, is equal to the 


in 
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number of arguments in S-) of ordert—m,. But R (n, ¢) is a factor 
of D' (n, t), and therefore cannot contain the coefficients of C, to a 
higher degree than the number of arguments of order {—™, reduced 
in all the variables except 2,. 

Now the polynomial 0, 8° +0, 8+... 4+0,,8°~” is represented by 





W, Wy aee w, 
IP eRe RO aioe, 
An| Ser bing ty maa 
Ne Gpyeas eeeseee 


and (§ 2) this can be brought identically to the form 
CO; pee On at Ci Sear CAS ae: 
which is represented by 


WO, Ws bed) 
/ i , / / 
An) Qiao ae 


, / A / 
Az | Qo, Ag, .. A 


d; ab Cho a 
ie 2 | ha ether 
SN pyr = = Ai Gp a: a) oS anae 


p= 


Hence 


Taking any p values for 7, it follows that the ratio of any determinant 


in the first matrix to the corresponding determinant in the second is 
equal to the transformation determinant (* ) derived from the 


X 
identical expression of Aj, As, ..., A, as linear functions of A,, Ay, ..., A,» 


In particular, we have 


rie a4), 


We examine then how the quantities \’ are expressed as linear 
functions of the quantities A, or, what comes to the same thing, how 
Te 0,8%+C, 8% + ...+ 6, Sew 


is changed to the form 


ti | OS AOS ae 
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The first step is to write I. in the form 
UE OS +0, 8°) +... + 0, (8) + 0,8") 
7} af 77(10—2 
PORE Maley te Os eso 


and Eaantc the co-factors of 0, in IT. RS III. We thus have 


CO, Vere aay gue 2) ey oe 1) et eo )) 
Asie q 


This identity determines uniquely all the coefficients of 8’, ..., 8S’, 


S’’~ in terms of the coefficients \ in S’’-?, by §2. The coefficients 
in 8“"-” are therefore linear functions of the coefficients A in Posiae cae 
and the coefficients of the expressions for these quantities \’ in terms 
of the quantities A are fractional functions of the coefficients of 
Ci, .--, Cy, On, 2.€., they are independent of the coefficients of C,,. 

The rer step is to change the co-factor of OC, in III., keeping the 
co-factor of C, unchanged, and requires the identity 


ran Keer ee gues 3) sii ee se ae gue; 2) 


to be satisfied, S’""” being already determined from the first step. 
From this we see that the coefficients ’ in 8“"~” are linear functions 
of the coefficients X in S@- and S’-”, and that the denominators of 
the coefficuents of the expressions for these quantities r’ in terms of the 
quantities X are independent of the coefficients of C,. This last property 
clearly holds for all the quantities \’ when expressed in terms of the 


quantities A. Hence the denominator of is) is independent of the 
coefficients of (... 

D(n, t) is therefore divisible by all the factors of D’ (n, ¢) which 
contain the coefficients of C,.; and similarly each one of the n! 
determinants like D(n, t) is divisible by the same factors. Hence 
Fi (n, t) is divisible by the same factors, and therefore R (n, t) is of 
the degree stated above in the coefficients of C, The degree of 
FR (m,t) in all the coefficients combined is equal to the coefficient 


M,, De pple 
ease areata’ 








of 2 in & 
—_ ap 1 <n 17 


It easily follows that the degree of R (n, t,) in the coefficients of 
0, is Im/m, This completes the proof that BR (n, t,) is the resultant. 
The continued ratio of the determinants of the first matrix above 
is the same as for any one of the n! matrices formed in a similar way 
when (,, C,, ..., C, are arranged in any order, and is equal to the 
continued ratio of the H.C.F.’s of ‘the sets of 7! corresponding de- 
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terminants. Hence, since R(n, t) is the H.C.F. of the set corre- 
sponding to D (n, t), it follows that all the determinants of the first 
matrix are divisible by D(n, t)/R(n,t). Also 0,S°+...4+0,S° 
can be changed identically to O,S,+...+0, S,, where S,, ..., S, con- 
tain any the same number p of arguments in all as S®, ..., S”~”, 
provided only that the determinants of the matrix corresponding to 
O,8,+...+0,8,,do not all vanish identically. Hence, since corre- 
sponding determinants will still remain proportional, it follows that 
the determinants of the matrix corresponding to C,S,+...4+C,8, 
will have a common factor of the same degree as D(n, t) /f (n, ¢) 
in the coefficients of all the polynomials 0,, C,, ..., C, combined. 
Similar results hold for the matrices corresponding to 


O,S%+..+0,8°" and O,8,4+...4+C,8). 


5, Turorem.—To prove that, neglecting sign, 


D@,t)_ D(m—1,t) D(w—l,ti—I) D (n—1, t—m,,+1) 
R(n,t) R(n—1,t) R(m—1,t—-1) ~ R(m—1,t—m,+1) 


x D (n—1, t—m,) D (n—1, t—m,—1) ... D (n—I, 1). 








FR (n, t) is a factor of D (n, t), and the remaining factors of D (n, t) 
are independent of the coefficients of C,, (§ 4). Let a, be the co- 
efficient of gn in C,, and r the number of arguments in S®-” (of 
order t—m,) which are severally used as multipliers of C,, in forming 
the r rows which correspond to C, in D(n, t). The element a, 
appears in all these r rows of D(n,t), and occupies the columns 
corresponding to the arguments of a S°~”, the only columns absent 
from D (n,t) being those which correspond to reduced arguments 
(§3), or arguments comprised in S”. The remaining columns of 
D (n, t) are those corresponding to all arguments of order ¢ which are 
not comprised in a™ S°~) +S, ze, S°-). Hence the coefficient of 
a; in the expansion of D (n,t) is the determinant whose vanishing is 


the condition that the identity 
C0, 8+ 0, 89+ ...+0,_, 8°? = Se-, 
of order ¢, can be satisfied. To find this determinant, assume the 


identity satisfied, and put x, = 0; then C, becomes O}""”, and if S@ 
becomes 8’, we have the identity : 


Ca) go Bio gu ne ae (ee arin) os gn) 
1 cee n— — 4 


rE 
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of order ¢. Hence either D (n—1, t) = 0, or s. Sate oe ae 
vanish identically. In the latter case, 8, 8%, ..., S@-) are all 
divisible by z,, and on dividing it out we have the identity 


0,89+0,8%+.. +0, Siekes 2 — Sir- 1), 


of order ¢—1. Hence D (n—1, t—1) =0, or a similar sdgnuty holds 
of order t—2. It follows that the determinant sought is 
p=t-l 


II D (n—1, t—p). 


p=0 


p=t—1] 
Hence BAGS Nasa Tn 78 (n—1, t—p)+.... 
p=0 
We next find the coefficient of a in R (~,¢t). Consider the determ- 
inant like D(n,t) when the order of (C,, C,, .... C, is changed to 
CO, C,, .... Cr, that is, the determinant whose vanishing is the 
condition that the identity 


On 8 CS i Ca he? = 8M, 


of order ¢, can be satisfied. The element a, appears in all the 7’ rows 
corresponding to C,,, and occupies the columns corresponding to the 
arguments of 2” S®; hence, on expanding, the coefficient of a} is 


the determinant whose vanishing is the condition that the identity 
0; Se, TO. aes 1) es S™+a™ i. So: 


of Paar t, can be satisfied. The coefficient of a” is therefore 
p=m,-1 
Il D(n—1, t—p), 
p=0 
by a similar proof to the above. Keeping now C, fixed, while the 
order of (;, C,, ..., C,-1 is altered in all possible ways, the H.C.F. of 
the coefficients of a, in the several expansions is 
p=m,—-1 
Il R(n—1, t—p). 
oO 
This is the coefficient of a, in R (n, t); for it is easily seen to be of 
the same degree as Rf (n, t) in the coefficients of O,, ..., C,1. Hence 
p=m, —1 
Rn, th=a, TW R(n—1,t—p)+... 
p=0 
Also the ratio of D (n, t) to R (n, t) is equal to the ratio of their first 
terms when expanded in this way; thus we have the theorem. When 


t2 th, 


My . 


E(u, t) = R(n, t,) = a, eet Ge Lee 8 Pe. 
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6, THrorsM.—R (n, ¢) is the quotient of D(n,t) by the minor of 
D (a, t) obtained by omitting the columns corresponding to all argu- 
ments reduced in (n—1) of the variables , 2, ..., x,, and the rows 
corresponding to C,. (r = 1, 2, ..., »—1) for all multipliers reduced in 
Bee ign ree 

The resultant R (n, t,) of C,, O,, ..., 0, 1s consequently the quotient 
of D (n, t,) by the corresponding minor of D (n, t,,). 

Let A (n, t) denote the minor of D(n,¢) mentioned above. To 
prove the theorem, viz., to prove that A (m, t) = D (n, t)/R (n, t), it 
will be sufficient (§ 5) to show that 

-p=m,—1 p=t-1 


A (n, ie — or A(n—1,t—p) TT D(n—1, t—p), 


P=Mpy 


and to verify that 
A (2, t) = D (2, ))/R(, b). 


Now A(n, t) is the determinant whose vanishing is the condition 
that the identity 


fy 0,3+0,39+...+0, 1.5% = &, 


of order ¢, can be satisfied; where 3 is a polynomial whose argu- 
ments are non-reduced in at least one of the variables a, #3, ..., @n3 
> a polynomial whose arguments are reduced in a,, but non-reduced 
in at least one of the variables a, ...,%; and similarly for 3, ..., 3-” 
(the last consequently divisible by x"); and finally = a polynomial 


whose arguments are reduced in at least »—1 of the variables. The 
number of coefficients in &), 3, ..., %"-? is equal to the number of 
the equations they have to satisfy, and A (x,t) is not identically zero. 
This is seen by considering the polynomial 


m ; K 
0 SO 4 a? BO a ASO ES, 


in which every argument of order ¢ occurs once and once peal 
(cf. § 2). | 

Putting x, = O, and eaten >’ for the value each & then takes, we 
see that identity I. becomes 


vit (0 1) (1 -<¢ 
OR LO ECO MSL Le Dsie9 — 


* It is to be remembered that the multipliers of (,. are also reduced in a, ..., %-1. 
The columns to be omitted are those which contain the elements a, as, ..., @ in the 


: . 5 Te. 
omitted rows, where a, is the coefficient of »” in C,. 
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ot order #,!’ Hence'A (n—1, #) 4 0, or. 3/3, 2, 0", SY all 
vanish identically. In the latter case x, divides out of each & in L., 
and we have 

ist 0,3 C3) +o, + C,-1""? = &, 


of order t—1. Since II. is obtained by dividing 2, out of I., the 


—1 


part played by x» in I. is now taken by #”~"; so thatin IT., for any 


argument to be reduced or non-reduced in a, means that it is non- 
divisible or-divisible by a”"~". 

Putting z,=0 in II., we see that A(n—1,t—1)=0, or else 
identity I. still holds with ¢, #” changed to t—2, 2""*. Proceeding 
_in this way, we find that 

A (n, #) = A (n—l, t) A (n—1, t-1) ... A (n—1, t—m, +1) 44 
where A’ is the determinant whose vanishing is the condition that 
identity I. holds when ¢, an are changed to t—m,, #}. Thus each 3 
is now necessarily non-reduced in 2,, and consequently &”) takes the 
form S”; while 3 is reduced in @,, a, ..., %,-1, and takes the form 
S°-), Hence identity I. becomes 

C,89+0,8P+...+0,_-,8°°? = Se", «. 


of order t—m,. Hence (§ 5) 
p=t-1 
A’= IL D(n—1, t—p), 
D=my, 
which proves the theorem. 
Thus definite expressions have now been found for F (n, t), R (n, tn), 
Patent a) (6) / A (mn, t), A (2,.t,) =D (n, t,)/ A(t): 
Another way of expressing the rule for obtaining A (”, ¢) from 
D (n, t) is the following :—A (n, t) is the determinant formed by the 
elements of D (n, ¢) occurring in all the columns corresponding to 
arguments non-reduced in two or more variables, and all the rows 
corresponding to C,(r7 =1, 2, ...,.—1) for multipliers non-reduced 
in one or more variables fear x, out of account. 


*6a. A more general way of forming an expression for the resultant 
of O,, O,,...,0, is the following: — Form the complete matrix 





* This section was added in a revision of the paper, June 17th, 1902. It supplies 
a further proof of the theorem of § 6. 


fru f LE ¢ 
¢.€.d a“ 
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(having more rows than columns) corresponding to the function 
C,S,+C,8,+...+C,8, of order t, = 1+3(m—1). Call he rows 
which make up D (, t,), that is, the rows corresponding to 


0,8+0, 8 + ...4+0,, 90>», 


the primary rows, and the rest the supplementary rows. Select any 
> of the primary rows, of which p, correspond to C,, where 


ppm = Um (rs ee ae 


and add to them any supplementary rows, so as to form a determ- 
inant of the complete matrix which does not vanish identically. Then 
the resultant is the quotient of this determinant by the minor obtained 
from it by omitting the Sp, rows, and. the columns which contain the 
elements d,, @),..., @,in the Su rows, where a, is the coefficient of a r 
in OU... Observe aN there is one element qj, d,, ..., @, Im each row 
and each column of the complete set of primary rows. 

The theorem is also true for R (n, ¢), when py, uy, ..., Bn are given 
their proper values ; but for this case the proof given below requires 
amplification in one or two details. 

Let p,, pa, ---5 P» denote the numbers of the arguments of order ¢, 
(m-1) 


Botchestorm gu’ a2 a) ook tw respectively, so that 3p is 


the number of ee of the matrix, and p, =wu,. Let Ss denote a 
polynomial, and w } an argument, which is reduced in the first p and 
last q of the eles Ee, eee 

. The complete set of saaplemen tare rows oe a matrix of rank 
> (e— ), which is the number of supplementary rows in any one of 
the determinants above; for the matrix corresponds to 


Cy (#8) +0, (@™S-+a0S) +... +0, (em S+a™S +... 018) 
= a] (C,8in-2) + OsSin-g + 0. + OnSo) £29? (Os8 (ua) + -- + O80) +. 
.¢ ayes (O, S19) 
= 0, (@ Sina) +O; (2 Sina 0" Sy 9) +e. 
+6, @M Sh +a Sot...+e "So ) 
= ae sce BOLO oa eee OL ae 
(OC, Bin oit C, Sey +... Oy 8) pe (Omen 


which Beni X(p—) parameters only. The number of para- 








p; columns | p2 columns | p3 columns | p, columns pe: 5) Cols, 
ny Mz (1) te (2) | wm, (3) gilts (4) 
x" w a; %. > w Ly *w %. Fw 
hal TOWS 
al : | / 
My TOWS D, | D, 
w CO 
3 rows D; Dz 
aw” Cs | | 
* - a es): Be ee Le hie a) 
fy LOWS 
3 
an ee | 
* ; rae D D; 
Ms (= ps) TOWS , ‘ 
(4 | 
oO a NS hay SA Wehone = le2is tI ee D, 
p4— My TOWS 
gis w) 0; | A, 
2, (0) | we) pe). Pe by BA Ds 
eases “aI 
A: 
m (2) 3 |: 
#3) (w3) Cay {0 Cs) | | beng Do SARE ON Shae D, 
ewe rows wRAnItha ty YS aise ais Ba 
m wo (1) wl As 
| ine rows | | 
A 
at 0) Pa) | 1 
wr (w@ 2 ()Ca @ 20a @ 11; Cas 9) C5) | 


ld 
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meters, for example, in the second bracket of the last line equals the 


number of arguments in the function 
a gi 4 aplle4 go at se My ge 
é (n-3) 4 Dm-4) Tee TH” OO) 


of order #,—mz,, that is, the total number of arguments w™ of order 


2 (1) e 
#,—m, less the number in 2,"S; eeat-b Sia): or Si,-», which equals 


ras ("> 

Hence, if two determinants are chosen having the same primary 
rows, but different supplementary rows, then the determinants in one 
set of supplementary rows will be proportional to those in the other 
(§ 4), and the two original determinants will be in the same pro- 
portion. The theorem is therefore true for any set of supplementary 
rows, if it is true for one set. 

The proof of the remaining part of the theorem will be sufficiently 


indicated by taking »=5. Consider the determinant D arranged 


in columns and rows as in the following diagram :— 



















































































Socexxxy.—no. 791. C 
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The Sp primary rows correspond to 0,8°+0,8%+...+0C,8® 
where S’- (r = 1, 2, 3, 4, 5) is an incomplete polynomial containing 
any p, arguments w”’-?, The 3(p—p) supplementary rows are 
chosen in a particular way, each of the arguments w,) in the diagram 
being given all the values of which it is capable. The elements to 
the right of the dotted line are all zeros. D, (rv =1, 2, 3,4) is the 
determinant marked in the diagram by writing D, at the four corners. 
A, (vy = 1, 2, 3, 4) is the determinant marked in the diagram on the 
supposition that the wu, columns containing the element a, in the 
primary rows are omitted. Let R be the resultant of O,, C,, ..., C;, 
and R, (r= 1, 2, 3, 4) the resultant of C,,;, ..., C0; when a, ...,%, are 


made zero, so that R,=a,;. Then D, is divisible by R,°”"". We 
shall prove this for the case 7 = 2, by the method of §§ 4, 5. 

Let Ene + 0,8? +080 be the function whose matrix has D, 
for a determinant, S\’, S\’, S® being the sums of the multipliers 
of C,, Cy, C; in D, affected with arbitrary coefficients 4. We shall 
be able to compare D, with a standard determinant of a similar type 
by bringing C 148+ Cy S°+0,8° to a standard form, viz., the 
function 0O,S%)+0,8;)+0;S;5, with respect to the arguments to 
which the sabes of D, correspond. These are the cert of 


the type fw, aw, ef's0, or w®, or xsi), vw), x, 'sw), from 


4 
which we see that he standard function contains just the neces 
number of parameters. Now the following identities, regarding the 


functions on the left hand as the unknowns, 
CRY Use titehcHs ee Si) + (a8, +22°S3’) = S?, 
(yes + 0.545" + (ay" Si tay? St’) = SP +0, Site 


(3) Si + a Sy +a" SY") = 85+ 0, S46 Si» 
can be satisfied in succession uniquely, and on multiplying by 
Cs, C,, Cs, and adding, it is seen that the required transformation has 
been effected. 


From (1), (2), (8) we see Get the parameters \’ of San Sa), Sio)> 
when expressed in terms of the arbitrary parameters \ of S°’, 8”, 8 
contain the coefficients of OC, only in the numerator. Hence the 
determinant D, contains all the factors of the standard determinant 
corresponding to C,S%)+ 0,8, +0; 8, which involve the coefficients 
of OU, (§4). Now the standard Bae Ne which comes from 


equating to zero all terms in O,83,+0,S+ ORs containing 
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fae (ep 0,1, ...,,—1 3 0,0, 1, 2... m,—1), breaks up into m, mz, 
determinant factors of the type D (3, t), each of which is divisible 
by fk, The determinant D, is therefore divisible by RB"; and 


My... Mr 


similarly D, is divisible by R,, 
MyM : : 

Again, D, and Rk,” are each of degree p, in the coefficients of Q,, 

while the coefficient of af*in D, is A,D;, and in Ry""" is Rs?”””* (§ 5) : 


h 
ence eT): 


Rk” Ne Rov: 
» a 


2 








From this, and similar results, we have 


a= A, 1 A,A, Bem AAA ea AA, ADs 
R R, 1 i 2 Bei 2 Ro 1N2gMgM, 
= 4,4, 434, ; 
therefore tM P10) oor a\yanrayy 


This proves the theorem for the case » = 5, and in a similar way it 
follows generally. 


7. The problem of dividing out the extraneous factor A (n, t,) from 
D(m, t,), so as to bring the resultant FR (x, t¢,) to an integral form, 
appears to be a more difficult one than that of merely finding the 
extraneous factor. Any series of operations for finding the integral 
form of F (n, t,.) would probably be very long and complicated. | 

A slight reduction in the magnitude of the extraneous factor is 
obtained as follows. Taking m, < m,... < mn», the coefficient a, of 

aw," in CO, raised to the power (m+... +™My_ ae /(w—1)! divides out of. 
both D(n, ty) and A (n, t,) at sight. This is not, however, the whole 
power of a, that divides D (n, t,) unless m,, m,, ..., m, are all equal. 


Among the multipliers of CO, we may omit all those divisible by a". 
This will result in a diminution of (my+...+,-1)n-1/(#—1)! in the 
number of rows of D (n, t,), and the same diminution in the number 
of columns, viz., the columns corresponding to all arguments divisible 


by #,""". The extraneous factor in the reduced’ ‘determinant D’ is a 
minor of D’. To obtain it we omit all the rows and columns in D’ 
which had to be omitted in D(n, t¢,) and which appear in D’. _ Those. 


so Esppearine in D’ are the rows corresponding to 0; ae dearer 


r, *w, and the columns corresponding to arguments a," w, where w 
is any argument of order ¢,—m,—m, reduced in @, a, ..., ®,. We 
must then omit some other rows and columns of D’ in place of those 


Cae 
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which have disappeared. They may be chosen in several ways. We 
may, for example, choose the rows corresponding to U, for multipliers 
Pew’, where w’ is the value that w takes when 2, and a, are 
interchanged ; for it can be proved that each of these rows simply 


supplies a factor a, to the minor A (n, t,) of D(n,t,). Since w is not 


My — Mey 


divisible by a, w’ is not divisible by a,°, and 2, aw’ is not 
divisible by a", and so is a multiplier for C, in D’. The extra 
columns to be omitted from D’ are those corresponding to the argu- 
MRCS yt) 84 1) 

A greater reduction in the magnitude of the extraneous factor is 


suggested by a method of Sylvester’s.* Taking m, < m,... < m, and 
(a,—1)+(a,—1)+...+(a,—1) = m,—-1, 


then any argument in C, or Q,... or C, is of higher order than 


ro — 1 ao—1 st, —1 
wv, Lo aie x 


that we can write 


, and therefore divisible by a or a... or a"; so 


O, = a A,+ay Bb... +0," K, OSH, 2,5, nN), 


where A,, ..., K, are polynomials. The number of solutions of the 
equation = (a—1) = m,—1 in positive integral values of ay, ..., a,, 
excluding zeros, is equal to the number of arguments of order 
m,—1; which is also the number of reduced arguments of order 
t,—m,, a8 may be seen by dividing any argument of order m,—1 into 


™,—1 


Mg-1 
xy ee 


2 


My, — 1 


a a There are therefore the same number of poly- 


nomials 3+ ABC... K of order t,—m, as of reduced arguments of 
order ¢,—m,, taking only one set of polynomials A, B, ..., K for each 
solution of the equation }(a—l) =m,—l. The determinant D’ 
corresponding to these polynomials and the function 


C1874 O05 Sy ai os 


of order t,—m,, will have the resultant F (n, ¢,) as a factor. The 
proof that D’ does not vanish identically, provided that only one 
polynomial = + AB... K is chosen for each solution of 


> (a—1) = m,—1, 


is somewhat complicated, and we omit it. It is clear that D’ is 
divisible by the common factor of the determinants of the matrix 





* Salmon’s Higher Algebra, 1885, p. 86, and Camb. and Dub. Math. Jour., 
Vol. vi., 1852, p. 68. 
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corresponding to O,S8°+...4+0,S°"-); hence (end of §4) D’ 1s 
divisible by A (m, t,—m,). Also the quotient is of the same degree 
as fi (n,t,) m the coefficients of O,, C,,...,C0,, and is therefore 
identical with R(n,t,). Thus the extraneous factor in D’ is 
A (v, t,—m,), which is obtainable from D’ by the same rule (end of 
SG) as A (nm, ¢,) from D (mn, ¢,). 

This method has the greatest effect in reducing the extraneous 
factor when ™,, ™,,...,m, are all equal. When n=3 and 
Mm =™m,—=m;, it gets rid of the extraneous factor altogether; and 


when »=3 and m, < m, < ms, it reduces the extraneous factor to 
a, raised to the power 


3 (m,—m,)(mM,—m,—1) +} (m,—m,) (M3—™, — 1), 
of which a, to the power 4(m,—m,)(m,—m,—1) can be divided out, 


leaving a, to the power 4(m,—m,)(m,—m,—1) as an extraneous 
factor which does not divide out at sight. 


8. We add a further list of formule without entering into details 
of proof. The formule of the present article are proved by methods 
that have been already employed. In §§9, 10 some indications are 
given as to how the results are obtained. 


(1) D (n, t) =sip) (n—1, t) D (n, t—1), when ¢ > aes 
t=n 
(2) ier LL Diath when. £6 >i, 
$23 
where 
pr aa bum tis) 
p= —| ( 2a 1 Oper Ge 
aoe) eats 1 0) 
( : , ie: 
( Peter rapes: ( aes aa Fei 1 
n—l—-1 n—l—2 n—l—3 


a ee ee i nates 3) ("4") 


(*) denoting the coefficient of a” in (1+«)‘; t,—¢in the last row of 
the determinant is a negative number. 
(3) R(u, t) = B (a, t,), when ¢ > Z,. 


R (n, t,) is a prime, z.e., non-factorisable (Netto, l.c., p.5). [tis also 
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probable that R (n, t) is a prime for all values of # when Myy Mgy .+05 My 
are all equal. When m,, m,, ..., m, are not all equal it is probable 
that R (n, t) has only one factor containing the coefficients of all the 
O’s. In this case, if m}\ is not less than any other m, the factor is 
the numerator of 


p=M, — 1 


R(n, | Il R(n—l, t—p) 
p=90 


when reduced to its lowest terms. 
If m, is less than any other m, then the coefficient of v™ in C, is a 
factor of R (n, t) when 


t= m+ (m,—m,—1)+...4+(m,—m,—1) = t, -—(n—1) m, ; 
TOre0. x ee gh ™~" Gg of the form S™ when this coefficient of 
C, vanishes. 
If m,, ..., m, are equal and less than any other m, then the determ- 
inant of the coefficients of the highest powers of 4,, a, ..., #%, in 
O,, O,, ..., C, 1s a factor of & (n, t) when 


¢t = m,+(m,.:.—m,—1) +... + (mm, —m, -1) = t, —-(n—1) m, + (7r—]); 


-m,-1 


nn aie Fl 
FOr A, OC; AEG ee eee: 


he. sig wes can be made of the form 
S™ when this determinant vanishes. 

Let D (1, t)” denote the determinant whose vanishing is the con- 
dition that one SO+ Oe SO... +0M 8S + 8 can be made identically 


zero; so that D (n, t)” is the same as D(n, t). Then (n>) 
(4) Dt) Dia) ODA ily 


Tl Da en eria Bai 

— TI fon p+n-l—-1l!/ptn-l- a 

ae ae ee 

Thus D (i, 4)” is independent of the coefficients of all terms in 
C1, Cy, «.., G; which contain any variable other than 2, 2, ..., %. 

Let R(i,t)” be the H.C.F. of the J! determinants similar to 

D (1, t)) for the 1! different permutations of 0, (,,...,C; Then (n>1) 


6) .. BU@DM=R LOD" RG, t-—D™ 
p=t-l 
= II R(l, t—p)"-» 
p=0 


p=t-1 


— I R lét— p+n—l-li/pin-t-1t 
ae (i, ¢—p)? eS 
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By induction we have (n 2 2) 


D (1 t)™ D (l—1 ty | 
: Ri. t™ = : ao See, (12) 
( ) R (1, ¢) R (i—1, ayo (J 1, t 7m) ; 





the case for 7 = / having been already proved (§ 5). 
From (6) we have 


(7) Di, t)=R (a, t) R(n—1,t—m,) R(n—2, t—m,_1)™... 

. BI, t—m,)™, 
from which D (n, ¢) is expressed in prime factors when the m’s are 
all equal, by (5) and (8). 

The number of different prime factors involved in all the ex- 
pressions D (J, t)” is 14+¢4,+¢,+...4+¢,_1 when m,, m,, ..., m, are in 


ascending order of magnitude; in other cases it is equal to or less 
than this number. 


9. From identities of the type w(, = w(, of order ¢, by writing C; 
in full on the left hand, and solving for the arguments, we obtain 


(8) D (n, t) oO, = Dao,+ i od Di Ot CO, SO 4 (OF Se) zone 0,/Se-0. 


where w,, ..., 0, are the arguments of order ¢ reduced in all the 
variables, and w, (q¢>v7) 1s any non-reduced argument. D,, 18 a con- 
traction for D (n, t),», and may be regarded as being obtained from 
D (n, t) by replacing the column corresponding to w, by the column 
corresponding to w, out of the same matrix, and then altering the 
sign. Identity (8) is written 


(9) fay, =a D eon, (ued On Cs. Cy. 
(ia | 
Dividing out the common factor D (n, t)/R (n, t), we have 
(10) Ghote Ssh oma (nod Oi, CenrOa): 
p=l 


where Rn, Ry», ..., Rk, are integral functions of the coefficients. 
Formule (9), (10) are uniqué, since there is only one expression for 
w, of the kind given. 

In a similar way we have 


p=r 
(11) D0, Ho, = > Dyw, (mod C,, C,, ..., O,), 
pal 
where ,, ,,...,, are all the arguments of order ¢ reduced in 


Wy, % ..-, @, and w, is any non-reduced argument involving only 
I, %, ..., a. This equation may be multiplied by any argument: 
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involving only 2,1, ..., %, leaving the f’s unchanged, but increasing 
the order of the arguments. 


10. Notation:—We proceed to give some formule involving the 
roots of C;, C,, ..., C,;. For this purpose it is convenient to take 
#% = 1, and regard C,, O,, ..., C,_1 as non-homogeneous polynomials 
IN &, Ly) ..-, Z,-y. We can reinsert 2, whenever we please. Let pu be 


the total number of arguments ©,, w, ...,, of order < ¢ (or of 


order ¢ when wz, is reinserted), + the number of arguments reduced 
(in 2; %, ---) Mn-1) Of order <t, Viz., w,, ...,#, im ascending order 
(so that #,=1), 7’ the number of arguments reduced of order 
<t—Mp, ViZ., 1, Wa, ..., Oy, and p(=m,...m,_,) the number of 
vanishing points common to C,, (,,...., Cr_3. When t<t,_,;—1 then 
r<p, and when t2#,_,—1 then r=p. Select the p points in any 
order, calling them the Ist, 2nd, ..., p-th points. Let C,; denote the 
value of C,,, and w,; the value of w,, at the 7-th point (p = 1, 2, ..., uw; 
pee als 22.05%) ). 

The matrix corresponding to C,S,+...+C,-18,-1, where S,, ..., S,-1 
are complete (or incomplete) polynomials of orders t—m,,t—my,, &c., 
is of rank w—r, 7.e., any sub-determinant of the matrix containing 
more than w—r rows and columns is identically zero. For the 
identical vanishing of C,S,+...+C,-1S,-) requires » equations of 
which only »—yr are independent, since O,S,+...+C,_1,8,_, can be 
brought to a form 0,8°+...+C,_;S°” involving only w—,r para- 
meters. 

Similarly, the matrix corresponding to C,S8,+...4+0,8S, is of rank 
e—r+r; r—7 is the number of arguments of order ¢ reduced in all 
the variables when 2, is reinserted. 

The matrix of the roots, viz., 


Wij, Doi, e209 Wu 
Wi95 Wo95 eee b) OD) 
Wi p5 Wo9 OA) Wap 
is of rank r when r<p, or (<t,_,—1; for 8, S™, ..., S@-» can be so 


chosen that C,S®+...+C,_,S”~? reduces to a polynomial containing 
only r+1 arguments arbitrarily assigned, and this polynomial 
vanishes at any 7+1 of the p points. | 

Select «4 —r rows of the matrix corresponding to C,S8,+...+C,-1S)-1 
so as to form a matrix of the coefficients the determinants of which 
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do not all vanish identically. These »—r rows cannot be chosen 
arbitrarily. Also select (arbitrarily) 7+ rows of the matrix of the 
roots, viz., the first r rows; for these correspond to any r of the 
p points. The two resulting matrices are “ corresponding,” 7.e., 
the sum of the products of corresponding elements of any row in 
the first and any row in the second vanishes.. Hence (neglecting 
sign) the ratio of any determinant of the first to the corresponding 
or complementary determinant of the second is constant.* This is 
expressed in the form 


D Ce Weties w, ) D (w,, OS Be an W,) 


> = Wp VO pg 4+ Ope 2+ gel aa Oar 


(12) 





9 


where D (w,, W),5 +++) Wy ) 18 the determinant obtained from the matrix 
of the coefficients containing p—7 rows by omitting the columns 


corresponding to w,, ..., 


on) Py 


Noration.—Let © stand for the determinant 3+ 0,0, ... w,, (the 
i-th row ;, ..., ,; corresponding to the 7-th point), where , ..., », 
are all the arguments reduced (in 2, a, ..., %-1), and w,=1, 
ye) a1"; also let M, be the co-factor of w,, in Q, J the 


Ge Bi OP 


Jacobian of C,, C,, ..., Cr, and J; the value of J at the 7-th of the 


i=p 
: W,- g ‘ 
p points. Then } —?=0 when o, is of less order than J, viz., 


eat i 


f,-1—1 (Jacob's theoremt). Hence it follows that 


Q OR (n—1, t,-1) 
l -...= V —- a 2 . 
( oF ats : MJ, : Rk (n— its sae 1) 


Wi * 
ahs 


omitting a numerical factor in the right-hand expression. 

Dividing each element of the 7-th row in 2 by J; (¢= 1, 2, ..., p), 
and multiplying by Q, the product 0°/IIJ breaks up into ¢,-, determ- 
inant factors in the diagonal [cf. p. 4, footnote (4)]. These can be 
evaluated and the p-th, counting from either end, is found to be 


fh (n—l, ei oP) ft fet pt) 


Rk (n— I, ia) 














* Gordan-Kerschensteiner, Vorlesungen tiber Invariantentheorie, Bd. 1., 1885, 
pp- 95 and 110. The result also follows by cross-multiplication. 

+ Jacobi proves the theorem for two equations, Crelle, Jour. f. Math., Vol. xtv., 
1835, p. 281, and states it to be true for three equations, Vol. xv., p. 306; also 
Werke, 1881, &c., Vol. u1., pp. 285, 352. Clebsch proves the general theorem, 
Crelle, Jour. f. Math., Vol. uxt1t., 1864, p. 224, and also Laurent, ‘‘ L’ Elimination,”’ 
Scientia, Phys.-Math., No. 7, 1900, p. 38. vs vA oe 
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except for a numerical factor. Hence 


2 EEA won (2) 2 
(14) oO oy [Rk (n de bn—4 2 | : 
3 NJ R(m—1, ta)" 


omitting a numerical factor. 





In a similar way a more general result may be obtained. Let any 
r’ of the p points be chosen, where 7’ is the number of reduced argu- 


ments of order < ¢’. The number of the remaining 7” points is 
equal to the number of reduced arguments of order <¢’, where 
+t’ = t,,—2. Let 0’, ©” be the values of the determinant 
+0... 0, When ¢ is taken equal to ¢ and ¢”’, and the points 
selected are the 7’ and 7’ points respectively, and J’, J’ the products 
of the J’s for the 7’ and r” points. Then, omitting a numerical factor, 


Q’ Rmek 
15 ee) 0 ee ee 
) R(n—1, alae. 








Sy A =| F due i; 
Rial, £9] UR GL, ta) a 


This includes (18) and (14). 
If D(n, t) is multiplied by 2+.,,0,,... ,,, the product is found 
to be equal to D (n—1, ¢) multiplied by the determinant 


Wi; Ca cee Wr Unt Wer gy vee Wr] 
Wig Che vee Wyn Ce Wyr 412 00+ Wyo 
Wiy One ats Dip Cae ore antl 
Hence 
Pa D (n, t RB (n, t 





D —l, t (n) p=m,—-1 
& ) I k(n—1, t—p) 
p=0 


bee > + 11 Cs eve Wy bbe Oy slr +1 cee Ww, 
> + Wi, Woo eee W,,. 





e 


This may also be generalized. Let D be the matrix formed from 
any w—r+r rows of the matrix corresponding to C,S,+...+0,8,, 
there being only 7 rows containing the coefficients of C,,, viz., those 
obtained by multiplying Cn BY py Ops r+) Wy, Let D(w, , ous; w, ) 
be the determinant formed from D by omitting the columns corre- 


1902.] some Formule in Elimination. 27 


sponding to w»,,,,...,,, and D’ the matrix formed from D by 
omitting the 7’ rows corresponding to C,,. Then 


(17) D (Op. 47 ah & Wp,) ie > a= Wp] Cnt coe Wy ryt Cnr’ Wp 4) rtlisen Way 
F = — sSiecersaaeets eed] 
aC esters Gio) & ck Wg 1 Wy? 0. Wy,7 











with the sufficient condition that neither numerator nor denominator 
on the left hand vanishes. 


From (16) and (17) we have, when ¢ 2 ¢,, so that r =r’ =p, 








D (n, t) R(n, ty) imp 

(18) qe Nn _=d OC, 
LO OSEAN AMT Eee TFN a 

as D oe: s+ Wpl --- Op, p uw ale 





ii mae 
D (9,5 ereg w,) PS cE Wal ale Wq,P t=l 


[ To express any integral symmetric function of the roots in terms 
of the coefficients the following method may be adopted. Let w, be 


any argument, of order?¢. EHliminate 4, 2, ..., v,_,; from the n—l 
given equations and the additional equation C, = a—w, = 0, obtain- 
ing the determinant form D/(n,t,) =0, where m, =t, a, =a, 


t, = t,1+t—1l. The multipliers of OC, in D(n, t,) are the reduced 
arguments w;(7 =1, 2, ..., p). Hxpand D (%, t,,) in powers of a (§ 5). 
The result to two terms is 


a’D (n—1, tn) —a?-* s Dyt+... — QO, 
i=1 


where D,; is a determinant of the matrix to which D (n—l, t,) be- 
longs, obtained by replacing the column corresponding to w,w; in 
D (n—1, t,) by the column corresponding to w; and changing the 
sign. JD,, is zero if there is no column o,,; in D(n—1, ¢,), @.e., if 
w,w; is a reduced argument. The roots of the equation in a are the 
p values of w,; hence we have 


(19) D (nT; bo XW pi co > Dyi. 


When the factor common to both sides of (19) is divided out, 
R (n—1, t,-1)' Sw, 18 expressed as an integral function of the co- 
efficients ($5). The other symmetric functions are expressible in 
terms of the functions So,;; ¢.9., Swyiwg = Bop; X Bwgi—® (Wy g) is 
and R (n—1, t,_:)' 3,,0,; is integral in the coefficients if ¢ is the 
order of the higher of the two arguments w,, w,.— October 8th, 1902. | 
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On Groups in which every two Conjugate Operations are Per- 
mutable. By W. Burnstpg. Received and read May 8th, 
1902. 


In a paper published in the Quarterly Journal of Mathematics 
(1902), “‘On an Unsettled Question in the Theory of Discontinuous 
Groups,” I have determined the order of a group with given 
generating operations when subject to the condition that the order 
of every operation shall be 3. If P and Q are any two operations 
of such a group, the relations 


P=1, @=1, (PQ*%=1, (P@*=1 
lead at once to RiORLO Bey Rie 
and Pe PO wal) pane 


so that P and QPQ"' are permutable. The condition that every 
operation is of order 3 involves therefore that every two conjugate 
operations are permutable. 

In the present paper I have considered the general problem thus 
presented ; viz., the nature of a group generated by a finite number 
of operations when every two conjugate operations of the group are 
permutable. It will be seen that the general problem is closely con- 
nected with the more special one above referred to. When no 
further limitation is imposed on the operations, it is found that every 
operation of the group is given once and only once by a form 


bat) aeepelue 
where P, Q, ..., & are a finite number of operations belonging to the. 
group; and of the indices a, y, z, ... a certain number take all values 


from —co to +a, while the remainder take the values 0, 1, 2. 

The sufficient and necessary conditions that the group shall be of 
finite order are that the generating operations be of finite order. 
When this is the case, the group is the direct product of groups © 
whose orders are powers of primes. In general for such a group the 
commutator of any two operations is a self-conjugate operation ; 
but the case in which the order is a power of 3 is, as might be 
expected, exceptional. 


1902. | Conjugate Operations are Permutable. 29 


1. In dealing with groups in which every two conjugate operations 
are permutable, the following notation will be used. 


If 2 Py Dao 


are any operations of such a group, the result of transforming P, by 
P, will be written P,P,,, so that 


PaaP i Pak, = oe 
Similarly, Pi} PI" Pay P, = Pate 
* PP a Ps = F abeds 


and so on. 


Further, the notation will be extended so that 
Teves PD bE ie a P ie) da) 


The use of brackets in the suffixes will prevent any ambiguity ; thus 
Pravedye 18 the same as Pyya.; but these are not necessarily the same 
as P. wee) OF Pravyeae From the definition of P,,, it follows that 


hee den als 1% lees aa 
The operation P,, may be regarded as the product of P, * and 
Pe "P,P, : or as that of P.P,'P, and P, Hence, since every opera- 


tion is permutable with its conjugates, P,, 1s permutable with both 
te ae 


Now, from P,'P,P,= P,P, and Pj' P,P, = Pu, 


it follows that GORA TES J By mg SM ese 
and Repay eee 
or ee Eee. ee 


Since P,,, 1s the product of P.’ and P; P,P, it follows that Pores 
Pred) +.» ave products of powers of operations which are conjugate 
to P,. Similarly, P.».q@ may be expressed as products of powers of 
operations which are conjugate to P, (or to P,, or to Py). Hence 


dE = L 
Tt abedb = is 
we. 


Again, P,,, and P,q can both be represented as products of powers of 
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operations which are conjugate to P,. They are therefore permutable, 
and 

P, (abe)(ad) = i 
Hence, generally, Papdvdek gh ee aks 


if in the multiple suffix any simple suffix occurs more than once. 
Since P,, is permutable with both P, and P,, every substitution of 
the sub-group generated by P, and P, can be represented in the form 


P,P! P*,. 
In fact P*P* P*,P* PY PY, = Pt*? Py” PY P* Po PY Pe 
_ pt por) prey pay 
_ pit® prey pre-e 


Let P, be any operation which does not belong to this sub-group. 


Then , 4 
Pah es —— PIRe b] 


PP OPEP = Pigg eo PUDeae 


P;'P,P,P.P;'P;'P, = P. P35 Pa P wa; ; 
and therefore Eee EP ee, Pane 
or Baan oe Pas y age 
Now atone ney oh 
hence Tepid a Da es 1, 
or, since a eee 
ig Syl my fa ols (1) 


Again, since P,P, aud P,'P,P,P, (= P,PoucP,P,) are conjugate, 
they are permutable. Hence 


BiPas Ps bes = aby oib alah, Pa ORePs 
Saw RC epeh i SRIEN TERED NIP) 
=P Pop Piel Gee ieee 
But P,, Pa, Pac Pac are all permutable, as also are P,, Psa, Poor Poea- 
Hence 2, Pied Pie Pe eae ee 
or Gaga ete eee tit (11) 
If P, belongs to the sub-group generated by P, and P,, the relations 
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(i) and (i) become identities. They are therefore true in any case, 
and for any permutation of the suffixes. Now, (11) may be written 


Prea = Peavs 
or Pcp = Presa: 
Hence from (1) and (ii) together it follows that 
i eet Seema VE Fame SD mee 2 (iii) 
and ieccemedh | (iv) 


The relations (i11) are equivalent to the statement that when any 
permutation of the suffixes is effected in the symbol P,,, the operation 
represented is unaltered or changed into its inverse, according as the 
permutation is an even one or an odd one. Since 


7} = 
J are A =z Por have = P (abd) fe — er ita: 


this statement may clearly be extended at once to any such symbol 
as Piya Again, 


ELT ag lh eet rae een 
CD ae dN m= LG ka ot Ph aij .k 3 
where 7 1s the number of suffixes in the set 7, j, ..., k. Hence 
(-1)" +1 
ix 1... m)(i kk) Lys mij. .k 9 
and thus any symbol P, , ),. can be replaced by one in which there 


are no brackets in the suffix. 

From the relation (iv) it follows that any symbol with three or 
more letters in its suffix is an operation of order 3, or else is the 
identical operation. Further, since 


Pag a 1 
may be written (ETRE Teed aoe th 


the cube of every P with two letters in the suffix (7.e., the cube of | 
the commutator, of any two operations) is a self-conjugate operation 


of the group. Again, 
e E Q RA = i 
may be written foie PoP, P- = 1. 


Hence the cube of every operation of the group is permutable with 


32 Prof. W. Burnside on Groups in which every two [May 8, 


every operation whose suffix contains two or more letters; ¢.e., with 
every operation of the derived group. 


2. Let PNP S-epe 


be independent operations which generate a group G, and suppose 
that the only conditions to which they are subject are that every two 
conjugate operations of G are permutable. 

The product of any two operations of the form 


a Wb ¢ pd pe WF 7 he 
Jes te cee UAE SP wd? see Jake (sens. aM Pipa (v) 


where every P with a multiple suffix occurs once, while the P’s are 
‘written in a definite sequence, is another operation of the same form. 
In fact, from the preceding paragraph, 


US . D*® y 
eG ee Bae Be haces! & 


pe pop tt ay ji 
= 6189-05 = 0,02+,05 Asda. Uy 9 


Y 


so that the multiplication can be actually carried out, and in the 
result the P’s can be re-arranged in the original sequence. . Hence 
with suitably chosen indices every operation of G can be represented 
in the form (v.). 

To specify all distinct operations of the group it remains to show 
under what conditions a symbol of the form (v) represents the 
identical operation. As the basis of an induction it will be assumed 
that when there are n—1 generating operations the conditions are 
that (a) the index of each P with a single or double suffix is zero, 
and (3) the index of each P with a triple or higher suffix is zero or a 
multiple of 3. 

If to the conditions defining G we add 


Paws 


a new group is defined, which is simply isomorphic with G/H, where 
H is the self-conjugate sub-group of G generated by P, and its con- 
jugate operations. The latteris an Abelian group, and cannot there- 
fore be identical with G. 


Now Jeg ail: . 
involves Pa Lele eee 
dA Re 


Hence G/H is simply isomorphic with the group generated by 
P,, Ps, ..., Py; and this sub-group of G can therefore have no 
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operation, except identity, in common with H. Suppose now that 


Ot Re Ee eet ty hits. Lage" l 


we Yn 3g es * 2 ond: 
By preceding processes the factors on the left may be rearranged go 
that all the P’s containing 1 in the suffix come atthe end, the indices 
of the remaining P’s being unaltered. Hence 


b c zt 9 a a wd’ We’ Je’ 
er. PAU ne Per np ein Pt Pe peli! tp 


284 °°° 123°°° 
Now the operation on the right belongs to H, and that on the left to 
{P,, Ps, ..., P,}. Hence each must be the identical operation, and 
therefore by the assumption made 


Disa ee eta ft ee tty =), 
4 =... = 0, ora multiple of 3. 


Similar series of results follow by considering the self-conjugate 
sub-groups arising respectively from the suppositions 


IE ee ny dap ee ae 


Hence an operation of the form (v) can only represent the identical 
operation, in a group generated by operations, when the indices of 
all the P’s with less than » symbols in the suffix satisfy the assumed 
conditions. But when this is so the operation reduces to Pi3..,. 
If m is neither zero nor a multiple of 3, 


mu . 3 
TA eS. = il and Prog on eet Nh 
involve Boge = 1K 


which would constitute an additional hmitation on the group, not 
‘contained in the original conditions. Hence m must be zero or a 
multiple of 3; and the induction is completed. 

Finally, therefore, every operation of G is given once, and once 
only, by the form (v), if the indices of the P’s with a single or double 
suffix take all values from —oo to +o, while the indices of the P’s 
with a triple or higher suffix take all values from 0 to 2. 


3. So far it has been supposed that the only limitation on the 
group considered is that every two conjugate operations are per- 
mutable. The group under these conditions necessarily contains 
operations whose order is not finite. It will still have this property 
under a variety of further limitations. For instance, the condition 


Ee 123 — 1 
VOL, Xxxv.— no, 792, D 
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implies that every P with a multiple suffix in which 1, 2, and 3 occur 
is the identical operation. The generality of the group is thus re- 
duced ; but it still contains operations whose order is not finite. 

_ From the form giving the operations of the group it is clear that, 
if the order of every operation of the group is finite, the group is one 
of finite order. Moreover, the necessary and sufficient conditions for 
this are that each one of the generating operations should be of finite 
order. That these conditions are necessary is clear from the 
form (v). To show that they are sufficient, it 1s only necessary to 
notice that, if P, is of finite order m, P,, is of finite order, equal to or 
a factor of m. 

Suppose now that G is of finite order, and consider the operation 
S"T-'ST of G. As the product of S~' and T-'ST its order must be 
equal to or a factor of that of S. Similarly its order is equal to or a 
factor of that of 7. Hence, if the orders of S and T are relatively 
ac? ST 8T = 1, 
or S and 7 are permutable. Since any two operations of G whose 
orders are relatively prime are permutable, G must be the direct 
product of a number of groups, the order of each of which is the 
power of a prime. In dealing with groups of finite order with the 
property considered, it is therefore sufficient to suppose the order to 
be p*, where p is a prime. 

The case p= 3 evidently stands by itself.. Suppose first that p is 
not 3. Then P,,; 1s an operation whose order is a power of p. But 
in any case it has been seen that 


P= 1. 


123 


Hence se ale 


or the commutator of any two operations of the group is a self- 
conjugate operation. ; 

very operation of the derived group is therefore a self-conjugate 
operation. That this condition is sufficient to ensure that in a group 
of order p* every two conjugate operations are permutable is obvious. 


If Py cles ween 
a a 
of orders py pi: Shae 
(aj 2005 Save ene) 


are the generating operations of such a group, and if the only condi- 
tions beyond the given orders of the generating operations are that 
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a“ 
every two conjugate operations are permutable, the order of P,, (r<s) 


isp". Every operation of the group will then be given once by 
| IP’ 1p" 
We Ts 
a bay er tte ee be Dl: et): 


where 2, takes all values from 0 to p’’—1 and a,, from 0 to p’—l. 
Hence the order of the group is 


=ra,. 


iy 


When p is equal to 3, the only condition that P with a triple or 
higher suffix is subjected to is 


3 
WB i aS 3 


and it is no longer the case that the commutator of any two opera- 
tions is a Self-conjugate operation. Ifthe group is generated by 


aah eat ae) bars 
of orders Pao os 
Rie esd oe Wal meat ed 


every operation of the group will be represented once in the form (vy), 
where the index of P, lies between 0 and 3°”—1, the index of P,, (r<s) 
lies between O and 3°°—1, and all the other indices lie between 0 
and 2; both limits included. The order of the group is therefore 


Q2ra, +2" — 1-4n(n4+)) 


In particular, if the order of each of the generating operations is 3, 
the order of the group is 32-1 


This is the case already referred to in the introduction. 


4. Groups of finite order p*, of the kind here considered, possess 
two general properties in common with Abelian groups. First, the 
totality of the operations of the group whose orders are equal to or 
are less than p’, where r is a given integer, constitute a sub-group. 
If P, and P, are any two operations of the group, of orders p* and 
p® (a, = a,), the order of P,, is equal to or is less than p*, Now, by 
a repeated use of the formula 


-a@ pH-b Ha Hb ab 
Ey P, PP &.; 
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it follows that (BERNE Pe Pape 
Hence, if Wipes ih Ga til, i Eels as ar bs 
then (ee) ae 
Now, if p> 2, the condition 

Pe) = 
may be replaced by Jo Meee oh 


It follows that, 1f p>2, the order of P,P, 1s equal to or is less than 
the order of P,. The sub-group generated by all the operations 
whose orders are equal to or less than p” consists therefore of these 
operations and of no others; for the product of any two of these 
operations is an operation whose order does not exceed p’. 

The case p = 2 clearly forms an exception to the general theorem; 
for, if P,, P, are two non-permutable operations of the group of 
order 2, P,, 1s an operation of order 2. But 

Pi, = (Pi P,)’, 
and P,P, is therefore an operation of order 4. 

Secondly, the totality of the distinct operations which arise, when 
every operation of the group is raised to the power p’, where 7 is a 
given integer, constitute a sub-group. Consider the case in which 
p>3, and the group is generated by two operations P, and P,. The 
operations of the sub-group generated by P, P), and P%, are given 
by the form 

‘i Dae 


The p-th power of any operation P{P;P’, is given by the relation, 
obtained as above, 
a&@ Hb Hc \p a pe - sabp(p-1> 
(P,P, Py)” = P; JPA a pay Se 


Now 4(p—1) is an integer. Hence 
TEN Bee ee Gepeve pee Panay 


v.e., every operation of {P!, P!, Pi,} is the p-th power of an operation 
of the group, and the p-th power of every operation of the group is 
contained in {P?, P4, P},}. For more than two generating operations 
the proof will proceed on precisely similar lines. The theorem is 
therefore true when r=1. But it must also be true for the resulting 
sub-group; so that it is true generally. The case p=2 forms again 
an exception, since %(p—1) is not then an integer. In fact, in this 
case {P1, P;, P;,} will not contain P,,, which is the square oft P, P,. 
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The case p=3 requires separate treatment. It may be easily 
shown that in this case the cube of any operation of the group when 
expressed in the form (v) contains no P with a triple or higher 
suffix ; and from this the truth of the theorem immediately follows. 





Thursday, June 12th, 1902. 


Dr. EK. W. HOBSON, F.R.S., President, in the Chair. 


Fifteen members present. 

The President announced that the ‘‘ De Morgan medal” for 1902 
had been awarded to Prof. A. G. Greenhill. 

Mr. A. C. Porter was admitted into the Society. 


The following paper was communicated by Prof. Love :— 
Prof. A. W. Conway: “ The Principle of Huygens in a Uniaxal 
Crystal.” 


Lieut.-Col. A. Cunningham gave an account of “Some Investiga- 
tions concerning the repetition of the Sum-Factor Operation.” 


The following papers were communicated from the Chair :— 
Prof. EK. Picard: “Sur un théoreéme fondamental dans la 
théorie des équations différentielles.”’ 
Mr. G. H. Hardy: “Some Arithmetical Theorems.” 
Prof. M. J. M. Hill: “ On a Geometrical Proposition connected 
with the Continuation of Power Series.” 
Mr. J. H. Grace: ‘“‘ Types of Perpetuants.” 


The following presents were made to the Library :— 


‘* Educational Times,’’ June, 1902. _ 

‘‘ Indian Engineering,’’ Vol. xxx1,, Nos. 16-20; 1902. 

‘¢ Queen’s College, Galway—Calendar for 1901-1902.”’ 

Penfield, S. L.—‘‘ The Stereographic Projection and its Possibilities from a 
Graphical Standpoint,’’ 1901. 

Penfield, S. L.—‘‘ On the Use of the Stereographic Projection for Geographical 
Maps and Sailing Charts,’’ 1902. 

‘‘ Periodico di Matematica,’’ Serie 2, Vol. 1v., Fasc. 6 ; Livorno, 1902. 

‘‘ Supplemento al Periodico di Matematica,’’ Anno v., Fasc. 7; Livorno, 1902. 
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‘« L,’ Enseignement Mathématique,’’ Année tv., No. 3; 1902. 

‘¢ Mathematical Gazette,’’ Vol. 11., No. 33, 1902. 

Guldberg, A.—‘‘ Ueber Integralinvarianten und Integralparameter bei Berthr- 
ungs-Transformationsgruppen,’’ 1902. 

<‘ Journal de l’Ecole Polytechnique—Hommagerendu a M. le Colonel Mannheim,” 
A902. 

De Morgan, A.—‘‘ Theory of Probabilities ’’ (extract from Encyclopedia Metro- 
politana). From Mr. R. Tucker. 

Carvallo, E.—‘“‘ L’ Electricité ’’ (Scientia, No. 19). 

‘¢Mathematical Questions and Solutions from the Educational Times,” New 
Series, Vol. 1.; 1902. 

D. Ocagne, M.—‘‘Sur quelques Travaux récents relatifs a la Nomographie.”’ 


The following exchanges were received :— 


Académie Royale de Belgique :— 
‘« Annuaire, 1902,’’ Bruxelles. _ 
‘¢ Bulletin de la Classe des Sciences,’’ Nos. 1-3 ; Bruxelles, 1901-1902. 
‘‘ Mémoires Couronnés,’’ Bruxelles, 1901-1902. 
‘‘ Mémoires,’’ Tome tiv., Fasc. 1-4; Bruxelles, 1900-1901. 
‘‘Mémoires Couronnés et Mémoires des Savants Etrangers,’’? Tome Lrx., 
Fasc. 1, 2; Bruxelles, 1901. 


‘¢ Proceeding's of the Royal Society,’’ Vol. uxx., Nos. 459, 460; 1902. 

‘¢ Reports to the Evolution Committee of the Royal Society’’; 1902. 

‘¢ Beiblatter zu den Annalen der Physik und Chemie,” Bd. xxvi., No. 5; 
Leipzig, 1902. 

‘¢ Bulletin de la Société Mathématique de France,” Tome xxx., Fasc. 1 ; Paris, 
1902. 

‘‘ Bulletin of the American Mathematical Society,’’ Vol. vu1., No. 8; 
“¢ Transactions,’’ Vol. 111., No. 2; New York, 1902. 

‘‘ Bulletin des Sciences Mathématiques,’?’ Tome xxv., ‘‘ Contents,” 1901; 
Tome xxvi., Mars, 1902; Paris. 

“<¢ Annali di Matematica,’’ Tomo virt., Fasc. 2, 3; Milano, 1902. 

“ Atti della Reale Accademia dei Lincei—Rendicenti,’’ Sem. 1, Vol. x1., 
Fasc. 8, 9,10; Roma, 1902. 

‘¢ Sitzungsberichte der Konigl. Preuss. Akademie der Wissenschaften zu Berlin,”’ 
Nos. 1-22; 1902. 
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Sur un théoréme jfondamental dans la théorie des equations 
différentielles. Par M. Emitu Picarp. Received May 29th, 
1902. Read June 12th, 1902. 


Je viens de lire dans les Proceedings Vintéressant article de 
M. W. H. Young sur le théoréme fondamental de la théorie des 
équations différentielles. Htant considérée l’équation 


dy _¢/, 
da ahi (a: Y); 


ou f est holomorphe dans le voisinage de x = a, y = 0, il existe une 
intégrale prenant la valeur 6 pour « =a, et 2 n’en existe qu'une 
seule. 

La premiére partie du théoréme est due & Cauchy, et notre savant 
collégue veut bien rappeler que j’ai donné dans mon Traité d’ Analyse 
une démonstration trés simple de la seconde partie du théoréme. 
Récemment M. Painlevé a donné une autre demonstration que com- 
mente M. Young. Celui-ci fait ensuite quelques remarques au sujet 
objections non fondées adressées a la seconde partie du théoréme. 
Je me permettrai de rappeler que ces objections faites pour la 
premiére fois par M. Fuchs m’étaient bien connues dés 1895, date de 
Vapparition du tome 11 de mon T’raité, et je les discute d’une maniére 
explicite dans mon ouvrage. 

Il suffira de transcrire deux passages. On lit tout d’abord 
(p. 314): 

Par systéme d’intégrales 4, Yo, ..., Yn) prenant pour z= les valeurs 
Yr Vy os Y\ nous entendons un systéme jouissant de la propriété suivante. On 
imagine qu’autour de 2), v> oN y, on décrive des cercles de rayons trés petits, et 
l’on suppose que, # restant a l’intérieur du premier en suivant un arc de courbe ( 
aboutissant au point a, les valeurs correspondantes des y restent respectivement a 


Vintérieur des autres cercles; de plus, quand, # restant sur C’ tend vers wp, les y 
tendent respectivement vers les yp. 


Plus loin (p. 317) on lit encore : 

J’ai insisté sur l’existence unique du systéme d’intégrales dans le cas général 
ot les équations ne présentent aucune circonstance singuliére ; c’est en effet une 
proposition tout 4 fait fondamentale et la base méme de l’emploi des équations 
différentielles dans toutes les applications. Il semble de plus, a lire certaines 
phrases d’un mémoire de M. Fuchs (Sitzwngsberichte der Berliner Akademie, 1886) 
que ce théoréme puisse étre mis en doute. Je ne puis partager le scepticisme de 
Villustre géométre. Sans doute, on peut faire une légére critique a la demonstration 
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de Briot et Bouquet, mais la proposition elle-méme n’en subsiste pas moins, comme 
je viens de le montrer, si l’on précise bien l’énoncé. Prenons, en le simplifiant, un 
exemple cité par M. Fuchs: Soit l’équation 


dy _ ¥ 
dx a’ 


dont lV’intégrale générale est visiblement 


1 
% "lores 


C étant une constante arbitraire. Soit 2,740; lorsque « part du voisinage de 2 
et y revient aprés avoir tourné un trés grand nombre de fois autour de l’origine, 
une intégrale quelconque y a une valeur de plus en plus petite, mais il est bien 
clair que l’on ne peut pas dire qu’on a la une intégrale s’annulant pour z= a, au 
sens que nous avons spécifié plus haut. 

Il semble done bien que dés 1893 la question était épuisée. 
J’ajoute seulement une remarque relative a la premiére partie du 
théoréme. La démonstration de Cauchy montre, avec les notations 
usuelles, que Vintégrale holomorphe a au moins comme rayon de 


convergence l’expression 
p ‘al as b/2aM) 


jai montré (Bulletin des Sciences Mathématiques, 1888, et Traité 


d’ Analyse, tome I, p. 313) que ce rayon est au moins la plus petite 
des deux quantités 


J’en ai donné une seconde démonstration dans le tome 11 de mon 
Traité (p. 90, en note). 


The Repetition of the Sum-Factor Operation. Abstract of an 
informal communication made by Lieut.-Col. A. CunnineHam. 
June 12th, 1902. 


Let o (NV) denote the sum of the sub-factors of N (including 1, but 
excluding N). It was found that, with most numbers, s*N=1, 
when the operation (cv) is repeated often enough. There is a small 
class for which o"N =P (a perfect number), and then repeats; 
another small class for which o”N = A, o"*'N = B, where A, B are 
amicable numbers, and then repeats (A, B alternately); another 
small class for which (even when N is small, <1000) o”N increases 
beyond the practical power of calculation. 


1902. ] On the Continuation of Power Series. AY 


On a Geometrical Proposition connected with the Continuation of 
Power-Series. By M. J. M. Hitt, Professor of Mathematics, 
University College, London. Received June 11th, 1902. 
Read June 12th, 1902. 


1. The following notation will be employed in this paper. 

The circle of convergence of the power series P(«—#,) will be 
called O, and its radius R,. 

If a new series is derived from P(a#—z,) by Taylor’s theorem, say 
P (x—«x,|#,), then its circle of convergence will be denoted by C,, 
and the radius of that circle by R,. 

Also the circle described with centre 2, so as to touch the circle 
CO, internally will be called C.,,. 


2. Suppose that by means of Taylor’s theorem a new power series 
is obtained from P (a—a,), say P (a—a,|2#,). Then 


P (a—y) =a (a—«, | a) (1.) 


throughout the circles C, and (,. 

The object of this paper is to draw attention to a geometrical 
proposition arising out of the mode adopted in Harkness and 
Morley’s Introduction to the Theory of Analytic Functions for proving 
this result, which is perhaps of some interest. It is shown in 
Art. 89 of the book referred to that, if 2 be a point in the region for 
which the relation (I.) has been proved, and if with a as centre 
circles be described so as to touch the circles C, and C, internally 
(viz., the circles CU, and C,,), then the relation (I.) also holds 
throughout the smaller of these two circles, so that the region in 
which -(I.) is known to be valid is extended by so much of the 
smaller of the two circles O,), 0, as may be external to that region. 


3. In order to demonstrate the validity of the relation (I.) through- 
out the whole of the space common to UO, and C,, it is necessary to 
prove that it is possible to choose successive positions of a, so that 
every part of the region common to OV, and C, shall be interior to one 
at least of the circles O,, C,, for which the relation (I.) can be 
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proved to hold. This is the geometrical proposition to which refer- 
ence is made in the heading of the paper. 





Fie. 1. 


Let S (Fig. 1) be the point «,, let H be the point a,. 

Let P and Q be the intersections of the circles O,, CO, (the figure is 
drawn for the case Rh, > f,). 

Let the are of the hyperbola whose foci are S and H and which 
passes through P and Q be drawn. 

Let A be that vertex of the hyperbola which hes on this are. 

Let SH cut the circle C, at D, and let F be the middle point 
of AD. 


4, Let a, be a point somewhere in the region common to O, and Q,. 
It will be proved that— 

(a) If a, lie on the arc PQ, then the circles O, and C,, coincide. 
Let a, be at O (Fig. 1). 


Then SO—HO = SP—HP = &,—f,; 
therefore |,—2 |—|a—a,| = R,-f,; 
therefore R,— | #—2#, | = R,—| a%—a, |; 


therefore the radius of C,, is equal to the radius of C,,. 
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(b) If x be separated by the hyperbolic are from 2, then the circle 
O,, is smaller than the circle (,,. 


Take x, at M. 
Let SM meet the hyperbolic are PQ at O. 
Join HO, HM. 
Then SM—HM = SO+0M—HM 
= SO—HO-+ (HO0O+ OM—HM) 
> SO—HO: 
therefore | X_— lz | — | Uy — Ly | a hy — fh, ; 
therefore R,—| %—x%| < R,—| #,.—2, |; 


therefore the radius of Cis less than the radius of C,. 


(c) If a be separated by the hyperbolic arc from 2,, then the 
_circle C,, is smaller than the circle C,. 


Take x, at N. 
Let SN meet the hyperbolic are PQ at O. 
Join HO, HN. 
Then SN—HN = SO—ON—HN 
= SO—HO-—(ON+HN—HO) 
< SO—HO; 
therefore | Ly— Xp | — | Hy By | lige Lens 
therefore R,—|2#,—2,| < R,— | a—a, |; 


therefore the radius of C,, is less than the radius of Cy. 


5. It is necessary to find out whether the vertex of the hyperbolic 
arc, viz., the point A, is inside the circle C,). 

Let a, b be the semi-transverse and’ semi-conjugate axes, and e the 
eccentricity of the hyperbola. 


Then AH = ae—a, 
SH = 2ae. 
Also it is known that R, lies between k,— SH and R,+ SH, 
4.€.; R,— | a%4,—a| < ie < R,+|2,—2a|, 
and | x,—a, | = 2ae. 


Let the points on the hyperbola be given by | 


z2=asecb, y= bdtané. 
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Then, if P be the point corresponding to 6 = y, we have 
SP = R, =e (asec y) +4, 
HP = R, =e (asec y)—a. 
If A be inside C,,, then HA < HD; therefore 
HA < R,—|2,—2%], 
1.€., ae—a < h,—2ae, 


sae—a < fh, ; 





but 2a = SP—HP= Rh,— ff, ;sx 
therefore | a=i4(h,—f,), 
and NE sis, 
fod 
3h,— R, * 
therefore e< ——o —1 , 
3 (f,— R,) 
or, using the values of f,, f, above, 
be < esecy+2. Gl) 


Hence, if y be large enough, A will lie inside C,). 


6. If, however, the relation (II.) is not satisfied, let x be taken 
inside Cy, at a small distance « from its circumference, and lying 
between 2, and 2. 


Then R,—| #,—2# | = | a%,—a| —|a—a, | +e. 


If A be not inside the circle C,, throughout which the relation (I.) 
holds, take a, inside CU», at the same distance « from its circum- 
ference, and lying between a, and x,; then 


Ry— | %,.—# | = | %—%|— | a3—a| +¢, 
and so on, until the relation 


: Ry— | &n-1— ap | = | @,-1—ay | —| v%,—ay | +e 
is reached. 


Then | #,—% | = 2 | #,—2,|—(R,—e), 
| e—a, | = 2°| 2,—a, | — (2-1) (2, —e), 
| a%—ax | = 2°| a,—x | — (2-1) (fh, —e), 


| cy — | = "| ay IT) (R=) 
= (Ryo—e) —2"7! [ R—e—| XL, — Xo Pk 


1902.] connected with the Continuation of Power Series. 45 


Hence it is possible after a finite number of circles have been con- 
structed in this manner to find one C,», such that the relation (1.) 
holds throughout it, and such that 

| v,—w&% | <4 (SA+SD), 
RG. | &,— ao | < SF, 
where F' is the middle point of AD. 

Then 2, is between S and F. 

Then the circle C,) contains the point A in its interior. 

Hence the point x, can be taken at A, and then the circles Cy, C,, 
corresponding to this position of x, coincide, and the relation (I.) 
holds throughout them. 


It is to be noticed that this has been accomplished by taking a 
finite number of successive positions of a. 


7. It will now be proved that it is unnecessary to consider positions 
of a, which do not lie on the hyperbolic are PQ. 

If x, be anywhere between the arc PQ of the hyperbola and the 
arc PDQ of the circle Cy, say at M, let SM meet the hyperbolic arc 
at O, and the arc PDQ of the circle C, at the point 7’; then the circle 
whose centre is M and which touches C) internally at T lies wholly 
inside the circle whose centre is O and which touches (, internally 
at T. Hence x, may be taken at O on the hyperbolic arc instead of 
at M, and all extensions of area obtained by supposing a, at M will 
be included in those obtained by supposing 2, at O. 

‘A similar conclusion is obtained when 2, lies between the hyper- 
bolic are PQ and the arc PHQ of the circle (;,. 


8. It is necessary to obtain a sequence of points on the hyperbolic 
arc such that each point lies inside the circle whose centre is at the 
preceding point of the sequence, and which touches both C, and C, 
internally. 

If the points on the hyperbolic arc are given by the equations 


2=asecO, y= btané, 


it will be proved that such a sequence of points is determined by the 








values 0, 0,, 92, .:-, ny Onai, --- Of the parameter 0 which are such that 
sin (y—9,41) _ sin (y—84,) III 
sin (y—6,) . siny. ’ Cu) 


where y is the value of the parameter which corresponds to the 
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Fie. 2. 


intersection P (see Fig. 2*) of the circles Cy and C,; and 6, is an acute 
angle which satisfies the condition 


sin40, < 4siny sin $y. (IV.) 
Putting » =0 in (IIT.), it follows that 6 = 0; so that the vertex A 
of the hyperbolic arc is the first point of the sequence. 
It follows from (III.) that 
sin (y—96,,) = sin (y —@,) Cees 


sin y 
therefore L sin (y—0,,) = 0; 
therefore Lobes} 
Hence the sequence of points on the hyperbolic arc has an intersec- 
tion of the circles C, and C, foralimit-point. This is the point P in 
the figure. 








* The description and dimensions of this figure are given in Art, 10 below. 
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The distance between consecutive points P,, P,,,, of the sequence is 
V (a sec ,,,—a sec ,)’+ (6 tan 6,,,—6 tan 6,2 


_ Asin § (O1.1—O,) Va" sin? & (nr +9,.) +0? cos? 4 (6,1—9,) 
cos 6,, cos 6,44 

















The radius of the circle whose centre is P, and which touches 
both C, and OQ, internally (viz., the circle C,9) is 


a (esec y+1)—a(esecOn+1) = (sec y—sec 6,) Va? +b. 
It is obvious that 
Ja? sin? 2 (6, +4141) +b? cos? 2.(O,41—8,) < “a? +8°, 
and it will be proved that 


2 sin $ (4,41—9,) 
cos 6, cos 6,41 
When this has been done it will follow that P,,P,,,, is less than the 
radius of the circle C,,. 
The inequality (V.) follows from a transformation of equation (III.) 
by means of the condition (IV.). 
Equation (III.) can be written thus, 
2 sin 5 (On Op, 
cos 6, cos 6,41 





< sec y—sec 6,,. (V.) 











‘es (sec y—sec 6,,) cos 5 (y—@,,) ( cos (y— 34) 


Cos [y—4 (6,4 4,41) | 
x ( cos Y \f sin 36, |. (VL) 


cos 6,,4:/ L4sin y sin 4 (y+9,) 








This is shown by some simple trigonometrical reductions which need 
not be given. 


Now cos 4(y—86,) <1; 





Sve tb le since Y a Ore : 
COs ee 
ae : 
cos (y 291) = < is since 6, < 6,,+ 9,41 ) 


cos [y—4 (6, 7 ara 
eet 
eereaam hen af ——<], since sin}6, < 4siny sin $y 
Asin y sin 4 (y+94,) 
< isin y sind (y+9,). 
Hence (V.) follows from (VI.). 
Hence each point P,,,; of the sequence lies inside the circle whose 
centre is at the preceding point P, of the sequence and which touches 


both O, and OC, internally. 
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It may happen that this circle will contain not only P,,;, but also 
a finite number of the following points of the sequence. 

Now, let x, start from the vertex A (see Fig. 2) of the hyperbolic 
arc, and move along that arc up to the last point (say, P;) of the 
sequence inside the circle HD whose centre is dA and which 
touches QO, and C, both internally. For each position of a, on the 
hyperbolic arc, let the circle be described whose centre is at a, 
and which touches both C, and ©, internally. Let the circle 
corresponding to the position of a, at P,; touch (, at K and O, 
at LZ. Then the part of the envelope of the circles described which 
is above SH is bounded by the arc HL of C,, the arc LK, the are KD 
of Cy, and the straight line DH. The relation (1.) is valid through- 
out this area. 

To extend the area further, the last point of the sequence inside 
the circle KL is taken. With it as centre, a circle (not shown in the 
figure) is described to touch the circles C) and C, both internally at 
K’, L’, suppose. Then, reasoning as before, the relation (1.) is valid 
in the area bounded by the arcs KL, LL’, L’K’, K’K; and so on. 
Here it is to be noted that the inclusion of the whole of the space 
between 0, and CO, in the region for which (I.) is valid requires the 
consideration of an infinite number of positions of ay. 


9. It is interesting to examine the limiting values of the ratios of 
the radius of the circle C,) to P,P and to P,,P,,; respectively as P,, 
approaches P. 


radius of Oyo _ ae (see y—sec 8,,) ete. 
P,P V/ (asec y—a sec 6,)?+(b tan y—b tan 6,) 





Now 


e 
V1 ae ( sin (y aunt ) 
a? \cos 0,,—cos y 


é 

















<bean 
J+ a (2 2 (Y 2) 
a \sind(y+,) 
When » becomes infinitely great, 6, approaches the limit y and 
the above ratio approaches the finite proper fraction 


Va cos” y 
e?—cos” y 
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The hmiting value of 











Ee wel —_ 2 sin 4 (6,41—9,) 
radius of Cy = cos 6, cos 6,,,; (sec y—sec 8,,) 
| Sar emaay F F 
x4) PR a FO) H 08°F Cea =O) 
a+b 





4 a COG SUTTER) 
= cos (y—16,) (sn 3 | J sin’ y+b 4 (WL, 


4 sin’ y a? + b? 
which is a finite positive proper fraction, since 


© 1 7 . . af 1 . 2 
sin 30, < $sin y sin fy < 4sin’y. 


10. Description of Fig. 2. 

The figure is drawn to one half of the dimensions given below. 

S is the point ,. 

The radius of convergence of the series P (v—a)) is SD = 6. 

H is the point x,, where SH = 5’. 

The radius of convergence of P (w—a) | x) is 4. 

P is a point of intersection of the circles O), C}. 

AP is an arc of the hyperbola whose foci are S and H, which 
passes through P; A being the vertex of this hyperbolic arc. 

C is the centre of the hyperbola. 

Cy Ar hi 

If a be the semi-transverse axis, b the semi-conjugate axis, and e 
the eccentricity of the hyperbola, then 


ele ao.. 
ie alee 
therefore ens WALI 
b=ave—l=a ee aren NE 


The value of the parameter belonging to P is 60°; so that y = 60°. 
The condition sin 36, <4 sin y sin3y is satisfied by taking 6, = 24°. 


Then 6, = 36° 29', 
6, = 44°18’, 
0, = 49° 25/, 
6, = 52°50. 


TOL. XAKY.—NO. 195: E 


50 Prof. D, Hilbert wiber den Satz von der 


These five values of the parameter correspond to the points 


P.,, whose coordinates are 171, 1:02; 


P, . ‘ 1:24, 1:69; 
P, . 1-4, 2:24; 

i ee z 154, 2-67 ; 
ee . " 1:65, 3:02 ; 


the coordinates of P are 2, 3°97. 





Uber den Satz von der Gleichheit der Basiswinkel im gleich- 
schenkligen Dreieck. Von Davin Hiteert in Gottingen. 
Received August 22nd, 1902. 


Unter der axiomatischen Erforschung einer mathematischen Wahr- 
heit verstehe ich eine Untersuchung, welche nicht dahin zielt, 1m 
Zusammenhange mit jener Wahrheit neue oder allgemeinere Sitze zu 
entdecken, sondern die vielmehr die Stellung jenes Satzes innerhalb 
des Systems der bekannten Wahrheiten und ihren logischen Zu- 
sammenhang in der Weise klarzulegen sucht, dass sich sicher 
angeben lasst, welche Voraussetzungen zur Begriindung jener 
Wahrheit notwendig und hinreichend sind. 

So habe ich beispielsweise in meiner Festschrift Grundlagen der 
Geometrie* die ebenen Schnittpunktsdtze, namlich den speciellen 
Pascalschen Satz fiir das Geradenpaar und den Desarguesschen Satz 
von den perspectiv liegenden Dreiecken einer axiomatischen Unter- 
suchung unterworfen, und in gleicher Weise haben auf meine An- 
regung hin M. Dehnt den Satz von der Winkelsumme im Dreieck und 
G. Hamel{ den Satz von der Geraden als der kiirzesten Verbindung 
zwischen zwei Punkten behandelt. 





* Leipzig, 1899; vgl. auch die mit Zusitzen versehenen Ubersetzungen ins 
Franzosische (Annales de V Ecole Normale, 1900) und ins Englische (Chicago, 1902). 

t Mathematische Annalen, Bd. 111., 1900. 

{ Inaugural- Dissertation, Guttingen, 1901, und eine demnichst in den Mathe- 
matischen “Annalen erscheinende Abhandlung. 
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Die vorliegende Note betrifft die Stellung des Satzes von der 
Gleichheit der Basiswinkel im gleichschenkligen Dreieck in der 
ebenen Huklidischen Geometrie. Zur Erleichterung des Verstand- 
nisses stelle ich—im wesentlichen, wie in meinen Grundlagen der 


Geometrie—die Axiome der ebenen Euklidischen Geometrie zu- 
sammen wie folgt: 


I. Aaiome der Verkniipfung. 


1. Zwei von einander verschiedene Punkte 4 und B bestimmen 
stets eine Gerade. 


2. Irgend zwei von einander verschiedene Punkte einer 
Geraden bestimmen diese Gerade. 


3. Auf jeder Geraden giebt es wenigstens zwei Punkte. Hs 
giebt wenigstens drei Punkte, welche nicht in einer Geraden 
legen. 

Il. Aatome der Anordnung. 


1. Wenn A, B, C Punkte einer Geraden sind, und B zwischen 
A und C liegt, so liegt auch B zwischen CO und A. 


2. Wenn A und B zwei Punkte einer Geraden sind, so giebt 
es wenigstens einen Punkt UC, der zwischen A und JP hegt, und 
wenigstens einen Punkt D, so dass B zwischen A und D hegt. 


3. Unter irgend drei Punkten einer Geraden giebt es stets 
einen und nur einen Punkt, der zwischen den beiden anderen 
lheet.* 

Definition.—Die zwischen zwei Punkten A und B gelegenen Punkte 
heissen auch die Punkte der Strecke AB. 


4, Es seien A, B, C drei nicht in gerader Linie gelegene Punkte 
und a eine Gerade, die keinen der Punkte A, B, C trifft; wenn 
dann diese Gerade durch einen Punkt der Strecke AB geht, so 


geht sie gewiss auch durch einen Punkt der Strecke BC oder 
der Strecke AC. 


Ill. Aaiome der Congruenz. 


1. Wenn 4, B zwei Punkte der Geraden a sind, und A’ ein 
Punkt einer Geraden a’ ist, so kann man auf einer gegebenen 








* Dass das in meiner Festschrift Grundlagen der Geometrie mit II. 4 bezeichnete 
Axiom eine Folge der iibrigen Axiome ist, hat neuerdings E. H. Moore, Trans- 
actions of the American Mathematical Society, 1902, gezeigt. 


EZ 
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Halfte der Geraden a’ von A’ aus stets einen und nur einen 

Punkt B’ finden, so dass die Strecke AB (oder BA) der Strecke 

A’B’ (oder BA’) congruent oder gleich ist; in Zeichen 
AB=A'B: 

Jede Strecke ist sich selbst congruent, 
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2. Wenn die Strecke AB sowohl der Strecke A’B als auch 
der Strecke A” B” congruent ist, so ist auch A’B’ der Strecke 
A” B” congruent. 


3. Es seien AB und BC zwei Strecken ohne gemeinsame 
Punkte auf a, und ferner A’P’ und BC’ zwei Strecken ohne 
gemeinsame Punkte auf einer Geraden a’ ; wenn dann 


AB=APR und BO= BC, 
so ist auch “ACH A'OC"’. 
Definition. Zwei von einem Punkte ausgehende Halbstrahlen 


nennen wir einen Winkel und bezeichnen ihn entweder mit Z (h, k) 
oder Z(k, /). 


4. Es seiein Winkel (h, k), eine Gerade a’, und eine bestimmte 
Seite von a’ gegeben. Hs bedeute h’ einen Halbstrahl der 
Geraden a’, der vom Punkte O’ ausgeht: dann giebt es einen, 
und nur einen Halbstrak! k’, so dass 

Lh, kK) =z (hk) 


ist, und zugleich alle inneren Punkte des Winkels (h’, k’) auf der 


gegebenen Seite von a’ liegen. Jeder Winkel ist sich selbst 
congruent, 


d.h. LA) =Z hk) = 2 bh). 

5. Wenn ein Winkel (A, k) sowohl dem Winkel (/’, i) als auch 
dem Winkel (h”,k”) congruent ist, soist auch der Winkel (h’, k’) 
dem Winkel (h’, k’) congruent. 

6*, Wenn fiir zwei Dreiecke ABO und A’B’C’ die Congruenzen 

AB=A'B’, AC=A’O und LBAC=zB AC’ 
gelten, so gilt auch stets 


LABC= 2A BD Cp under Z ACR =17 AD Be 
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Hs ist nun fiir die nachfoleende Untersuchung wesentlich, dem 
letzten Congruenzaxiom, némlich dem Axiom III. 6* iiber die 
Dreieckscongruenz eine engere Fassung zu erteilen, indem wir die 
Aussage desselben nur fiir Dreiecke mit gleichem Umlaufsinn als 
giiltig hinstellen. Um diesen einschrinkenden Zusatz scharf zu 
formuliren, nehmen wir irgend eine durch zwei Punkte A, B be- 
stimmte Gerade in der Ebene beliebig an, und bezeichnen eine der 
beiden Halbebenen, in die diese Gerade die Ebene teilt, als rechts 
von der Geraden AB in der Richtung von A nach B, und dieselbe 
Halbebene zugleich auch als links von BA in Richtung von B nach 
A; die andere Halbebene bezeichnen wir als links von der Geraden 
AB, und zugleich als rechts von der Geraden BA gelegen. Ist nun 
_C irgend ein Punkt auf der rechten Halbebene von AB, so bezeichnen 
wir diejenige Halbebene von AO, auf welcher der Punkt B liegt als 
die linke Halbebene von ACV. Auf diese Weise kénnen wir durch 
analoge Festsetzungen schliesslich in eindeutig bestimmter Weise 
fiir jede Gerade angeben, welche Halbebene rechts oder links von 
dieser Geraden in gegebener Richtung gelegen ist. Zugleich wird 
von den Schenkeln irgend eines Winkels in eindeutig bestimmter 
Weise stets der eine als der rechte Schenkel und der andere als der 
linke Schenkel zu bezeichnen sein, nimlich so, dass der rechte 
Schenkel auf der rechten Halbebene von derjenigen Geraden liegt, 
die durch den anderen Schenkel nach Lage und Richtung bestimmt 
ist, wahrend der linke Schenkel links von derjenigen Geraden liegt, 
die durch den ersteren Schenkel nach Lage und Richtung bestimmt 
ist. 

Stellen wir nun die Aussage des Axioms III. 6* nur dann als 
giltig hin, wenn in den beiden Dreiecken die Seiten AB und A’B’, 
bez. AC und A’C’ zugleich die rechten bez. die linken Schenkel der 
Winkel BAC und B’A'C’ sind, so erhalten wir jenes Axiom in der 
folgenden engeren Fassung :— 


6. Wenn fiir zwei Dreiecke ABC und A’B’O’ die Congruenzen 
AB=AB, AC=A'O und 4BAC=l BAC 
gelten, so gilt auch stets 
ZABO=7 A BO und 2 ACB =<A'C'R’, 
vorausgesetzt, dass AB und A’B’ die rechten Schenkel, ACO und 
A'C' die linken Schenkel der Winkel BAU resp. B’A’O’ sind. 


Das letzte Axiom in seiner urspriinglichen weiteren Fassung III. 6* 
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hat sofort den Satz von der Gleichheit der Basiswinkel im gleich- 
schenkligen Dreieck zur Folge. Auch ist leicht zu erkennen, dass 
umgekehrt mit Hilfe dieses Satzes vom gleichschenkligen Dreieck 
aus jenem Congruenzaxiom in der engeren Fassung III. 6 und den 
vorangehenden Axiomen das Axiom III. 6* in der weiteren Fassung 
notwendig folgt. 

Das engere Axiom III. 6 zusammen mit allen fritheren Axiomen 
gestattet den Nachweis des Satzes von der Gleichheit der Scheitel- 
winkel und der Méglichkeit der Halbirung einer jeden Strecke, so- 
wie den Beweis des Euklidischen Satzes, dass der Aussenwinkel 
eines Dreiecks stets grésser ist als jeder der beiden inneren Winkel. 


IV. Axiom der Parallelen (Euklidisches Axiom). 


Durch einen Punkt A ausserhalb einer Geraden a lisst sich 
nur ezne Gerade ziehen, welche a nicht schneidet. 


Der Satz von der Gleichheit der Wechselwinkel, und mithin auch 
der Satz, dass die Winkelsumme im Dreieck zwei Rechte betrigt, 
folgen aus dem Parallelenaxiom mit Hilfe der vorangehenden 
Axiome, auch wenn wir das letzte Congruenzaxiom nur in der 
engeren Fassung III]. 6 zu Grunde legen. 


V. Aatome der Stetigkert. 


1. Axiom des Messens (Archimedisches Axiom). 


Ks sei A, ein beliebiger Punkt auf einer Geraden zwischen den 
behebig gegebenen Punkten A und B; man construire dann die 
Punkte A,, A;, A, ..., so dass A, zwischen A und A,, ferner A, 
zwischen A, und A,, ferner A, zwischen A, und A, u.s.w. liegt, 
und tiberdies die Strecken 


AAY AA A ed eae 


einander gleich sind: dann giebt es in der Reihe der Punkte 


A,, As, Ay, ... stets einen solchen Punkt A,, dass B zwischen 
A und A,, leet. 


2. Aaiom der Nachbarschaft. 


Ist irgend eine Strecke AB vorgelegt, so giebt es stets ein 
Dreieck, in dessen Innerem keine zu AB congruente Strecke sich 
finden lasst. 


Dieses Axiom der Nachbarschaft ist eine notwendige Folge aus 
dem Satze von der Gleichheit der Basiswinkel im gleichschenkhgen 
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Dreiecke, wie man aus dem Umstande erkennt, dass wegen dieses 
Satzes vom gleichschenkligen Dreieck die Summe zweier Seiten in 
jedem Dreiecke grisser als die dritte Seite ausfallt. 

Ich stelle nun folgende Behauptung auf: 

Mit Benutzung der siimtlichen Awiome I-V. ist es méglich, den 
Satz von der Gtleichhett der Basiswinkel tin gleichschenkligen Dreieck zu 
bewetsen, auch wenn wir das Axiom von der Dreieckscongruenz nur in 
der engeren Fassung ILI. 6 zu Grunde legen. 

Um dies einzusehen, waihlen wir zwei sich schneidende Gerade als 
Axen eines schiefwinkligen Coordinatensystems, und ordnen den 
Punkten dieser Geraden auf Grund der linearen Congruenzaxiome 
IlI. 1-3 und des Archimedischen Axioms V. 1 reelle Zahlen zu; die 
samtlichen Punkte der Hbene sind dann durch Zahlenpaare darstellbar. 

Das engere Congruenzaxiom III. 6 zusammen mit V. 1 gestattet 
leicht die Begriindung der Proportionenlehre, und aus dieser folgt, 
dass die Geraden durch lineare Gleichungen darstellbar sind. 

Fassen wir nun den Punkt mit den Coordinaten x= 1 und y=s 
in’s Auge, und betrachten diejenige Congruenz der Ebene mit sich im 
engeren Sinne, bei welcher der Coordinatenanfang sich selbst und die 
«-Achse der Verbindungsgerade des Coordinatenanfanges mit jenem 
Punkte 1, s entspricht, so erkennen wir leicht, dass diese Drehung 
durch ein Formelsystem von der Gestalt 

a =ae+fy, 
Y= We+Oy 
vermittelt wird, worin a,, B,, y,, 5, Zahlen bedeuten, die durch s 
eindeutig bestimmt sind. Indem wir uun einer jeden Geraden durch 
den Coordinatenanfang ihren Treffpunkt (1, t) mit der Geraden 
w = 1 zuordnen, erhalten wir zu jeder solchen Drehung der Ebene um 
den Coordinatenanfang eine Transformation der Punkte der Geraden 
« = 1 von der Gestalt oe y,+d,¢ 
a, + B,t 
Die Coefficienten a,, />,, y,, 6, definiren Functionen von s, die sicher 
fiir alle rationalen Werte von s definirt sind; man sieht dann 
leicht ein, dass diese Functionen sich nach dem Princip der Stetigkeit 
so ergiinzen lassen miissen, dass man aus ihnen stetige und fir alle 
reellen Werte von s, sowie fiir s = © eindeutig definirte Functionen 
erhalt. Wenn das geschehen ist, so liefert die Formel 





t athe y,t6,t 
a, +B,t 
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eine Gruppe von linearen Transformationen, die gewiss folgende 
Higenschaften besitzt :— 


1. Es giebt ausser der Identitaét keine Transformation der Gruppe, 
welche einen Wert der Variabeln ¢ festlasst. 


2. Es giebt stets eine Transformation der Gruppe, welche einen 
gegebenen Wert von ¢ in irgend einen anderen bestimmten Wert 
dieser Variabeln iiberfiihrt. 


In meiner Abhandlung iiber die Grundlagen der Geometrie* (§ 18) 
habe ich bewiesen, dass eine Gruppe mit diesen Higenschaften 
notwendig holoedrisch isomorph ist mit der Gruppe der gewoéhn- 
lhehen Drehungen eines Kreises in sich, und folglich auch mit der- 
jenigen Transformationsgruppe, die durch die Formel 


dargestellt wird, wo TJ, 7” die Variabeln und S den Parameter 
bedeutet. Hieraus kénnen wir nun entnehmen, dass ¢ eine linear 
gebrochene Funktion von T ist; es sei etwa 





_AT+B 
worl 
wobe1 A, B, C, D Constante bedeuten. Fiihren wir daher mittelst 
der Formeln 
AAS re 
y= CX+DY 


statt der Coordinaten 7, y die Coordinaten X, Y ein, so entspricht 
einer bestimmten Drehung um den Coordinatenanfang die Formel 


Y’_X+SY 
XO NS Xe 


und hieraus entnehmen wir die Drehungsformeln 
X’ = Os (SX—Y), 
Y’ = 0;(X+8Y), 





wobei Cs eine von S abhingige Griésse bezeichnet. 


Unter Zuhiilfenahme des Axioms der Nachbarschaft V. 2 folet, 
dass die Determinante dieser eine Drehung vermittelnden Trans- 








* Mathematische Annalen, 1903. 
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formationsformeln notwendig = 1 sein muss; mithin ist 


1 
C; = —————, 
TRUER, 
und die Gruppe der Drehungen stellt sich daher in den Coordinaten 
X, Y, wie folgt, dar: 


? S 1 
/1+ 8 /1+S? 
Y’ jh ah ie i de Ug 


ise pra) s Clery a ates 


Aus diesen Formeln entnehmen wir die Giiltigkeit aller Thatsachen 
der gewdhnlichen Huklidischen Geometrie und insbesondere den Satz 
von der Gleichheit der Basiswinkel im gleichschenkligen Dreieck. 

Wir haben im Vorstehenden kurz den Beweis dafiir angedeutet, 
dass das Axiom von der Dreieckscongruenz im weiteren Sinne III. 6* 
eine Folge dieses Axioms im engeren Sinne III. 6 ist, wenn man 
die Stetigkeitsaxiome V. 1 und V. 2, zu Hiilfe nimmt. 

Nunmehr entsteht die Frage, 0b auch ohne die Axiome der Stetig- 
keit V. 1 und V. 2 die wertere Fassung des Axioms von der Drevecks- 
congruenz sich als eine notwendige Folge der engeren Hassung desselben 
ergiebt. Die nachfolgende Untersuchung wird zeigen, dass dies nicht der 
Fall ist, selbst dann nicht, wenn man noch die Proportionenlehre als 
giltig voraussetzt. Die Geometrie, welche ich zu diesem Zwecke 1m 
Folgenden construire, beantwortet nicht nur die eben aufgeworfene Frage, 
sondern verbreitet uberhaupt, wie ich glaube, iiber den logischen Zu- 
sammenhang des Satzes vom gleichschenkligen Dreieck mit den anderen 
tn Betracht kommenden elementaren Siitzen der ebenen Geometrie neues 
Licht. 

Hs sei ¢ ein Parameter und a irgend ein Ausdruck mit einer end- 
lichen oder unendlichen Gliederzahl von der Gestalt 


a= 0,h- af date ste... 


darin mégen a, (#0), a, %, ... beliebige reelle Zahlen bedeuten und 
= 
n sei eine beliebige ganze rationale Zahl (= 0). Die Gesammtheit 


aller Ausdriicke von dieser Gestalt a sehen wir als ein complexes 
Zahlensystem T an, indem wir folgende Festsetzungen treffen. Man 
addire, subtrahire, multiplicire, dividire irgend welche Zahlen des 
Systems 7’, als warén sie gewdhnliche Potenzreihen, die nach 
steigenden. Potenzen der Variabeln ¢ fortschreiten. Die ent- 
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stehenden Summen, Differenzen, Produkte und Quotienten sind dann 
wiederum Ausdriicke von der Gestalt a, und mithin Zahlen des com- 
plexen Zahlensystems 7. Eine Zahl a in T heisse < oder > 0, je 
nachdem in dem betreffenden Ausdrucke a der erste Coefficient 
a, < oder > als O ausfallt. Sind irgend zwei Zahlen a, 6 des com- 
plexen Systems 7’ vorgelegt, so heisse a < § bez. a > (, je nachdem 
a— < 0 oder > O ausfallt. Es leuchtet ein, dass bei diesen Fest- 
setzungen alle formalen Regeln und Gesetze, wie bei den gewoéhn- 
lichen reellen Zahlen, giltig sind; dagegen gilt fiir unser System 7’ 
das Archimedische Axiom nicht, da ja wie gross auch die positive 
reelle Zahl A gewahlt sei, stets At <1 bleibt; unser complexes 
Zahlensystem T' ist ein Nicht-Archimedisches System. 

Sind a, 8 irgend zwei Zahlen des Systems JT, und bedeutet 7 die 
imaginare EHinheit / —1, so heisse 

y=at+ip 


eine imaginiire Zahl zum complexen System T. 
Ist ferner 7 ein Ausdruck von der Gestalt 
ie +1 2 
T= O40 0,06 4 0, Gs 


wo a) (#0), a, a, ... reelle Zahlen bedeuten und der Exponent » der 
niedrigsten Potenz von ¢ positiv ausfallt, so heisse 7 ete wnendlich 
kleine Zahl des complexen Systems T. 

Offenbar lasst sich stets die unendliche Reihe 


(1l+7)7r (l+i)?7? (14+7)° 7 
Tats tae] came 


nach steigenden Potenzen von ¢ ordnen, und stellt dann eine 


ones 





imaginare Zahl zum complexen System 7’ dar; wir bezeichnen diese 


(1+7) es 


imaginire Zahl mit e Ist dann noch 3irgend eine gewohnliche 


reelle Zahl, so setzen wir 


ei | ett) t = et) + (1 +4) de 


Nunmehr construiren wir mit Hiilfe des complexen Zahlensystems 
T eine ebene Geometrie, wie folgt : 

Wir denken uns ein Paar von Zahlen (x, y) des Systems 7’ als 
einen Punkt und die Verhaltnisse von irgend drei Zahlen (wu: v : w) 
aus T’, falls w, v nicht beide 0 sind, als eine Gerade; ferner mége das 
Bestehen der Gleichung 

ua+vy+w = 0 


ausdriicken, dass der Punkt (a, y) auf der Geraden (uw: v : w) liegt. 
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Beriicksichtigen wir die obige Festsetzung, derzufolge die Zahlen 
in T sich ihrer Grésse nach anordnen lassen, so kénnen wir leicht 
solehe Festsetzungen fiir unsere Punkte und Geraden treften, dass 
auch die Axiome II. der Anordnung simmtlich erfiillt sind. In der 
That, stellen (a,, ¥,), (@o, Yo), (#3, Ys), --. rgend welche Punkte auf einer 
Geraden dar, so mége dies ihre Reihenfolge auf der Geraden sein, 
wenn die Zahlen 2, #, #3, ... oder 4, Yo, Ys, ... In dieser Reihenfolge 
entweder bestiindig abnehmen oder wachsen; um ferner die Forder- 
ung des letzten Axioms der Anordnung II. 4 zu erfiillen, haben wir 
nur notig festzusetzen, dass alle Punkte (a, y), fiir die we+vy+tw 
kleiner oder grésser als 0 ausfallt, auf der einen bez. auf der anderen 
Seite der Geraden (w:v:w) gelegen sein sollen. 

Wenn zwei Punkte A, B beide zugleich entweder auf der a-Axe 
oder auf der y-Axe liegen, so nennen wir die absolute Differenz der 
Abzissen bez. der Ordinaten dieser beiden Punkte ihre Entfernung 
oder auch die Lange der durch sie bestimmten Strecke. Nunmehr 
definiren wir das Abtragen von Strecken und Winkeln durch die 
Parallelverschiebungen und Drehungen der Ebene in sich, wie folgt. 
Die Parallelverschiebung wird durch ein Transformation von der 
Gestalt 


“x= ata, 
y =ytB 
oder av +iy = e+iytatip 


vermittelt, worin a, ( Zahlen in 7, nimlich die Projektionen der 
Parallelverschiebung in Richtung der Axen sind. Die Drehung der 
Ebene um den Coordinatenanfangspunkt (0, 0) werde durch die 
Formel a’ tiy’ = ett +i) 7 (a-+iy) 

vermittelt, worin $ irgend eine reelle Zahl bedeutet, und - irgend 
eine unendlich kleine Zahl im complexen System 17’ bedeutet; S+7 
heisse der Drehungswinkel dieser Drehung. 

Zunichst ist klar, dass bei allen Verschiebungen und Drehungen 
der Ebene jede Gerade wiederum in eine Gerade iibergeht, und 
zugleich die Anordnung der Punkte auf einer Geraden sowie ihre 
Lage zu den Geraden ebenfalls unverandert bleibt. 

Es seien nun (a, y) und (a, y’) irgend zwei vom Coordinaten- 
anfangspunkt verschiedene Punkte. Die Punkte der Verbindungs- 
geraden von (2’, y’) mit dem Coordinatenanfangspunkt werden durch 
die Coordinaten ux’, uy’ dargestellt, worin « irgend eine Zahl des 
complexen Systems J’ bedeutet. Wir wollen nun zeigen, dass es 
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stets eine Drehung um den Coordinatenanfangspunkt giebt, durch 
welche der Punkt (x, y) in einen Punkt jener Verbindungsgeraden 
iibergeht. Zu dem Zwecke untersuchen wir die Gleichung 


ett (1+i)7 (@ +7y) =p (a! + iy’). 
Durch Division mit der conjugirt imaginiren Gleichung folgt 


° la ON 
pui(d+7) Vey _ wry 
a—iy a —iy”’ 





oder e! +7) = E4 Gn, 
: e—ty x+y’ 
worin E+in = tu pak ae 
C+ x —ry 
: 2 yf eee 
gesetzt ist. Wegen ety? = 1 


folgt, dass €, » solche Zahlen in T' sind, bei deren Darstellung durch 
t die niedrigsten Exponenten der Potenzen von ¢ gewiss 2 0 sind, und 
mindestens einer derselben = O ausfallt. Wir kénnen mithin setzen 


E=at€, 
» = b+y7, 
worin a, 6 gewohnliche reelle Zahlen mit der Quadratsumme 1 und 


€, unendlich kleine Zahlen in 1’ bedeuten. 
Die reelle Zahl $ ist durch die Gleichung 


ets — a+b 

bis auf ganze Vielfache von 7, und ferner 7 als unendlich kleine 
Zahl in T durch die Gleichung 

ettr = ] + tty 

a+b 

véllig eindeutig bestimmt. Nach Hinsetzung von $ und 7 in die 
urspriingliche Gleichung folgt m eindeutig als eine Zahlin TJ. Wir 
sehen daraus, dass es stets eine Drehung von der gewiinschten 
Beschaffenheit giebt, und dass diese Drehung bis auf Drehungen um 
den Winkel z eindeutig bestimmt ist. 

Nunmehr nennen wir irgend welche Strecken und Winkel einander 
congruent oder gleich, sobald es gelingt, dieselben durch Verschie- 
bungen und Drehungen der Ebene miteinander zur Deckung zu 
bringen. Unsere obige Hntwickelung zeigt dann, dass die simmt- 
lichen Axiome III. erfiillt sind, wobei das letzte Congruenzaxiom im 
engeren Sinne III. 6 zu verstehen ist. Auch gilt wie man sieht das 
Parallelenaxiom IV., und aus der Formel fiir die Drehung kann 
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ferner leicht ersehen werden, dass auch das Axiom V. 2 der Nachbar- 
schaft in unserer Geometrie giiltig ist. 
Wir fassen dies wie folgt zusammen : 


In unserer Geometrie gelten die sémmitlichen oben aufgestellten 
Axiome der gewoéhnlichen ebenen Geometrie mit Ausnahme des 


Archimedischen Axioms V. 1, so jedoch, dass das Axiom iiber die 











Dreieckscongruenz dabei in der engeren Fassung II]. 6 zu verstehen 
ist. 





Wir leiten noch einige weitere Sitze ab, die in unserer Geometrie 
giiltig sind: 

In unserer Geometrie giebt es einen rechten Winkel, und jeder 
beliebige Winkel ist halbirbar. 








ue . ° . ° ‘ . . 
In der That, o ist gewiss ein rechter Winkel, weil derselbe bei 


. Lites Or . a . on 
einer Drehung um -> in seinen Nebenwinkel tibergeht. [benso 


od 


leuchtet ein, dass, wenn $-+7 einen beliebigen Winkel bedeutet, 
he 2 
oy + - die Halfte desselben ist. 

Wir fiihren nun den Begriff der Spiegelung an einer Geraden a 
wie folet ein. Fallen wir von irgend einem Punkte A auf irgend 
eine Gerade a das Loth und verlangern dieses um sich selbst tiber 
den Fusspunkt B hinaus bis A’, so heisse A’ der Spiegelpunkt von A. 
Wir wihlen zunichst zur Geraden a die #-Axe und fiir A einen 
Punkt im positiven Quadranten mit den Coordinaten a, . Der 
Winkel AOB zwischen dem Halbstrahl OA und der positiven x-Axe 
sel $+7, und zwar moége der 
Punkt « = y auf der w-Axe bei A 
der Drehung um den Winkel 
S$+7 in den Punkt A iiber- 
gehen, so dass 


i iced atee ate a7 


wird. Der Spiegelpunkt A’ des 

Punktes A in Bezug auf die 

a-Axe hat die Coordinaten a, 
—p. Fithren wir mithin die A 
Drehung um den Winkel $+7 Fie. I. 

aus, so entsteht aus dem Punkte 
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A’ ein Punkt der durch die imaginire Zahl 
Halts ea 16) — ale ee) iat 
$4 y 


dargestellt wird, d.h. der entstehende Punkt liegt auf der a-Axe; 
folelich ist der Winkel A’OB ebenfalls gleich $+7, und stimmt 
mithin mit dem Winkel AOB iiberein. Wir sprechen dies Resultat 
wie folgt aus? 


Wenn in zwei symmetrisch | hegenden rechtwinkligen Dreiecken 





die beiden Katheten iibereinstimmen, so sind auch die entsprechenden 





Winkel an der Hypotenuse einander gleich. 





Wir folgern hieraus zugleich den allgemeineren Satz : 


Im Spiegelbilde einer Figur stimmen die Winkel stets mit den 





entsprechenden Winkeln der ursprtinghchen Figur iiberein. 





Hs sei a irgend eine Gerade durch den Anfangspunkt O, und $+r 
sel der Winkel zwischen a und der #-Axe: dann erhalt man zu dem 
beliebigen Punkt (a, y) den Spiegelpunkt in Bezug auf die Gerade a, 
indem man die Hbene zunaichst um den Winkel —S—7r dreht, so- 
dann an der a#-Axe spiegelt, und schliesslich die Ebene um den 
Winkel $+7 dreht. Die Ausfiihrung dieser Operationen liefert der 
Reihe nach aus der imaginaren Zahl #+7y die Zahlen 


poe alt) (w+iy), et—U-)7 (~—iy), 


pit (1+4) 7 pi9—-(1-i)7 (x—ty) = e2t (+7) (x—ty) ; 
mithin wird die Spiegelung an der Geraden a durch die Formel 


a’ fay’ — ez! ($+7) (x — ty) 
vermittelt. 

Nun mogen a, a, ebenfalls zwei Gerade durch den Anfangspunkt 
Ound $,+7, bez. S,+7, die Winkel bedeuten, die diese Gerade mit 
der v-Axe einschlessen. Fiihren wir der Reihe nach die Spiegel- 
ungen an den Geraden a, a,, a, aus, so wird die entsprechende 
Transformation des Punktes (#, y) durch die Formel 


a’ ty’ — ez! (+3—3,+99+7—7) +72) (~—ty) 
vermittelt, und hieraus entnehmen wir das foleende Resultat: 


Wenn man an irgend drei durch einen Punkt gehenden Geraden 





eine Spiegelung ausfiihrt, so ist die dann entstehende Transformation 





der Ebene wiederum eine Spiegelung. 
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Aus diesem Satze beweisen wir leicht die weiteren Siitze: 


Die Mittelsenkrechten aut den drei Seiten: eines Dreieckes treffen 





Balt ia in einem Danie 





Wenn in einem Vierecke ABCD ohne _einspringende Eeken die 


Winkel AOB und ADB tiber einstimmen, so sind % auch die Winkel 
BAC und BDC einander g eleich. 

Die genannten Siatze geniigen, um die Proportionenlehre ohne 
Hiilfe des Satzes vom gleichschenkligen Dreiecke zu begriinden : 

















man hat nur nétig, den in meiner Festschrift Grundlagen der 
reometrve (§§ 14-16) dargelegten Beweis in geeigneter Weise 
ttbzuiindern, was leicht geschehen kann. Wir erkennen hieraus, dass 
es zur Begriindung der Proportionenlehre in der ebenen Eukldischen 
Geometrie nicht des vollstindigen Axioms von der Dreieckscongruenz 
im weiteren Sinne III. 6* bedarf, sondern dass dazu diejenigen 
Bestandteile dieses Axioms hinreichen, die in den eben genannten 
Satzen enthalten sind. 

Der Fundamentalsatz der Proportionenlehre lautet : 

Schneiden zwei Parallele auf den Schenkeln eines beliebigen 





Winkels die Strecken a, b bez. a’, b’, ab, so gilt die Proportion 
ly WIS 


Umgekehrt, wenn vier Strecken a, ea Me bY diese Proportion erfiillen, 











und goon by b° je aut einem § Schenkel eines behebigen Winkels 





abgetragen werden, so sind die Verbindungsgeraden der Endpunkte 





von a. b bez. von a’, b’ einander parallel. 





Dieser Satz konnte auch direkt aus dem Umstande abgeleitet 
werden, dass in unserer Geometrie die Geraden durch lineare 
Gleichungen definirt sind, und zugleich erkennen wir hieraus diese 
Thatsachen : 


In unserer Geometrie gelten die Schnittpunktsatze von Pascal 





und Desargues, und daher tiberhaupt alle Satze der projektiven 








Geometrie. 





Wir kommen nun zu der w esentlichsten Frage, ob in unserer Geo- 
metrie der Satz von der Gtleichhert der Basiswinkel des gleichschenkligen 
Dreveckes gilt. 

Zum Zwecke dieser Untersuchung sei a eine Gerade durch den 
Coordinatenanfang O, die mit der a-Axe den Winkel $+7 ein- 
schliesst; ferner sei A ein Punkt auf a so, dass die Strecke OA = 1 
ausfallt, und A’ sei der Spiegelpunkt von A in Bezug auf die 
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z-Axe (vgl. Figur 2). Um die 
Coordinaten (a, y) des Punktes 
A zu berechnen, bedenken wir, 
dass die Drehung um _ den 
Winkel —$—7 den Punkt A in 
den Punkt mit den Coordinaten 
1, O iiberfithren muss; wir 
haben mithin 


Jee Be Or) ica (2+ty) ea i 


und folglich 





a+iy i oid t (+4) a 


dhe a= OB =" cos (3+7), 
Wea eu a ie ($47). 


, Hier 2) 


Um die Linge der Strecke OA’ zu berechnen, bedenken wir, dass 
A’ die Coordinaten a, —y besitzt; die Drehung um den Winkel $+7 
liefert mithin 


pitt(+i)r (ey) = een tt ia: l=) 7 0s ant 


. oe . 9 . 
d.h. die Strecke OA’ fallt gleich e*7 aus, und sie unterscheidet sich 
mithin von der Strecke 1 um eine unendlich kleine von 0 verschiedene 
complexe Zahl. 
Wir ersehen hieraus, dass im allgemeinen in zwei symmetrisch 








liegenden rechtwinkligen Dreiecken mit iibereinstimmenden Katheten 














die Hypotenusen von einander verschieden austallen, und mithin bei 





der Spiegelung an einer Geraden die Strecken im Spiegelbilde den- 











jenigen in der urspriinglichen Figur nicht notwendig gleich sind, 








In unserer Geometrie gilt nicht der Satz vom gleichschenkligen 
Dreieck, und also auch nicht das Axiom von der Congruenz der Dreiecke 
im weiteren Sinne. 

Wir erértern noch in unserer Geometrie die Huklidische Lehre 
vom Flicheninhalt der Polygone und den Satz von der Geraden als 
der kiirzesten Verbindung von zwei Punkten. 

Was die erstere Frage betrifft, so mégen zwei Polygone flichengleich 
heissen, wenn sie in eine endliche Anzahl von Dreiecken zerlegt 
werden kénnen, die paarweise einander congruent sind, und zwei 
Polygone mégen inhaltsglecch heissen, wenn es méglich ist, zu den- 
selben fliichengleiche Polygone zuzufiigen, so dass die beiden zu- 
sammengesetzten Polygone einander flachengleich sind. 
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Aus diesen Definitionen wird leicht die Inhaltsgleichheit zweier 





Dreiecke mit gleicher Grundlinie und gleicher Héhe bewiesen. 





Auch gilt in unserer Geometrie der Pythagoraische Lehrsatz, 











demzufolge die beiden Quadrate tiber den Katheten irgend eines 





rechtwinkligen Dreieckes zusammen inhaltsgleich dem Quadrate 





iiber der Hypotenuse sind. Denn wir erkennen, dass in dem Hukli- 





dischen Beweise des Pythagoriischen Lehrsatzes durchweg nur die 
Congruenz von gleichliegenden Dreiecken, und mithin nur das Axiom 
iiber die Dreieckscongruenz im engeren Sinne benutzt wird. 

Wenden wir den Pythagoraéischen Lehrsatz auf die beiden vorhin 
construirten symmetrisch legenden rechtwinkligen Dreiecke OAB 
und OA’B (Figur 2) an, so folgt, dass die Quadrate iiber den beiden 
Hypotenusen OA = 1 und OA’ = e?* einander inhaltsgleich sind, d.h. 


es giebt in unserer Geometrie Quadrate, deren Seiten sich um un- 





endlich kleine von O verschiedene Zahlen unterscheiden und die 





dennoch einander inhaltsgleich sind. 








Infolge dieses Umstandes hat in unserer Geometrie der funda- 








mentale Satz Euklids, wonach zwei inhaltsgleiche Dreiecke mit 





eleicher Grundlinie stets von gleicher Héhe sind, ebenfalls keine 
Giiltigkeit. 

Unsere Geometrie fiihrt uns mithin zu folgender Erkenntnis: 

Hs ist unmiglich auf das Axiom der Dreieckscongruenz wm engeren 
Sinne die Huklidische Lehre vom Flicheninhalt zu begriinden, selbst 
wenn man die Giiltigkeit der Proportionenlehre hinzunimmt. 

In meiner Festschrift Grundlagen der Geometrie habe ich den Satz 
Euklids von der Gleichheit der Héhen in inhaltsgleichen Dreiecken 
auf gleicher Grundlinie dadurch bewiesen, dass ich den Begriff des 
Flachenmasses einfithrte. Dieses Flachenmass habe ich als das 
halbe Produkt aus Grundlinie und Héhe definirt. Der Nachweis, 
dass diese Griésse davon unabhiingig ist, welche Seite des Dreiecks 
man als Grundlinie wihlt, erfordert in der That die Benutzung 
symmetrisch gelegener ahnlicher Dreiecke, und mithin das Axiom 
iiber die Dreieckscongruenz im weiteren Sinne. 

Da in unserer Geometrie die bekannte Beziehung zwischen der 
Hypotenuse und den Katheten eines rechtwinkligen Dreiecks, welche 
in der gewdhnlichen Geometrie aus den Pythagoréischen Lehrsatz 
geschlossen wird, nicht gilt, so méchte ich unsere Geometrie eine 
nicht-Pythagordische Geometrie nennen. 

Hine weitere Folgerung, die Huklid aus dem Satze von der Gleich- 
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heit der Basiswinkel im gleichschenkligen Dreiecke zieht, ist der 
Satz, dass in jedem Dreiecke die Summe zweier Seiten grisser als 
die dritte ausfallt. Um die Giiltigkeit dieses Satzes in unserer 
Geometrie zu priifen, nehmen wir in dem rechtwinkligen Dreiecke 
OA'B (Figur 2), += 0, so dass die Hypotenuse OA’ mit der Kathete 
OB den unendlich kleinen von 0 verschiedenen Winkel 7 einschliesst. 
Wir erhalten dann die Summe der beiden Katheten durch die 
complexe Zahl 


e’ (cos7+sint) = (ltr+ 3 +...] (1— is toutro Z 4...) 
= 1427r+774... 


ausgedriickt, und diese Zahl ist offenbar um eine unendlich kleine 
von 0 verschiedene Zahl kleiner als die Hypotenuse 


OAo = eh = 1S ar 


Der Satz, wonach die Summe zweier Seiten in jedem Dreieck 





groésser als die dritte ist, gilt also nicht in unserer Geometrie. 








Wir erkennen hieraus die wesentliche Abhingigkeit dieses Satzes von 
dem Axiom iiber die Dreteckscongruenz vm weiteren Sinne. 

Wir fassen die hauptsachlichsten aus unserer nicht-Pythagoraischen 
Geometrie entspringenden Resultate zusammen wie folgt: 

Verstehen wir das Axiom iiber die Dreveckscongruenz 1m engeren Sinne 
und nehmen wir von den Stetigkettsaxiomen nur das Axiom der Nach- 
barschaft als giilttg an, dann tst der Satz von der Gleichhert der Basis- 
winkel im gleichschenkligen Dreteck nicht bewersbar, selbst dann nicht, 
wenn wir die Lehre von den Proportionen als giiltig voraussetzen. Hbenso 
wemg folgt die Huklidische Lehre von den Flacheninhalten ; auch der 
Satz, wonach die Summe zweier Seiten im Dreieck grisser als die dritte 
ausfallt, ist keine notwendige Folge der gemachten Annahmen. 

Wir wollen noch eine andere nicht-Pythagoriéische Geometrie 
construiren, die sich von der eben behandelten Geometrie dadurch 
unterscheidet, dass in ihr das Archimedische Axiom, dagegen nicht 
das Axiom von der Nachbarschaft giiltig ist. . | 

Man betrachte den Bereich © aller derjenigen algebraischen 
Zahlen, welche hervorgehen, indem man von der Zahl 1 ausgeht und 
eine endliche Anzahl von Malen die vier Rechnungsoperationen : 
Addition, Subtraction, Multiplikation, Division und die fiinfte 


Operation V1+w? anwendet, wobei w jedesmal eine Zahl bedeuten 

kann, die vermége jener fiinf Operationen bereits entstanden ist. 
Wir denken uns ein Paar von Zahlen a, y aus © als einen Punkt 

und die Verhaltnisse von irgend drei Zahlen (vu; v:w) aus Q, falls 


Gleichheit der Basiswinkel im gleichschenkligen Dreieck. 67 


u, v nicht beide 0 sind, als eine Gerade; ferner mége das Bestehen 
der Gleichung uetoytw =0 


ausdriicken, dass der Punkt (a, y) auf der Geraden (wu: uv: w) liegt. 

Die Anordnung der Punkte und Geraden, sowie die Festsetzung 
tiber die Parallelverschiebung treffen wir genau wie vorhin, dagegen 
weichen wir von der fritheren Festsetzung hinsichtlich der Drehung 
um einen Punkt in folgender Weise ab: 

Wir fassen die Punkte der Geraden 2=1 ins Auge; da dieselben 
ein abzahlbares System bilden, so kénnen wir sie in diese Reihe 
bringen: P,, P,, P;, .... Es sei dann allgemein J, der Winkel unter 
welchem die Verbindungslinie des Punktes P, mit dem Coordinaten- 
anfang die wz-Axe schneidet. Wir wihlen nun aus der Reihe 
J,, 4, 95, ... eine solche Reihe %,, Fr,, Ir, ... aus, dass fiir keinen 
Wert von v eine Gleichung von der Gestalt 


Jk, = 70+ ry Fhe, a ue) Hey SS aoR ur Tn—1 Si a 


besteht, wo 7,7,, %, ...; %-, rationale Zahlen sind, wihrend andrerseits 
fiir jedes J, sich ein Wert von n bestimmen lisst, so dass 


Se = T+ TI tate t ... +7nFh, 


besteht, wobei 7, 7,, 7, ..., %, rationale Zahlen sind. 
Die Drehung unserer Ebene um den Winkel 3, werde dann durch 
die Formel ; 
(7+72y) 


AS, +7] 


wv +7y' =e 
vermittelt. 

Es stellt sich heraus, dass in dieser Geometrie simtliche 
Axiome I. bis IV. erfiillt sind, wenn das Axiom tiber die Dreiecks- 
congruenz im engeren Sinne III. 6 verstanden wird. Ausserdem 
gilt das Archimedische Axiom V. 1, dagegen nicht das Axiom 
der Nachbarschaft V. 2. Auch die oben genannten Satze und die 
aus diesen zu ziehenden Folgerungen, insbesondere die Proportionen- 
lehre ist giiltig. Dagegen gilt nicht der Satz von der Gleichheit der 
Basiswinkel im gleichschenkligen Dreieck, und folglich auch nicht 
die Euklidische Lehre vom Flacheninhalt. Der Satz, dass die 
Summe zweier Seiten grisser als die dritte ist, gilt in unserer Geo- 
metrie ebenfalls nicht, da ja aus diesem Satze das Axiom der 
Nachbarschaft V. 2 notwendig folgen wiirde. 

Zur Giiltigkert des Satzes von der Gilecchheit der Basiswinkel im gleich- 
schenkligen Dreveck sind mithin beide Stetigkettsaxiome V.1, V. 2 
erforderlich ; in der That haben wir in dem friiheren Beweise am 


Anfange dieser Untersuchung jedes dieser beiden Axiome benutzt, 
F 2 
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Mit Hilfe der beiden Stetigkeitsaxiome V. 1 und V. 2 ist es noch 
nicht méglich, die ebene Geometrie als identisch mit der gewohnlichen 
analytischen ‘‘ Cartesischen ”’ Geometrie nachzuweisen, in der jedem 
Zahlenpaar ein Punkt der Ebene entspricht. Zu diesem Nachweise 
ist aber weder das Axiom vom Dedekindschen Schnitte, noch das 
Axiom von der Existenz der Grenzpunkte notwendig ; vielmehr 
gentigt dasjenige Axiom allgemein philosophischen Charakters, 
welches ich bereits in der franzésischen Uebersetzung meiner Crund- 
lagen der Gleometrie* aufgestellt habe, und welches wie folgt lautet: 


V. 3. Axiom der Vollstindigkert. 


Zu dem System der Punkte und Geraden ist es nicht méglich ein 
anderes System von Dingen hinzuzufiigen, so dass in dem durch 
Zusammensetzung entstehenden System simtliche aufgefiihrten 
Axiome I.-IV., V. 1, 2 erfiillt sind; oder kurz: 

Die Elemente der Geometrie bilden ein System von Dingen, welches bet 
Aufrechterhaltung siimtlicher Axiome keiner Hrwecterung mehr fihig ist. 





On the Groups defined for an Arbitrary Field by the Multiplication 
Tables of certain Finite Groups. By L. EK. Dickson. Re- 
ceived and read April 10th, 1902. Received, in modified 
form,t October 20th, 1902. 


In his paper{ ‘ On the Continuous Group that is defined by any 
given Group of Finite Order,” Burnside obtained by a new method 
the most fundamental ones of the theorems of Frobenius§ on group- 
matrices and group-determinants, and gave a new aspect to the 
theory. A more general theory for an arbitrary field (domain of 
rationality) was later developed by the writer.|| An exceptional case 








* Annales de V Ecole Normale, 1900. Vgl. auch meinen Vortrag iiber den 
Zahlbegriff : Berichte der deutschen Mathematiker-Vereiniyung, 1900. 

t+ The original manuscript was lost in transit. From rough notes on a part of it, 
the present paper has been prepared. 

t Proc. Lond. Math. Soc., Vol. xx1x., pp. 207-224, 546-565. 

§ Berliner Sitzungsberichte, 1896, pp. 985-1021, 13843-1882 ; 1897, pp. 994-1015 ; 
1898, pp. 501-515; 1899, pp. 330-339, 482-500; 1900, pp. 516-534; 1901, 
pp- 303-315. An elementary exposition of Frobenius’s theory is given by the 
writer in the Annals of Mathematics, October, 1902. 

|| Zrans. Amer, Math. Soc., Vol. 111. (1902), pp. 285-3801. Additional develop- 
ments are given in the University of Chicago Decennial Publications, Vol. 1x., 
pp. 35-41 (separate preprints, pp. 1-17, Oct. 1, 1902). 
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not treated in the paper just cited is that of a field having a modulus 
which divides the order of the given finite group. As this exceptional 
case appears to offer special difficulties, it seems desirable to have a 
detailed treatment of a number of examples both for the general case 
and for the various exceptional cases. Suck are the contents of 
$$ 1-7; the methods employed are very elementary and entirely 
independent of the general theory. The next step in the extension 
of the general theory is very naturally a detailed study of the 
explicit developments in the earlier investigations which cease to 
hold true for the above exceptional cases. The contents of §§ 8-12 
are of this nature. 


Canonical Forms of the Group-Matrix for the Symmetric Group gg 
on Three Letters. 


1. The body of a left-hand multiplication table for g, is* 


Mime (Sgr) On G 
ay era toss ee ey 
a p Tere Y 6 
(1) 5 2 
“stat ONC hie Oa 
Ce avis pe la 


Cy Om ad 

Let 7’, be a linear transformation on &, ..., &, the matrix of whose 
coefficients is of the form (1) with J, a, ..., « in a given field F’. 

Employing the standard notation, let B; ;,, denote the linear trans- 
formation which alters only the variable €,, replacing it by E, AAG. 

The inverse of B,;,, is evidently B,,,-.. Transforming 7}, ot 
matrix (1), by 

(t,) By, 1B; 1, = By, 1, -1 B53, 1 Bg, =13 


we obtain a transformation 7’, with the matrix of coefficients 


a p Y n) € 
T—a a—fP d—y €-0 y-e 
B—-a J—B e—y y—o 0 
o—a e—P I—y a—d [P—e 
e—a y—PB B—y I-—d a—e 
Stee ti! o—p Ct Home 4 b—d I-e 


(2) 


(ea) eS) ey ae ae re, 





* Weber, Alyebra, second edition, Vol. 11., p. 124. 


(4) 
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where p and p,, used below, have the values 
p=iItatB+y+ot+¢e pp itatp—y-o—e. 
Transforming 7,, of matrix (2), by the product 
(t,) By, 3,1 Bos, 1 Ba, 5, =] By, eg ee 


we obtain a transformation 7’, with the matrix 


Dav ec p—a yt+a o+a e+a 
Osi, 0 0 0 0 

(3) JO B—a I[—2B8+a ($+e—a—y Bb+y—a—6 B46-—a—e 
0 d—a a—G—d+e I[—a—y+0 O b+d0—a—e 
0 e—a a—fPty—e Bte—a—y J—a—Jd+e 0. 
O y—a a—fp—y+o 0 b+y—a—6 [—a+y-—e 


Transforming 7’, of matrix-(3), by the product 
(ts) Bs ries) Bg, s, = Al 


we obtain a transformation 7’, with the matrix 


p a Be Db+y o+a e+a 

0 py 0 0 0 0 

0 B—6 I[—5+é-—e 0 B+y—a—o 0 

0 O—a 0 I+e—fp-—-y 0 O+o—a—e 
0 e—a a+y—fh—e 0 I[+e—a—é 0 

0 y+0—a—p 0 a+o—[b—y 0 I+y—a—e 


If # does not have modulus 2 or 3, we transform T, by 
(4) G&=Gtdht4 Gt AtGt+S), F=4C>)), 
and obtain a transformation 7, whose matrix differs from (4) only 
in the first row, that being now p00000. Transforming T; by 


t;= By -;, we obtain a transformation 7’, whose matrix differs from 
that of 7, only im the fourth and sixth rows, those being now 


0 B-y 0 I-a~a-e 0 Btenany, 
0 yt+té—a—B 0 a+6—fp—y O I[+6—B—<«. 
Transforming 7’, by 
() &S=&-5 G=&-y SH&tat &=&t3h, 
we obtain a transformation T, whose matrix differs from that of 7, 


only in the second column, that now having all zeros except p, in the 
second row. Transforming 7’, by 


(t,) ci —_— ae & i Pe & = aA, 
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we obtain a transformation with the matrix MVM: 


feet Was ONS Cb O) 
CMe ae Uan iy One 0 (a = I—6+6—e, 
ee On Oar ae oan.Or : O b=a—H+6—y, 
ae he Cade Ose) c=—atPb—yt+e, 
Oe Oe Sea Over. <0 d = [—a—6d+e). 
Ose Or Us Os (cei 


\ 
The product ¢ = t,t,t,t,t,t,¢, 1s found to be 

&= 2446464464645), & = §4+64+6—-&—-6-&, 

p= — 4G + 6 —26,424,-4-&), & = § (26-6 -446-24, 48), 
= —4(§-264+ &—-£426—-S), & =—4(44+ §&—-26—-§& —& + 2). 


nr 


ow 


La 


g 


oN 


This transformation™ ¢ therefore transforms 7, of matrix (1), into 
a transformation of the canonical form M, the cases of moduli 2 and 3 
being excluded. The six functions p, p,, a, b, c, d are readily seen to 
be linearly independent. The group of transformations of matrix (1) 
is therefore simply isomorphic with the product of two general unary 
linear groups and the general binary linear group, all with coefficients 
in the given field f’, and affecting different variables. 


2. Let next F have modulus 2. Transforming 7,, of matrix (2), by 
cy oc a L* c cs oe ae c. - F a TA ib c . ¢ 
gli eq to Cart: Ca Se §& =64+64+6+6+4+&, & = 6; (Gay; 


we obtain a transformation of matrix 


p y+d+e 0 0 O 0 J 
ab ee 0 0 0 0 

0 at+f I+a at+tP+tyte atP+y+6 at+Pp+d+e 

0 atS atP+8+e Itaty+s 0 a+B+s+e |” 
O ate atfPtyte atP+yte I[+a+d+e 0 

O aty atP+y+6 0 a+Ob+y+8 I[+a+y+te 


Transforming it by the product B;,,B,3; B61, we obtain a trans- 


* The product of ¢ on the right by 
H=6h, b=h &=—-3& H&=—-34, & =—-3h, be =—3h5 


which transforms M into itself, gives a transformation with integral coefficients of 
determinant —2.3° which effects the reduction of 7, to WM. It is given, without 
proof, in the Trans. Amer. Math. Soc., Vol. ut., 1902, p. 296 (viz., matrix 7). 
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formation with the matrix 


p y+ot+e ORO TSO) 29 

0 0 OELO LEO 2-0 

0 B+6 Gm Oneh al 
(5) rs 

O b+y O02 FU abe 

0 ate dae eek 10) 

0 atPt+y+é6é 0 b 0 a 


Transforming it by ¢;, which for modulus 2 becomes 

& == Es +S, cy — &,+6., &5 = &+&, 
we obtain a transformation whose matrix differs from (5) only in the 
second column, that being now y+6+e, p, 0, 0,0, 0. Finally, trans- 
forming by (&&)(&&&), we obtain a transformation with the 
canonical matrix 


p 770 0 EOE GO 
ytd+e p 0 0 0 0 
0 OL rR tty Oe 80) 

M,= 
; 0 Derek ee 
0 OPO 80 etaee Dp 
0 OiO) SU Eercured 


The six functions p, y+6+e, a, b, c, d of I, a, (3, y, 6, « are seen to be 
linearly independent modulo 2. The group is therefore simply 
isomorphic with the product of the binary group of transformations 


a i and the general binary linear group, the two affecting different 


variables. 


3. Let, finally, # have modulus 3. For any modulus, the trans- 
formed of 7, with matrix (1), by 


oS ta tEyt+Et et Lo f= E,t+est &, &S&=& & = &, 
&; i cn & = Fs 
has the matrix of coefticients 

p O O O O O 

ytdt+e p, 0 0 0 O 
a e—a I[—a B-—a y—e 48-e 
B 8—B a—B I—B e—d y—d 
) B-—8 y—d «—-8 J—B a—fB 
€ a—e 6—e y-e B-—a J—a 
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Transforming it in succession by the three transformations (mod 3) 
& — €é,—€+5—&,, fo) — eyo. +t Sos &5 = &— fs 


further simplifications arise, the final matrix being 


p 0 0 0 0 0 
ytote op, O 0 i) io) 
T T p 0 O O 
B+oé+te a—e a—B+y—e py @) Ooty 
o—e —rT y+o+e 0 p 0 


€ a-—e o—e y+tdte B-a—y+6 p 
where r=a—P+6—e. Subsequent simplifications arise by trans- 
formation by By, Wal g Bs, 8, 15 Be, Healt By 5,19 Ca Seas. ), B, 2,15 Be, 5,15 in 


succession, the final matrix having the canonical form* 


My he Oe A 


ee pe eee nO) 
eee eke te oe OO 
oe ies Oe Omran Uo. On ty: 

Osa OF Ose a8 +O 

OR Oi Onan tos 5 py 


where o =a—fP—od+e, k=at+fP+d+e, v=—a—fP+é+e. The six 
functions p, p,, 0, 7, k, v are readily seen to be linearly independent 
modulo 3. For the Galois field of order 5", the group is evidently of 
order 3% (3"—1)’. 

The transformations | p, p,, ¢, 7, k, v], of matrix M,, form a solvable 
group. Indeed, the transformations [1,1, 0,7, «,v] form an invariant 
sub-group, the quotient-group being a commutative group [ of order 
(3"—1)? for the GF [p") |. The sub-group itself has an invariant 
sub-group formed by the commutative transformations ERS OF ceca 
In fact, 

ile remen Le leOrrsieey | (ll Orter KK’ ee], 


abe ee) 1 0 O 
while (© 1 0} whose inverse is ( —c 1 0), transforms a 
k —r l ee eee 


ternary transformation, leaving fixed the first two variables, into a 


1 0 0 
transformation leaving them fixed; likewise (- i! 0) whose in- 


oe ten ae 


1 0 O 
verse is ( —T 1 0} transtorms ) (& == €,, © €5 —.&-+ Ae, 


—v+or —a l 


& = €+pé,) into a similar transformation. 





* Asa check, note that the transformations of matrix MM, form a group. 
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Canonical Matrices for the Cyclic Gs. 
4, The body of a left-hand multiplication table for G, is 


JPA 83 
(6) (g if :) 
Nah hep wh 
Let w be an imaginary cube root of unity and set 
6, =I+a+fB, §8,=TI+oatw'B, 6= [+o*%a+o8, 
m=G+ht& maHAtwhtos, ny = + w+ oS. 


If F does not have modulus 3, 6,, 6,, 6; are linearly independent with 
respect to #’, and likewise n,, , 43. Expressed in terms of the latter, 
the transformation on &, &, &, with matrix (6), takes the form 


(7) m= 8m, m=8:%, 03 = d5n5. 


Hence, if w belongs to Ff, the group of transformations of matrix (6) 
is simply isomorphic with the direct product of three groups each a 
general unary linear group. If is not in F, it serves to extend* Ff 
to a field #,. Then the conjugate of w with respect to Fis w=’; 
so that 7, =, 8; = 6,. The group is therefore simply isomorphic 
with the direct product of the general unary group in F and the 
general unary group in fF, Thus, if fis the GF | p"], so that F, is 
the GF'[ p’”], the orders of the two factor groups are p”—1 and p"—1 
respectively. 
If p = 3, a transformation of matrix (6) is transformed by 


sd es c cL alae Y dete / ee ah c 
Cp —— Ct cn ea S, = & S35 fee &3) 


of period 2, into a transformation of canonical matrix 


”) Cire Ti) 
(8) (.- 3 0} 
a a—B o 


The transformations of matrix (8) form a commutative group. Since 
a,a—pP,d6=I+a+f are linearly independent modulo 3, the order 
of the group for the GF'[38"] is 3” (38"—1). 





* To avoid introducing w, note that a transformation of matrix (6) is trans- 


Dee Walaa Lae 
formed into one of matrix | 0 I—a a—-B} by | —1 1 0]. 
0 B-a I-B —-l1 0 1 
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Canonical Matrices for the Cyclic G. 
5. The body of a left-hand multiplication table for G, is 


Cohen Cy cometh gl) Ola oo Os 


“ 0 
A; Gy G@ G, ag a, 
(9) gy M5 Mg My Oy) Og | 
Os Pa: Pet: Pu 
Gapadsen Cee tO ee Ona ct 


Mo 
Let p be a primitive sixth root of unity and set 
6; = ayt+p'a, + p™a, +p" as + pra, + pra, i 
peti Paci LP m kt EP uyts tp ae, PS, J 


The determinant of the coefficients of ay, ..., a; in 4), ..., 6; equals the 
product of the differences p’—p’, and is zero if, and only if, a® =1 has 
a double root in the field F’, z.e., if F’ has as modulus either 2 or 3.* 
Excluding these cases, 5), ..., 6; are linearly independent functions of 


(¢=0,1, ..., 5). 


Qo, ..., 4,3 likewise, m%, ....4, are linearly independent functions of 
&, ...,€ A transformation on &, ...,€ with coefficients of matrix (9) 
gives rise to the canonical transformation on m, ..., 15: 


The structure of the group is now quite evident.; When f is the 
GF [p"j, the order of the group is (p"—1)° or (p"—1)? (p”—1)° 
according as p does or does not belong to the GI | p"|, viz., according 
asp” = 64+1 or p" = 6k-+9. 
6. Next, let # have modulus 2. Introduce the variables} 

Voila St Sar eet fat See J eae Sty sarie 

a — E+ w&, a5 w+ & + wE,+ w'SF,, 1g — E+ w°& + wE,, 

1g = f+ we, +w&+8+ 0&4 w&, Y; —— §+08+0'&, 


w being a root of w’+w+1=0, and therefore a cube root of unity. 
Then the transformation on €,, ..., &; with matrix (9) becomes 


1 { Yo = 6) Yo, YY, = 0,¥,, Yi = 0,Y,, 
fe y= AY,+ Oy, Ve HY +0, uns Veer Ye ti0) ee 








* Compare Dickson, ‘‘ Linear Groups,’’ Corollary of § 74, p. 54. 
+ University of Chicago Decennial Publications, Vol. 1x., p. 38 (preprints, p. 4). 
t The determinant of their coefficients is congruent to unity modulo 2. 
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— 2 
where }\=—a,ta,+a,, pw =w'a,ta,+wa, v= wa,ta,+w'a;. 


Here X, mw, v are linearly independent functions of ay, az, a;, since the 
determinant of their coefficients is =1 (mod 2). Then 60, 6,, 6, 
A, w, vy are seen to be linearly independent modulo 2. If w belongs 
to F, the group of transformations (11)is the direct product of three 
binary linear groups in Ff’, each a commutative group of transforma- 
tions C= (° 4) ; for the GF [2"] its order is 2" (2"—1)% Ifo 
Oo 

extends F' to a larger field #,, the group is the direct product* of a 
binary group in f’and a binary group in F,, each formed of trans- 
formations of type C; for the GF [2”] its order is 


On (2"—1) O2n (2”"—1). 
7. Finally, let & have modulus 3. Introduce the variables 
Z, — §+64+64+64+64+5, 4, = €&,-6§+&-&, Veg — &+&s 
4, = foo + Sas os cs oe 4, = =a ot meinertaCes 4; = sate 


The transformation on &, ..., §; with matrix (9) becomes 


Zi, = % 4); 3 = 0343, 
(12) i gZy+o4, Z, = sZ,+6,Z,, 
Z,= 72,494,404, 2; = tZ,+8Z,+ 6, Z,, 
where g=—a,+a,—-a,+a;,, r=—a,—a,—a,—4;, 
$= a,+a,—a,—4,, p80, dae 


To show that q, 7, s,¢ are linearly independent functions modulo 2, 
we note that 


q+t=a,—a;, q—t=a,—a,, r+s=a,+a;,, r—s=a,+a, (mod 3); 


so that a,, a,, a,, a; may be expressed in terms of q, 7, s, ¢. It follows 
that 

6, =a,+a,+a,+a,+a,+a;, 8, =a,—a,+a,—a,+0,—a,, 
and g, 7, s, ¢ are six linearly independent functions of a,, ..., a;, 
modulo 3. Hence the group of transformations (12) is the direct 
product of two groups, affecting different variables, each a commuta- 
teve group of the type 


> Ose0 
(a 8 0) [6, A, « arbitrary in fF’; 60}. 
KAS 2d 





* Given 6) and A arbitrarily in F, 3, and uw arbitrarily in #, the values of 
ay, ..., a follow uniquely. 
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Remarks on the General Theory. 

8. In the writer’s treatment* of a group matrix of order for an 
arbitrary field F’, the case in which F has a modulus which divides n 
was excluded. The question of the first invariant factor of the 
characteristic determinantt of the special group-determinant D 
depends upon the nature of the greatest common divisor of all its 
first minors. The adjoint minor of an element ¢, in the determinant 
D equals © a oD where 7; is the number of operators in the k-th set 

mn, Oe, 
of conjugates in the given group of order n. The necessity of a 
variation in the treatment will be evident from the following 
examples. 


9. For the symmetric group g, on three letters, the special group- 
determinant D is the determinant of matrix (1) when a=/#, 
y=—od0=e. From the form of matrix M of § 1, we conclude that 


D= (1+ 2a+3y) (1+ 2a—sy) (I—a)*. 


Let [,, a,, y, denote the adjoint minors of J, a, y, respectively (by a 
theorem the same wherever I, a, y occur in D). Thent 


a =79 2 = (3y’—Ia— 2a’) (I—a)’, 
OD | 
sis ay = —y U—a)’. 


For J, a, y arbitrary in F, the greatest common divisor of [,, a,, y; 18 
therefore ([—a)*, if F' does not have modulus 3; but is (/—a)', if 2’ 


has modulus 3. 


10. Forthe quaternion group (Weber, Algebra, 2nd ed., pp. 216-218), 
D = 0,92030, (%,—%)’, 
O, = @, +H, +20,+20,+2%,, oc, = 2, +29,+ 2a,—2a, — 227, 


o, = &,+a,—22,4+20,—22,, 0, = &+a,—2xy— 22, + 22, 





* Trans. Amer. Math. Soc., Vol. 111., 1902, pp. 285-301. See p. 293. 
+ It is derived from J) by replacing the identity element J by /—p. : 
t The values of J, and +, were also computed direct as determinants of order 5, 
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Denote the adjoint minor of w; by X;. Then 

X, = (#,—a)* } a, (a, +a,)®—2 (@, +2) (3x, +2) (a, +2, +2,) 
—32a,a, + 24a,e, 0,2, + 40x,2,2,2,+8 (2, +a, 527) ee 

X, = (@,—2%)* f der, — Ava, at — Ae, 007 + Ate ar, (a +) — as (2, +a) a 


Since X,= ;, a is derived from X,= 4 3, 0D by interchanging 2, 

#0 Us 
with a;, D being thereby unaltered, the expression for X, may be 
written down by inspection. Similarly for X, and X,. It follows 
readily that the greatest common divisor of X,, X,, X;, X,, X, is 
(x,—2,)*, if F does not have modulus 2; but is (#,—2#,)° if F has 
modulus 2. The special character of modulus 2 is also shown by the 
fact that it is the only case in which the factors oj, 03, 03, 04 %—a, 
are all equal. 


11. For the alternating group G, on four letters, we have* 
= (1+ 3e+ 4a+ 48) (7+ 3¢ + 4pa+ 4p*B) (1+ 84 4p’a + 4pB) (J—e)®, 
where p= 4(—1+~—3) is a cube root of unity. Hence 
D= §(1+36)*+ 6408+ 646° —48ap (1+38e) } (I—e)®. 
For the adjoint minors f,, a,, 6, «,, we get 


L=75 ar = (I—)§{ (I+ 86)? (I+ 26) + 4803+ 488°—40aBT—104af8e} , 


1 = ag re = (I—«)' (4a*— IB—3Be), 


= (I—«)° (48’— Ia—Bae), 


i) 


as Sai 
ei oo = (i—.«)° { —e(I+3e)’— 160'—166* + 8aBI+ 40aBe }. 


The greatest common divisor of Jj, a,, @;, «, 1s therefore (I—e)* if FP 
does not have modulus 2; but is (J—e)" if # has modulus 2, since 
then 


I, =I (I-e)®, a, =B(—«)",. 8, =a(I—e)”,. ep = e Ie)”. 


The exceptional character of the case of modulus 2 is also shown by 





* Using table of characters, Weber, Algebra, 2nd ed,, 11., p. 206, 
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two further facts. The linear factors of D are thenall equal. Again, 
the general group-determinant then decomposes entirely into three 
linear factors each to the fourth power. For any field, the theory of 
Frobenius gives* for the general group-determinant of ( 


A= ffi fre®, 
f=HIt+eteteta+a,+a,t+a,+B+P,+B,+B;, 
fi=It+eteatetp (ata,t+a,+a,) +p? (B+8,+8,+2,), 
(= I+e+¢,+6, +p" (a-+- a, + 45+ as) +p (B+8,+6,+8;), 
HOES IE Gets ay sehen pista tae 6) oN ohn ad hn gee 


—Pe—I’e, — [Pe,—Te—Te— Te’? — ee, — ee, — ee — ee, 
2 1 2 1 2 1 12 


129 


2 
—a,a,—a,a—a,a,—a,a,—P'B —B'B,— BB, —B°B—B' B,.—B°B, 
mal i ied Btered 6 Sieg (Srey Sh Stored oh NER 
+ Qee,€,+ 2Tee, + Bee, + Ble, €, + Qac, a+ 2aa,a,-+ 2aa, uy 
+ 2a, a,a;+ 288, B, +288; 83+ 288, 8, +26, 8,8; 
+ I (aB, +48, + oB;+ 8 +a, B+ 0 8; +a,8+a,8,+ 4,8; 
+a; 8+ a3 B,-+ 43 8,) 


2 2 2 2 2 Ate SOs ee ee 
—€,€— €,€;—@ a, —aa,—a'a., 12 102 &, Os A a, 


+(e+e,+e,—31)(aB+a,B,+a,8,+ 0,2.) 

— 3 (a8, +a,8+a,B;+.a,(,) 

— Be, (a8, + a; 83+ 4,8 + 45/3,) 

— Be, (a8,+ a B, +a; 8; +432) 

+e (aP, + a8; +0, B,+4,By+a,8 + 4,8, +a;8+ a (,) 
+e,(a8,+a8,+a,8+a,8,+¢,8,+0,8,+a;8+ a;/,) 
+e, (aB,+aB,+a,8+a,8,+0,8+a,8,+a;6,+0,(,). 


For the case of modulus 2, we find that 


S=ff,f, (mod 2), A=fif*ft (mod 4). 








* The computation of @ was checked as follows. For ¢ = ¢, = €, a = a; = a,= az, 
B=B, = 8) = Bs, & = (I—e)*, thereby agreeing with the above result for _the 
special group-determinant D. Again, the coefficients of J%, [7¢;, [7a;, [78; in & 
agree with those given by using the characters for the factor 4, 
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12. For the symmetric group G, on four letters,* 
D = aefy*0, 
a =a+3b+6c4+8d+6e, e= a+38b—6c+8d—6e, 
B=a—b+2c—2e, y= a-—b—2c4204¢, 6=a+43b—4d. 
By direct computation (see § 8), we find for the adjoint minors 
d, = By°S {3 (ct+e)’—d (a+3b + 8d) }, 
C, = P'S § deb? + 4eab—c (a+ 2ab + 5b?) + (c?—e”) (20c + 16e) 
—(c—e)(8ad+ 24bd + 32d”) ?, 
b, = B88 § (a—b) (a+3b + 8d) (8d? —ab — 3b? —4bd) +24 (ce? —e*)? 
| + (a—b)(c+e)? (3a+33b—36d) 
—(c—e)’ (a+ 3b + 8d)(a+3b+4d)?, 
a, = Py°8 § (a—b)(a+3b+8d) (a? + 5ab + 4ad + 6b’ + 8bd—24d*) 
—(c—e)’ (a+3b4 8d) (a+3b+ 4d) +24 (P?—e’)? 
+ (a—b) (e+e) (—38a—75b + 108d) }. 


Since D is unaltered by the interchange of ¢ with e, we derive 


oD 


= Tenn from ¢,= 745 a, by interchanging ¢ with e. 


@ 
de 
If F' does not have modulus 2 or 3, the greatest common divisor q 
of a, b,, 4, dy, e, is B*y*0*, in accord with the general theory. If F has | 
modulus 2, so thata=B=y=6=c«=a+b (mod 2), then 
d, =a" f(cte)’+d(at+b)}, c, =a” (ca’+cb’), 
b, ino (as pie tx ee wean (a+b)*t. 
Hence the greatest common divisor g is (a+b)”. For modulus 3, 
d, = Py’ | —d (a—d)}, 
Ges Doyo: Seb (a+b)+c (b°+ab—a’) + (e—c) (e —e&—ad—d’) ; . 
b, = P*y%d* (a—d) } (a—b)(—ab—bd—d") —(c—e)’ (a+d)}, 
a, = By°c® (a—d) (a+d) (a—b)?— (c—e)*}, 


and a=e=0d=a—d. Since a—d is not a factor of the expression 
in brackets in ¢,, the greatest common divisor g is B*y*c'. Hence the 
cases of moduli 2 and 5 are both special. 





* Frobenius, Berliner Sitzungsberichte, 1896, p. 1012. 
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The Theory of Oauchy’s Principal Values. (Third Paper: 
Differentiation and Integration of Principal Values.) By 
G. H. Harpy. Received February 15th, 1902. Read 
March 13th, 1902. Revised November, 1902. 


1. Inmy second paper* I stated the general conditions under which 


P| FG AME (1) 


a 


is a continuous function ofa. In this paper I shall deal with two of 
the most important special cases of this general problem, which lead 
to theorems corresponding to the ordinary rules for difterentiation 
and integration under the integral sign. That (1) is convergent for 
ail values of a in question will be presupposed in all that follows. 


Differentiation under the Sign of the Principal Value. 


2. The first question which will engage us is that of finding 
sufficient conditions for the truth of the equation 


a Oa 


which is a generalization of Leibniz’s theorem. This equation 


EP\ te Dead & i Of (2, @) da, (1) 


asserts that, if 


anf (@, a) = 4 {fe ath)-f (a a)}, 


A yi 
lim P| at, a) ha | lim’ A, f (@,. a) da, 
h=0 a Ja h=0 


that is to say that 
A 
P| A, f (a, a) dx (2) 


is a continuous function of h for h =O. Hence sufficient conditions 
for (1) are (II., § 25) G.) that f (a, a) is continuous except on certain 
curves, and (ii.) that (2) is uniformly convergent in an interval 
(—H, #). 


This general criterion is, however, not very easy to apply. 





* Tn this paper the first and second papers (Proceedings, Vol. xxxIv., pp, 16, 5d) 
will be referred to as I., II. 
Von, XXXV.—No. 795. G 
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5. | shall assume at present that A is finite, and that we can 
find a positive value of H such that f(#,a) and its derivates 


of g are continuous functions of both variables in the rectangle 
(a, A, a,—H, a,+H), 


except on a finite number of curves «= X;(a). We may without 

loss of generality suppose that there is only one such curve. It is 

also convenient to take a+A>2X for a=a,; we can then choose H 

so small that this condition is satisfied throughout (a,— H, a,+ 7). 
Finally, we suppose ether that 


lim {f (X—«, a)—f (X+e, a) } til 
e€=0 
uniformly for all values of a in question; or that i is identically 
a 


zero, 7.e., X independent of a. As X is independent of e, both 
alternatives are included in the single condition that 


lim © — * jf (Xe, a)—f(X+e,a)} =0 
uniformly for all values of a in question. Then 


A INew a CA 
P| fide = P| fde+P| F de, 


2X-«a 


(2X --a X-a 
and P| Fie lim | {f(X+y, a)+(X—y, a)} dy 


a 


xX=a 
= | f(y, a) dy, 
0 
if b(y,a) =f (X+y, a) +f (X—y, a). 


Now ¢ is continuous and has continuous first derivates except for 
r= ee ANG 


[Born f(g aay, 


[Heda EO] he 


is lee (ae {ef (e.9) (a, a) ae dX Of (#, a) ae 


X+e da Ox 


“tt 


X+€ 





€ 





f (2X—a)—f(X+ +f (X-2)—f (@)}. 
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The right-hand side tends uniformly to the limit 


aR. GL ea ay 
P| a dnt = if (2X—a) —f (a)}. 


a 


when e tends to zero. Hence 


(ae 


is uniformly convergent ; and therefore 


X-a X-«a 
oa py =| 29 ay 4 ox qa ? (X—4%); 
da J, ne Clay 


by the ordinary theorem of differentiation under the integral sign. 
Therefore 


ad A a X-a d A 
—- [f des — d ee } 
da | ge da [ nue da | Ea 


2X ma 


Peay | aa OF dX 
=F{h a dat 25 f (2X—a) 


+) a 2% aX (2X =a) 


X= Oa 
amie a \; of Ow. 
a Oa 


TueorEemM 1.—/Tf f (a, a), ef, of are continuous in 
a” Oa 


(a, A, a,—H, a,+H), 


eacept along a finite number of curves «7 = X;(a), which do not meet 
e=a, or x =A, or one another, and have at every point a definite 
direction never parallel to x; af, moreover, 


Sie oy ff (Xi—e, a)—f (Kit«a)} =0 
€=0 Qa 
uniformly for all values of a in (a,—H, a+ H), and 
A Of 
P| — dx 
Ja Oa 


is uniformly convergent in (a,—H, a,+H); then 


eal fde = P|. oF ae. 
a a Oa 


da 


q 2 
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We have supposed A finite. But no new difficulty arises from 
supposing the upper limit infinite, if there are only a finite number 
of curves across which the integrals are not unconditionally con- 
vergent. For then we can choose A so that. 


be Cc <A, a—HSaSa,+H; 


d as saber by 
oe & P| fax = =i, Pl'+ 2). 


The first term is al of dx, 
a Oa 
by Theorem 1; and the second is 
| Of a 
“ A Oa 


if this integral is uniformly convergent; so that 


4 p(taraPl Lae 
we | fde= P| a de. 


aoa 


Case 1 (X; independent of a). 
4, The simplest way to satisfy the conditions of the theorem is to 


suppose that* f (a, a) =Q, (a—X) © (a, a), 
© being a function which has continuous derivates 00 ; 08 | and X 
independent of a. Oa Ow 

eae utp Lana a\ dx 

5. fi.) It fe ieee H (0<t<p, 0<a), 


fof eating” aimee 
da o(@+a(x—2) i t pta 


Integrating from a = 0 to a = ¢ and putting qg = p, we find 


»P p xd a eo p x p 
ofp (142) 38, = si (P+4) we (21), 


(ii.) It is easy to prove by differentiation that 
»| log (1+ 5) Ee eee Page eee 
0 x? a a 


eae 








(iii.) If 0<a<l, 


[eee ae zal PN ass (ce 
o. l—2 - dase) Aan) Reon sin aw/ — 


In the latter case the symbol of the principal value is unnecessary in the derived 
integral. In general, however, when X is independent of a, both integrals are 
only principal values 

=i 


eo a=] B : ty 
(iv.) P | hein fog 2 ih (Saez | 
0 l-«# log x sin Br 





* The functions ,, y, are defined in I. (§§ 8, 9). 
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Oase 2 (X; dependent on a). 


6. The more interesting case of the theorem is, however, that in 
which X; depends upon a. 


THEOREM 2.—If f (a, a), o gf are continuous except wpon the curves 
2% Oa 
w= X;(a), and f (x, a) can, near any of these curves, be expressed in the 
form 
w, {u—X, (a) } © (a, a), 
where wy, vs a product of logarithmic factors only, and 0, 08 ee ( 
continuous without eaception, then Ox Oa 


A A 
g | TARA Ob) oi P| of da. 


wre 


da a Oa 


For v,(e—X) =| E(e—X) |; 
if 


in this product some or all of the signs of the absolute value may 
possibly be omitted. And 
lim {f (X-6) —f (X+e)} = lim y, (e) fo (X—e)—O (X+e)} sant} 
€= €=0 


uniformly for all values of a. 





Moreover 

of SSG bee Pree ee = 
a =, (@—X) — + — & 5, Il | i (@—X) |*e* TE | oS @—X) | *. 
SOM 2 A, Pe AE Oe nC ae 


The first term is unconditionally integrable. The rest consists of a 
finite number of terms of the form 


QO, (7z—X) 0 (a, a). 


Henoa, (1h S15} P (. a i 


is uniformly convergent, and so the conditions of Theorem 1 are 


satisfied. In this case it is always an ordinary integral whose 
derivate is expressed as a principal value. | 


7. (i.) It is easily verified that 
A 


| l(w—a) dx = Ah log (w—a)? dw = (A —a) 1 (A-a)—(a—a) 1 (a—a) —(A—a) 


; (0 aa 4 )e.% 
a (4 {4 dx 
and | i(w-a) dv = 1(a—a)—1(d—a) = —P| fetes 

da ut—a 


a 


* By dx I denote log|«| (1.. § 8). 
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(ii.) It is easy to prove that, if is integral and 0 <a<7z, 





oe Tv 
i (cos 2—CO8 a) cos nx dx = — — COS na, 
0 n 
or = 0, according as > or =—7log2. Hence 
™ cosnu dx 7 sin na, 
P|) —— = or 0. 
9 COS &—COS a sin a 


Similarly, from 


i Z (cos x—cos a) / (cos x—cos B) dx = x (log 2)? + 4m (a? + B?) — na, + 49 
0 
(Oc Bare), 


*/ (cos %—Cos a) 4, 


mw (a—m) 7a 
En RN ee ee 
9 COS 2%—COS B sin a s1n a 





b 


we deduce P| 


according as 8 < or >a. The integral is discontinuous for B =a (II., § 36), and 
its value for 8 = a is the mean of its values for B = a-+.0.* 


(iii.) We find [ef. § 5 (i.)] that 


[os bey dx = {log (2)? Pasay 


q &t— 


» log {l+a (w—a) }2 
0 (v—a)? 





; 1 9 ; 
(iv.) P| AL = ai {aa log (aa)? + (1 —aa) log (1 —«a)*\, 


unless aa = 0 orl. This example is instructive, as (according to the values of a 
and a) it may be an example of the use of Leibniz’s theorem, or of either or both of 


Theorems 1, 2. 


(v.) The following formule afford further illustrations ; in alla, B, y are positive : 


2 az \2- B? 2 : 
| log (1- ©) log (1- ©) dx = 2ma(a<B), 2m*B (a> 8B); 
. % 


‘a| log (1— ©) "tog ( ~7) oe A 
5 Me a} o®@—% 
we faa oi (1° 2) ‘a (£- ( x) 
= {1(% 1)+2r(14 8 ys —{7( 8-1) +27 1+2)}, 


2 2 2 2 
“mi (i+ 8), t7et8 Ay (i47), = 7847, 


a a G)) GB ere a Cy. 








according as a<B<+y, a<y<B, B<a<y, B<y<a, y<a<f8, or y<B<a;3 


* 2\2 2\2 2\2 
| log (1-*; ) log (1-2) log (1-2) dx 
0 a Tay, he 


= 4n? { alog (%-1) +4 log 7** +20 log (1+ 4) + 210g (aes) 
) 





no 





yore 








* In II., § 36, the discontinuity is assigned only half its true value. 
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8. TueoreM 3.—J/f  f(#, a) = Q, (wx—a) 0 (a, a), 


98 beiny a function whose derivates of the first two orders are continuous 
in (a, A, an—H, a, +H), where ax<a,—-H<a,+H<A, then 


1a) = Pl "Fe. aur 


well have a continuous derivate equal to 


(A 
P| Q, (a—a) \ “ + xz 00 ; du+ f (a, a)—f CA, a 
& Xv Oa - 


It is assumed that f and its derivates are continuous except for x = a. A product, 
of logarithmic factors such as occurs in 2, («) may become infinite for values of 
other than 0, suchas 1, e, ..... We suppose that such a contingency is avoided by 
a suitable choice of the range (¢, 4) and the exponents s;. 


Suppose 2a—a<4A; then, by the transformation used in § 3, 


Wena yt | Pie. 


2a-c 


(a) =|" 


0 
where o (y, a) =f(aty, a)+f (a—y, a). 
Now, for values of y other than zero, 


Qos (tt) aN aR Lg | 








Ca zy Ge Ot Mc eee vat Ot 
08. 00 oo 00] ) 
nn 2-2], -[2+¥),_} 
¥) WA t-aty Loa Of -Itea-v) 
Ws C2 oe] 
= 2, (y)| <2 +2* le Ly. 
yy) i SEES ieee oe ee 
This is only logarithmically infinite for y = 0, and 
[a 
30 Oa 


is uniformly convergent. Hence 


u ifs pdy = leet dy + {f (2a—a, a) +f (a, a) }. 
0 0 a 


tos 


ad A ad A-a ; 
Also — f de = — af (a+y, a) dy 
q Qa-a da ey, i ; 


aa 


Ba af 4] dyu— SF CL (2a Gy aye 
=|" i ae Ae eomts 'y ay ea) 5 ee 
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Therefore 
es < a of 3 of of ay a,a)—f(A,a 
da =|" att Bris aty dy+ | eee y +f ( ’ ) Tae 5 ‘e 


We Ot Oa Ot 


= (fi +f) {Ep ae, 


and, as the left hand tends uniformly to its hmit for « = 0, the right 
hand tends uniformly to its limit 


(Reta) 


This principal value is therefore uniformly convergent and continuous, 
and the theorem follows. If we had taken fin the more general form | 


Finally, es os cre fet it a of). yy 


©), ja—X (a) } Oana), 


the derivate would have been 














dX 00 dX 
P|’ O Gan {co4d + a + © (F(a, «) =f (A, @)}. 
A es 
9. (i.) If T(a) = P| iad pL Apes SA Abe oh 
a &—-a a 
Gd ee 
da a-a A—a 
which is evidently correct. 
(ii.) From CA as =0 (0<a<n) 
9 COS L—CO8 a 
we deduce by successive differentiation 
P " sin #—sin a Fs hal le (sin ¢—sin a) ay a COS a 
Jo (cos x—Cos a)? sin? a | 9 (COS Y— COs as ‘sin? a 
(iii.) From P| sew SO (4 >0) 
Oo 
oe) ‘ 9gr-l1 
we deduce P| Ms (= sean (1+ bales +2), 
0 (~—a)(«+a)"* pee 9, 3 n 


(iv.) Lf r=P{ In PY ay (p, a>0), 
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a?I 








we find —+pl=0, L=7cospa, 
da : 
DD 
“ 2 s8in px COS px 
and so Ee PY dae = zm cosap, P\ — P , dv = —— sin ap. 
9 v—a? 0 w—a oe 


Infinite Limits ; the general case. 


10. None of the preceding theorems cover the case in which the 
number of singular curves is infinite.* 





Turokem 4.—If f (a, a), a of are continuous throughout any finite 
@ Oa 


part of (20) ao He erry, 


except upon a finite number of curves w= X,;(a), which satisfy the same 
conditions as in 1, and 


lim © i ff (X;—e, a)—f(X;+6, a)} =0 


uniformly for all values of a in (a,—H, a,+H), and 
p\ of dex 


ws uniformly convergent, then will 
d i P| cae 
af a [0 nate 


For let o,, 7), ...,0,,... be any series of descending positive 
quantities whose limit is 0. We can choose a value of a, such that 


rf 





* For the purposes of these theorems I shall alter slightly the meaning of the 
expressions uniformly convergent, regularly convergent, defined in my last paper for 
principal values whose upper limit is « . 

In the definition of uniform convergence (II., $19) condition (ii.) is to read 
‘* however small be the positive quantity o, and however great be H, we can find a 
value of 4 > H, such that ...”’ 

In the definition of regular convergence (II., §21) condition (iii.) is to read 
‘* however small be the positive quantity «, and however great be H, we can find 
(1) a value of 4 > H, (2).... 

The definitions, in their original form, suffice for the deductions drawn from 
them in my former paper. But we have not been and shall not be concerned with 
any principal values which satisty the original and not the modified form of them. 
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P | 


for all values of a in (a,—H, a,tH); a value of a,, such that 


P If is uniformly convergent, and | P| 


ily 


is uniformly convergent, and 


ac, 








<o,; and soon. We can 





(ly 
suppose a,<a,<..., lima,=o. Then none of the curves «= X; 
can meet any of the lines x = a, a, ...; and the conditions of I. are 
satisfied in each of the regions 


‘Gy An+19 a a be a,+i), 


1 O41 ; ey of 
and va | 8 == ae | “ da. 
da f eawey 


Ly n 


wo 


ad On 47 
Moreover the series Bs qa P 7 On, 
0 ct 


Oy 


(a, =a) is uniformly convergent. Therefore 


a oo On + o 4 On + 
£ p| fie = 2 3 P| ‘fide =% 2 P| fda 
da . da o lp 0 da a 
© O41 Of a Of 
0 ly Oa a Oa 
11a) hos, at IG) = Bly sin aw tan x “ 


3 


| cosan tana @ = 4 
da 0 y 
And, as J (a) is continuous for a = 0, 


I (a) = 37a. 





Similarly dag | eked _— Bx tan vz dz = 40 (a? oa B?) ’ 


0 we 


Similarly we can establish the following results :—(i1.) If a> 0, 


P| log (1+) Fil i= 2m tan-! tanh 4a, 
0 


x / cosx 


ie 2 2 de 
ad log (1-45 ) ey nw, 2x2, 


Jo A} COR e 





according as (2n—1)r<a<(2n+3) a, a= (m+4)m, or (2n+4)r7<ca< (2n4+3) mn. 
In the latter case we prove first that the integral is constant where continuous, 
and evaluate its discontinuities by LI., § 36. 
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(iii.) If Oc (mtr Bac (mt+3)z, 
cs) log ( 1-=)" ” 
rE OSes eed a 
0 B2—x? COS x 2BcosB o B— { (+2) a}? 
(iv.) P | d Brae eT Ns 
9 COS%—COsa a?+42 2a (cosh a—cosa) 


12. Turorem 5.—IJf the conditions of 4 are satisfied, eacept that 








sa Ua 
is only regularly convergent, 


fefrearl te 


For let o,, o,, ... be a series of descending positive quantities whose 
limit is 0. We can choose a value of a,, a set of positive quantities 
Pi,i, each less than some fixed quantity p,, and a division of (a,—H, 
a)+H) into two sets of partial intervals 0, ,, 7,;, such that 


a oa 


is uniformly convergent in 6, ; and 


Ay — Py; 
P| ASN 


ba a 
Bh 


If then we define aj (a) as being =a, in 0, and a,—p,,; in m,:; 


bo ar ap Ba 
in m,;; and, moreover, <oy IOh and | P i | << on i: 








ay 
Es | is uniformly convergent, and 


a 
a,’ 
[P| 
a 
for all values of a in (a,—H,a,+H). Wenext choose ag, po, i, 9, i, 12, is 
similarly corresponding to o,, and define a; (a) in the same way; and 


soon. And we can suppose that the least value of a@),,, (a) is greater 
than the greatest of a, (a), and that lim a, (a) = © uniformly for all 





values of a. Then, if a, =a, 


P| fae ae arf P| § Of Ais sch 3 alles 


0 a 
Ly 
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and the second series is uniformly convergent. So the theorem 
follows as before.* 


Reo) o 2 . 
aba elt sey.. I (a) =| log oS ake Oy 
0 


dx =—t1; 


CEI a * tan ax 
da. aad 


I(a) = —ar. 
Again, it is easy to prove that 


o, 


D 
a. 
| cos aa log cos? ax ere cosh @ log (1 + e+) —me-“ log 2, 
+ 
0 





8 
te 


d 





Ta COS a@—m7 sin a log 2, 


D 
P| cos ax log cos? ax : 
=@ 
0 


if 0<a< 2a, and in the second formulat2a<7. Differentiating, 


o q - 
vax am cosh a 
P\ cos ax tan ax = ; 
0 1+2? enw 4. | 





ie) 

xdx 

P| cos ax tan aw qains oF — 4m COS a. 
0 ls 


(os) 


: aXe 
‘be J (a) = | log ( 1— =) log cos? aa da, 
0 “ 


0 72 \2 
— =—-2P} log (1-4) tan ax dx 
da [ m ao : 
azt 
dada 








te 9) 
x tan ax 7 
=—8aP\| -———— dr = 4an (0<a, Oo <0 i 
9 C-x# a 


Hence Lie 2a°n, LT = Jaan. 
da 


14. A good deal of the substance of §{ 2-13 appeared in a paper ‘‘ On Differentia- 
tion and Integration under the Integral Sign’’ (Quarterly Jowrnal of Mathematics, 
No. 125, 1900, p. 66). 








* There is a difficulty here which should be expressly mentioned. If 


, / 


n+l On +1 ji 
| = Un, Pl é = Wn 
a 


a, 


Athy , : 5 . 
7a =w', for a =a), and indeed throughout an interval (aj—H,, a9+ H,), which 
LL 


. . . . Piuiale . 
may, however, decrease indefinitely as » increases. Since @, is not continuous 
. age . 
throughout (aj—H, aj+ ZZ), neither w, nor w, is as a rule continuous throughout 
that interval for all values of 7; and for certain values of a, which may approach 


. . 4 du, ‘ - 

indefinitely near to a) as » increases, —" ceases to be determinate at all. The series 
a 

>, may none the less be differentiated for a = a. I omit the formal proof of this 


statement, as it is detailed and perhaps tedious. 
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Integration under the sign of the Principal Value. 


15. If f (a, y) 1s a continuous function of both variables in the 
rectangle (a, A, b, B), 


B A A ne 
| dy | f (@, y) de = | de | f (@, y) dy. 
b a b 


a 


But this equation is true under much more general conditions, which 
have been studied by many writers, among whom I may particularly 
mention M. Ch. de la Vallée-Poussin. It is sufficient, for instance, 
(when the limits are finite), that f(#, y) be finite throughout any 
part of (a, A, b, B) which does not contain any point situated on a 
set of curves satisfying certain conditions, and 


A CB 
[rce, ae, ("6 yay 
a Jb 


be uniformly convergent. 

I shall not, however, enter into any discussion of these general 
conditions in this paper. The question which concerns us now is: 
Under what circumstances ts (1) true when some or all of the integrals 
contained in it are only principal values ? And I have already pointed 
out that itis not worth while to attempt to state theorems connected 
with the principal value with all the generality we can give them. 
What is worth doing is to distinguish and examine the various simple 
cases which occuxy when we are dealing with functions which present 
themselves naturally in analysis. 

We shall suppose then that f (2, y) behaves in a normal manner 
throughout (a, A, b, B), except in the immediate neighbourhood of a 
finite number of simple curves, along which it becomes infinite in 
such a way that its integral with respect to # or y is not uncon- 
ditionally convergent across them. 


16. The simplest case is that in which these curves are straight 
lines parallel to the axes. 

Let us suppose, in the first place, that f (a, y) is continuous except 
for «=a. Then, however small be the positive quantity e, 


ae A -B B ae A 
(| +| dx: | Fp | dy (| +| ) fade. 
a ate b b a ate 


Further, let us suppose that 


A 
he | f dx 
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is uniformly convergent. Then, however small be o, we can choose «€ 
so that 





ate 
| 18 | fdi\<« 
throughout (6, B). Thus the limit of the right hand is 
B A. 
| dy P | if de; 
b a 
and so the left hand also tends to a limit which is, by definition, 
A B 
P| dx | f dy. 
a b 


THEOREM 6.—If f(x, y) ts a continuous function of both variables 
throughout any part of (a, A, b, B) which does not include any point of 


the line x = a, and yi 
2 | f da 


is uniformly convergent, then 
A B B A 
P| de| fdy =| dy P| f dz. 
a 6 b a 


17. fa=b=0, A=B=e, and 


S(t, y) = : 


EDO ESE es os 


we find on integration that 


PP tog (1+ i )( : +1) de = log" log +848, 
0 +B/\u-—a L+a+B a a+B 








18. Let us suppose now that B is infinite, and that, for any 
finite value of B’ > b, 


A B B’ A 
P| ae| fay =| ay P | flee 
a b b a 


then, if | f dy is convergent, except for « = a, and 
b 
A ao 
lim P| ae | f.2y a 0) 
B’=n 7 B' 
this equation passes over in the limit into 


A *20 lege 2) (4 
P| de | fay = | dy P | fide. 
a b b a 
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Suppose, for instance, that 


pate 


v—a 


Ob 


-w being a function whose derivate a, is continuous throughout 


| B 
(a,-A, b, co), and that 


oa) 2 Ow 
dy, — dy 
I i : [ Ow : 


are uniformly convergent in (a, A); then 
> 

SEs (ag) a= | wy dy 
By 


is continuous, and has a continuous derivate represented by 


A oe 
Also iP da | f dy 


is determinate, and equal to 


e A ca w 
a—e ( ill 
(| +|_) | a ‘ a-~ vB 


for any small positive value of e, The last term 
=2eV’ (a+fGe) (—1S0=< 1); 


and this is numerically < eK, where K is a quantity independent of 
e and of B’. Wecan therefore make it less than any assigned positive 
quantity 40 by choice of a value of « independent of B’. We can 
then choose B’ so that 


O€ 


[ea | ayer 


for all values of « in (a, a—e) ‘and (a+e, A), and all values of 
B, = B’; and therefore 


a—eé A , ey 
(| +( ) ue | dy 
a ate/ %—a B, 


‘A fo 
Hence P| dex | fay | <a 
B, 


a 








<< 50. 








A io 2) 
so that lim P| da | fdy =0. 
B =a a RB 
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we substitute the more general 





This is equally true if for 
factor 0, (w—a). 


vw—a 


19. The extension of §$ 16, 18 to the case in which A = does 
not present any fresh difficulty which is particularly inte eresting to 
us now. For we have only to combine the equations 


Py. ae | fdy= [" ly P| fae 


and | i| fay =| ay| fdau; 
A b b A 


and the difficulties which may meet us when we try to prove this 
last are not those with which this paper is concerned. 


20. We can prove, for instance, without much difficulty, that the theorem holds 
1p =) == UF A eB ee oad 


COS Ly 


C2.) \ ee > 0). 
is $ Y) (a?—a?)(1 +4?) (a ) 
We deduce | BLUE E ®. aah WY p { cos ty ps 
0 1+y* 0 1l+y/ 0 ge—a 


noe | al COB EY , 


ty 9 V—a Jo lt+y? 
= 4 {eel (1) —e Ui (e-)}, 
a result proved otherwise by Schlémilch and Kronecker. 


21. It is to be observed that we need not insist on the condition 
laid down in § 18, that 
ee /Y 
b Ox 


should be uniformly convergent, if we can assure ourselves that 
¥@)= y dy 
J B’ 


has a continuous derivate always numerically less than some quantity 
independent of « and DB’. 


This case occurs, ¢.g., if 


__ GOB TY 
S(@, y) = (@?— 2) yo (0<u<1), 


pol 
when we deduce ap (= = =mcotvr (0<y< 1). 
0 a 
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22. Let us suppose next that the limits are finite, and f continuous 
except along « =a and y = B, where w<a<A, b<B<B; and that 


y B 
P| Ff da, P| f dy 
a b 


are uniformly convergent, except for y= (6 and «=a respectively. 
Then 
‘A 8-0 'B B-8 B ‘A 
P| ae (| +| ) Fay = (| | ) ay P | fda, 
a b B+9 b o B+ a 
however small be 6. This equation will pass over in the limit into 
A B °B A 
(1) P| de P| fdy=P | iy P| f de, 
a b Jb 


CA B+é 
provided only IE | dx P | f dw 
a ~ B-# 


be determinate, and tend to zero for 6=0. And it is clear that this 
will be the case if the same is true of 


ate B+ € 0 
P| P| =P| ae P| f(até B+n) dn. 
a—e B-@ —€ —6 


Now let us suppose that 
| #, Y) 
f@y=_tes 
(w—a)(y—B) ’ 
where wy is a function which has continuous first derivates throughout 
(a, A, b, B). To save unnecessary discussion we shall assume that 





w (a, y) is capable of expansion in a T'aylor’s series in the neighbour- 
hood of (a, 8). Then 7 


pW (a+é B+n) = Wa, 6) +&, &, 0) +m, (E, 0), 


where wW,, ¥ are functions which also behave regularly near (a, />). 
We consider the integrals arising from these three terms separately. 


(i.) Since pl 


the first term contributes nothing. 


(ii.) The second contributes 


"ty (& 0) dn = 26 [ ov (1) dé (—e <n’ Se),* 
0 U] ae On’ 


which is determinate and tends to zero for 6=0. 


| 1éP | 


~ 
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(iii.) The third contributes 


€ dé re 
Jee — » (& 9) dn. 
te Z hay (é, 9) dy 


This is also determinate and tends to zero for 6 = 0; for 


| Wy, dn 


is a function of € which possesses a continuous derivate 





( Obs dy, 
woe 
€ € Cl) () 
and dig a | v,dyn = 2e | ods ay | P 
-€ fe i = O£€ Ext! 
where ee <fSe 


Hence in this case 


A B B A 
P| de P| fay = P| ay P| f de. 
a 6 a 


2b 


And it is éasy to see that the same conclusion holds in the more 
general case in which 


f (@, y) = Q, (2—a) O, (y—B) (a, y). 


23. So long as thereis but a finite number of singular lines parallel 
to either axis, the extension of (1) of § 22 to the case in which A or 
B or both are infinite does not present any fresh difficulty, as the 
rectangle (a, 0, b, 0) can be divided up into a finite number of 
partial rectangles each of which satisfies the conditions of one or 
other of the preceding sections. 


gaat a=b=0, 4=B=o (a,B>0), 


. 1 
and ASTRA ered par 3 e959 eT) 





we obtain, after some reduction, 


"Jog wu du 1 
£ ie ~ = —— S74 (log a)?—(log B)?}. 
\, (w+a)(w—B) a+B m+ (log a) — (log 8)°} 





25. It sometimes happens that the formula 


A B B A 
ae| fay =| ay | f de 
b b a 


el 


is only true if we introduce the sign of the principal value before 


1902. ] Theory of Cauchy’s Principal Values. oY 


one of the outer integral signs. We may have 


Teed kanes ta.) 


A Bi[A AR 
and | | | convergent, while | | is not so. If, however, 
a adb 


t 
B [(&4+e 
lim pth 
b OA—€ 


equation (1) will pass over in the limit into 


A B B A 
P| in| fay=|'ay| f dx. 
a b b w 


This case is not of the same type as those which we have been 
discussing. 


26. Suppose bias) am Dian cor, 


and Ff (2, y) =e YES sin (ay sin x) p (x), 
(x) being a function of x which possesses a continuous derivate. Then, so long 


as x is not an odd multiple of 7, 





fray _ Sin # (1 + cos z)—cos# sin x 
0 


mr ter d 
(1+ cos x)? + sin? x  (%) = } tan $e (2). 


Hence, if 4 is not an odd integer, 


A a aA 
P| 3 tan iz p(x) dx = | e-Y ay | e-¥cos® sin (v—y sin 2) d(x) dx ; 
a J0 


a 
provided the condition of the preceding section is satisfied. 


n-1 Y” sin na 


ie 0) 
Now e-VCS* sin (v—ysinz) = =(—) ? 
1 


nv! 


A cs A 5 sgt 
and so al 3 tan 3a 9 (x) dx = | e-¥ ay | @ (x) 3(—)"7} et du 
a 0 a 1 nN. 


fo.) ' 1 ie A s 
e-¥ dy 3(—)”"" all SI nx p(x) dx 
0 n! a 


, 
—) 


oM8 OMS 


(| saas a | e-Yy" dy G sin 22 p (2) duc 
! ¥ 
NM. fi) a 


n-1 age | 
(—) sin nx p (x) dz, 


provided this series be convergent. As this result has already been obtained by 
another method in II. (§ 28), I shall not delay over the proof that the inversion of 
the order of integration is as a matter of fact legitimate. 


27. So far I have supposed that the singular lines are all straight 
lines parallel to an axis. I shall now consider the case in which 
they are continuous curves never parallel to either axis, The 


H 2 


100 Mr. G. H. Hardy on the {March 18, 
simplest such curve is the line 

C4; 
and I shall begin by supposing that this is the only singular curve. 
It will not be difficult to generalize the results. 


28. Suppose, then, that f(a, y) is a function whose derivates 
of of 
enue 


are continuous throughout any part of the square 
(a, A, a, A) 


which does not include any point of the line «= y; and that, near 
w= y, f (a, y) may be expressed in the form 


Q, (a —y) \e) (x, Y), 


oe ce 
6 being a function whose derivates ~~, —— are continuous without 


exception. On” Oy 


' 
Then P [ fdy is uniformly convergent in # = (a, A), except for 


t= 0 A> and, P| ik Yo OA) OxCepi ior. de as A 


the function 


$ («, y) = P [ f dy 


is a continuous function of both variables except along the line «= y, 
and as y approaches # becomes infinite (if at all) in such a way that 


lim 7 @ (x, x—n) = 0 
n=0 
for any positive value of yj. And 
(4 
| b (a, y) dx 
is uniformly convergent in (a, A). 
Similarly, if hey) =P. f "f de, 


A ; 
| W (a, y) dy is uniformly convergent in (a, A). We exclude «= y 


from the field of integration by the two lines x—y =+e., Applying 
the ordinary theorem, that the order of integration is indifferent, to 
that part of the remainder of the field which lies between 


y=ate, y= A—e, 
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we find (Fig. 1) 


(1) i ay (| “+[/ 


Yr 


OA mw 2E A= mye 
) fd =| de | fay+ |. ae | f dy. 


a+lE 


(A,A) 


SELEET Bate Sy oy RAE 2 an? eta ed ee ak AAtichF 8 eh Fe (A,A-€) 








, (A,a+€) 
(2,a) 
Fie. 1. 

Now, if ate<y<A-e« 

y+e “y +e ; 

P| if Ot = esd (a—y) Q, (2—y) da, 

y-€ : Oa vay+0e Jy-e 

where —1<6@<1. Sil 


Py +e ‘ 
We can therefore choose €, so that P| is numerically less than 


y—é 


any assigned positive quantity z( Tore for all values of «<6. 


—«) 

Then the left-hand side of (1) gacre see 
vi 

[ee dy P. | fae 





by less than jo. But we can also suppose €, so small that 


ate (A A A 
p) 5) 
ae hae E 

‘J a Ja A-€ a 


are also numerically less than 40. Then the left-hand side of (1) 
differs from 





A “A 
| dy P| fdx 
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by less than o. And the right-hand side of (1) is 


[re(( [ysis 


(6+ 2€ vt 


@+2€ A-€ A w-€ 
where ae | ae f dy +| a | f dy. 
a € A—2€ at+e 


r+ 


And an argument similar to that used above shows that «, can be 
chosen so small that this differs from 


A A 
| de P | f dy 
by less than o. Hence | Fe 


A A CA A 
| iy P| fide = | de P | f dy. 


cf 


28. Now, let y= X(u), X (uw) being a function which has con- 
aX @X 
du’ du?’ 
between y = a, A. And suppose 

ALCO i= ae ae 


Then GN UR) a +a, Xx (uw) } 


tinuous derivates the first of which does not vanish 


may be expressed in the form 
K+ 3 O,, fx—X (u)} ®; (a, w), 
where /’ is a function which is continuous throughout 
(Wal. 


except on w = X (w), and possesses an unconditionally and uniformly 
convergent integral across it; and ®, is a function whose derivates 


O®, oO ; ; 
ao ~~ are continuous without exception. 
x uw 


| CA 
Also P | tee aes | F(a, u) da, 
CA : B aX 
and, by I., § 21, P| jdy = P| F (w, u) = du; 
; (es b U 


B CA ‘A C8} 
and so | du | aida = | de P | G du, 
b a b 


ti 
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where G = F (a, w) a 
u 


is a function of the form 
G+ XQ, fa—X(u)} ¥,. 
t=l 


We may suppose, moreover, that G is wy expression of this kind; 
for any such expression, when expressed in terms of y, becomes a 
sum of terms to each of which the argument of the preceding pages 
may be applied. And the conditions satisfied by X (vw) amount to 
this, that a= X(w) is a curve of continuous curvature which is 
never parallel to a or u, and passes through two corners of the 
rectangle (a, A, b, B). 


29. THeorrmM 7.—If f (a, y) its a function whose derivates 
Of | of are continuous throughout 
Cae Ce 
(dy pA Oe) 
except on a finite number of curves of continuous curvature 
a X; Cy), y= ve (x), 


which do not intersect and are nowhere parallel to the axes, and if 
f (x, y), in the immediate neighbourhood of any one of these curves, can 
be expressed in the form 


f(a, y) + Oy, @—X, (y) § Ox (@ y), 
or in the form  g (a, y) +3 Q,, Sy—Y; (w)} ©, (a, y), 


where f (x, y) ts a function which becomes at most logarithmically infinite 
along «= X;(y), and O, a function whose derivates 08 . are con- 
a Oy 


tinuous without exception, then will 


A B B A 
| dix (P| jay) =| dy ( P| faz). 
a b ~b a 

For (see Fig. 2) we can divide the rectangle (a, A, 6, B) into a 
finite number of rectangles, to each of which we may apply either 
the equation proved in the last paragraph or the ordinary theorem 
as to the interchange of two integrations, 
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30. If ey Nes bie: Peas hah PG, 


1 
ae be ka (—y)(e+ @)(y + B) 





we deduce, after some reduction,* 


1 = 2 
7 log (| “) du = 4 (log 25)". 
eS l+tulatu ~ a—1 














Mie D 


31. A considerable variety of different cases may occur when we 
suppose A or B infinite, but the singular curves still finite in number. 
If, for instance, «= y is the only singular curve, no new difficulty 
arises when one of A, B is infinite; but when they are both infinite 
further discussion is necessary. 





32. Let Gp Use thy 'oo Ue Oe eeniieo mL, 
d . it ah oe ee 
an (v, y) as aaa 


¢ (y) being a function whose derivate is continuous. The singular curve is the 
hyperbola #7—y?+1 = 0 (Fig. 3), and satisfies the conditions of 7, except at (0, 1), 
where it becomes parallel to . Hence, if e>0, 
\. de ae 2) Gia [ow dy “ai ME CORE 

€ 9 @—y+l1 9 « x?—y? +1 
But it is not difficult to prove that 
da 


HT € 
hi ly Pe 
lim | p (y) y | a2 y2+ 1 
5 : dy ae aA ae 1 (y) dy 
Hence | dr p{ eliey _ | Nay Pl Ae mae [ SO 
_ Jo 0 Py? +1 0 # Y) dy 6 P—y?+1 ai 0 4/(1—y?) 


from which we can derive various integrals. 








* This example is worked out in detail in the paper in the Quarterly Journal 
already referred to, p. 131. 
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JOiees, By. 


33. When A and B are both infinite there is another condition to 
be attended to. Let us suppose that there is one singular curve 
(such as z—y = 0 or #& —y’?+1=0) which extends to infinity in the 
positive quadrant in a definite direction not parallel to z or y. Then 
for any finite values of A and B 


“A B “B “A 
frfpel 
a b b wa 
and we may suppose one of the upper limits, say A, replaced by , 
as in the example of §32. We need not stop to discuss the condi- 


tions under which this is legitimate; for, if the singular curve meets 
y = Bin (A’, B), we have only to combine the two equations 


A “B CB cA. pee (i: (ues |e: 
eles 
a! b b a A, Jd bs A 
(A, > A’; see Fig. 4). Let us suppose, therefore, that 
pe 'B PBN f@ 
i lleglnae 
a b b a 
Then, if | P | 
PIC: B 


is determinate, and tends to the limit 0 for B=, this equation 
ultimately passes over into 


34. Let a=—0, b=0, 
pir 
and fey =" 2 (ps0), 
ay 


where ¢(y) is a function whose derivate is continuous. Then, if the condition of 
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the previous section (or that which results by interchanging and y) is satisfied, 


(1) [eae P | Pee wi | ol 9 (y) dy. 
-o 0 Pat: 0 

lt can be shown (I omit the proof) that this equation certainly holds if 

| > (y) dy is absolutely convergent. If, ¢.7., 

0 


1 
l+y 





¢(y¥) = 


2? 





Fie. 4. 


oo 
: cos px log x ae eis 
oi OE Ee Oe ile a aealie we well nt 
ves = 4 
i 0 ee Se 


But (1) also may be true if | ¢ (y) dy is not absolutely convergent. If, ¢.7., 


0 








1 
y= >0 
¢ (y) pene (a>0), 
Ayia = %\ COS px , 7 WE tas cre 
it gives \, log Gs prea pas { ( $ Siva) cos pa— Cipasin pa 


35. Moreover (1) is only a particular case of the more general formula 
giinl pte ae Pl oY) a nil y) biol”) a 
Z| Mesaryes it Pa aed vs 
which holds when 6 (y) satisfies certain conditions. 


b 
They: b=—x, oy) 6 (y) = ee (a, b>0), 


Te 
(2) becomes, after a little reduction, 


~ cos ( a ~ veh te 
|, 4 y J imey? © 


7Te- a—b 





wl 
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36. There are two more questions which we must discuss in order 
to complete this series of investigations. In the first place, when two 
singular curves intersect within the field of integration, the formula 


Oca eal ca 


generally ceases to be true. If, for instance, 





—__¥(@¥) 
f(®% 4) =; es BNE TOINE 
where ¥ is a function with continuous derivates, and 4 = 0, hp =0 
are two curves which satisfy the conditions of 7, except that they in- 
tersect simply at the one point (a, 6), the difference between the two 
sides of (1) will be 
27*W (a, B) : 
0 (A, #) 
0 (a, B) 


We shall have to discuss this case, and some other similar cases in 
which the corresponding “‘ correction” or “residue ”’ can be found. 

In the second place, we must attempt to extend the theorems of 
the latter part of this paper to the case in which not only are the 
limits infinite, but the singular curves infinite in number. 
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Received and read June 12th, 1902. 


1. I propose to apply the symbolical method of Aronhold directly 
to the discovery of the irreducible system of covariants of an in- 
definite number of binary forms of infinite order. 


nm 


Suppose the forms are az, 5%, Cr, .--, 


when v is indefinitely large ; then the problem is to evolve a system 


of forms of the type 
(alr) (b6)¢ (Ch) 00 


in terms of which all others can be expressed. 
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Since a covariant such as that written above is completely deter- 
mined by its determinantal factors, we need specify these alone, 
and remark that the reduction of forms is simplified because the 
presence of the indefinitely large number of factors a, renders possible 
the free application of the fundamental identities 


(bc) d,+ (ca) b, + (ab) c, = 0; 
or, as they stand for our purpose, 


(bc) + (ca) + (ab) = 0. 


2. Every covariant may be expressed in terms of those of the type 


(ab)* (ac)* (ad)? 2.;* 
because factors of the type (bc) in-which a does not occur may be 
eliminated by the use of the identity 


(bc) a, = (ba) ¢,—(ca) by. 


The original results of Cayley on the enumeration of these covariants 
follow at once, as is remarked in a similar way by Stroh. 


3. Consider next the covariants of degree 3, namely, 
(ab)* (bc)* (ca)’. 

In virtue of the above we need only consider the type 

(ab)* (ac)*, | 
and of these (ab)(ac) is reducible, because » 

2 (ab)(ac) = (ab)? + (ac)?— (bc)’. 

Thus perpetuants of degree 3 of three different Pe aes are com- 
pletely given by Cabye lacy" 
in which) peel iA 2, | 


We shall next show that the perpetuants of degree 4 of four 
different quantics are given by 
(ab)* (ac)* (ad), 
when A= 4, p > 2, vy > 1; but to establish this we need to recall 


certain results from Lah great memoirs of Jordan (Liowville’s Journal, 


1876 and 1879). 








* Provided, of course, that the symbol « occurs in the covariant ; we shall hence- 
forth consider those containing « and, in fact, a definite set of symbols. 
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4. If €, n, ¢ be three quantities such that 


Etn+¢=0, 
then all homogeneous products 
| gh? 0’, 
where pt+gtr=n, 


can be expressed as linear combinations of 

SPE: BAER boos 
where p, o take all values subject to the condition that o + aa 
I do not stop to reproduce the proof of this fundamental Teenie, of 
Jordan: it will suffice to refer to his papers cited above, and to 


remark that a different proof can be given depending on the theory 
of apolar forms. 


5. Consider now the covariants of degree 4. As already observed, 
we need only take into account 


(ab)* (ac)* (ad)”. 
If now either A or pu be less than 2—say, » <2—then, by transforming 


the expression (ac)* (ad)", 


we can express it in terms of such as contain (ac) at least and 
reducible forms. Hence 


(ab)* (ae)* (ad)’ 


can be expressed in terms of covariants containing more factors in 
a, b,c and reducible forms. Again, 


(ab)* (ac)* 


can be expressed linearly in terms of similar forms, each containing 
r F 
(ab) or (ac) to a power equal to or less than sa Supposing this 


3 


done, we see that, if 
A+p < 6, 


the form can be expressed in terms of others for which the sum of 
the exponents of (ab) and (ac) is greater and reducible forms ; thus 


we may assume that A+p 2 6. 
Let us now take \+y= N > 6 and consider the various products 


(ab) (acy, 
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They may be divided into four classes : 
(i.) (ab)", (ab)"" (ae) ; 
(ii) (ac)", (ac)""* (ab) ; 
Gils) "(@b) ac)" (abit tare) ar 
(iv.) all the remaining products for which A+p = n. 


Now, by means of the identities expressing (bc)" and (bc)""' (ab) in 
terms of (ab) and (ac), we can express 


(ab)? (ac) er, (ab)* (ag): 
as linear combinations of 
(ab)*, MX ab)" es( ae) 
(ac)", (ac)"~' (ab) (A) 
(bc)"= (be) an (a0) 
and products contained in (iv.), in all of which the exponent of (ab) 
is 4 at least. 

But, if any of the products (A) occur, the covariant is either 
reducible, or the number of factors involving a, b, c can be increased, 
and hence we need only consider the others, 7.e., every covariant of 
degree 4 can be expressed in terms of such as contain (ab) to the 
power 4 at least. 


This establishes the result for forms of degree 4, for it manifestly 
follows that all covariants can be expressed in terms of covariants 


(ab)* (ac)* (ad)’, 
in-which \ 2 4, wee Zire sls 
6. The extension of this to forms of degree belonging to 
different quantics is immediately evident, both as to enunciation and 


proof. In fact, if we have n quantics a, 6, c, d, ..., the perpetuants 
of degree ” are of the type 


(ab)* (ac)* (ad)” ..., 
where Nie O72 RR Dee ee ee Sirens 


To put the proof of this by induction into a neater form, let us 
assume the result for 7+ 1 letters and prove it for (+2) letters. 


Suppose the form is (ab)* (ac)* R, 
when fF? is a type belonging to m letters, and for brevity write 


On-1 — N, 
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then, just as before, (ab) (ac)* can be replaced by a number of pro- 
ducts, each containing either (ab) or (ac) to a power not greater 
than a 


But (ac)* R is a covariant for (n+1) letters, and can therefore be 
expressed in terms of reducible forms, and such as contain (ac) to the 


; r 
power 2”"' at least; accordingly. unless me = N, the number of 
) 


factors containing a, b, c can be increased. 


If, then, A+u = M 2 3N, 
we have to consider the following expressions, viz., 
(GU OU year OC) Wa se CAD eae tt (ac) a's (A) 
Gye a eae CU eveem (Oreos 6 (OU yo ay (B) 
UG aw G0 yeaee oa ee (Dea. (aC)T (C) 
CAGE MAD Dey VN eee aed CD) 


By means of the identical equations expressing 
(Ue) 0G amen 20) eth (UC) 99 (GC jun 
in terms of (ab) and (ac), we can on solution express the N products 
(ab)* (ag) oe (ob)aes: CG) ame 
linearly in terms of the sets A, B, CU and the subsidiary set 
CDG home Chc even (abi) ene (UC). oun (dC): * 


Now, in A, B and the last system of products each term contains 
either (ab) or (ac) to a power equal to or less than N = 2”-', and 
accordingly, if one of these products occurs, the number of factors con- 
taining a, b, c can be increased. Eventually, then, we can express all 
the covariants in terms of reducible forms, and such as contain (ab) 
to the power 2N at least. The general result follows at once, and 
corroborates the result of Stroh relating to the perpetuant of lowest 
weight and given degree, and also the recent results of MacMahon in 
the Camb. Phil. Trans. 





* The possibility of this depends on the equations in question being linearly in- 
dependent. With the notation of §4 we can express all products of &, y, ¢ of 
degree linearly in terms of three sets, viz., 


-1 /- 1 -1, —-1 —gotl1 -g2-1 , -1 N—J3+1 g,—1 
se 2 nes, is J+ n” : n", n” c er n” g G . rad re Bs we ¢ gt fs ‘ 


where 4, Jo, 73 are any three integers, such that g,;+9.+93 =”+1. The result 
required in the text is a particular case of this which was first explicitly stated by 
Stroh, Math. Ann., Vol. xxx111. [November 30th, 1902]. 
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India.-—‘‘ Trigonometrical Survey,’’ Vol. xxvr., 1901; ‘‘ Details of the Tidal 
Observations.’’ 

‘* Institution of Civil Engineers—List of Members.”’ 

Royal Society.—‘‘ Reports of the Malaria Committee,’’ Series 7 ; London, 1902. 

‘¢ Educational Times,’’ Vol. tv., Nos. 495-498; 1902. 

“Indian Engineering,’ Vol. xxx1., Nos. 21-26, and Index, Vol. xxxn., 


Nos. 1-10; 1902. 


The following exchanges were received during the recess :— 


‘« Proceedings of the Royal Society,’’ Vol. txx., Nos. 461-466; 1902. 

‘* Beiblatter zu den Annalen der Physik und Chemie,” Bd. xxvr., Hefte 6-10 ; 
Leipzig, 1902. 

‘* Rendiconti del Circolo Matematico di Palermo,’’? Tomo xv1., Fasc. 3-5; 1902. 

‘* Bulletin de la Société Mathématique de France,” Tome xxx., Fasc. 2 ; Paris, 
1902. 

‘* Annales de la Faculté des Sciences de Toulouse,’’ Série 2, Tome m1, Fase. 3, 4 ; 
Paris, 1902. 

‘‘ Bulletin of the American Mathematical Society?” Vol. vir., Nos. 9, 10; 
Vol. rx., No. 1, 1902; ‘‘ Transactions,’’ Vol. 1., Nos. 2, 3, and Vol. m., No. 3, 


1901-2; New York. 
‘¢ Monatshefte fiir Mathematik und Physik,’’ Jahrgang x111., Hefte 3, 4; Wien, 


1902. 
‘** Reale Istituto Lombardo—Rendiconti,”’ Ser. 2, Vol. xxxtv. ; Milano, 1901. 
‘‘ Bulletin des Sciences Mathématiques,’’ Tome xxvi., Mai-Septembre ; 


Paris, 1902. 
‘¢Rendiconto dell’Accademia delle Scienze Fisiche e Matematiche,”’ Vol. v111., 


Fase. 4-7; Napoli, 1902. 
‘‘ Journal fiir die reine und angewandte Mathematik,’? Bd. cxxtv., Heft 4; 


Berlin, 1902. 
‘¢ Annali di Matematica,’’? Tomo vu1., Fasc. 4; Tomo vir., Fasc. 1; Milano, 


1902. 

‘* Atti della Reale Accademia dei lLincei—Rendiconti,’’ Ser. 5, Sem. 1, 
Vol. x1., Fasc. 11, 12; Sem. 2, Vol. x1., Fasc. 1-5; Rendiconto dell’ Adunanza 
solenne del 1 Giugno 1902, Vol. 11.; Roma, 1902. 

‘¢ Berichte tiber die Verhandlungen der Kénigl. Sachs. Gesellschaft der Wissen - 
schaften zu Leipzig,’’ 1901, No. 7; 1902, Nos. 1, 2. 

‘¢ Revue Semestrielle des Publications Mathématiques,’’ Tome x., Pt. 2, Oct., 
1901-Av., 1902; 1902. 

‘«Proceedings of the Physical Society,’ Vol. xvmr., Pt. 2; London, 1902. 

‘« Sitzungsberichte der Kiénigl. Preuss. Akademie der Wissenschaften zu Berlin,” 
Nos, 23-40; 1902. 

‘Proceedings of the Cambridge Philosophical Society,’’ Vol. x1., Pt. 6; 
“ Transactions,’’ Vol. xrx., Pt. 2; 1902. 

‘‘ Nachrichten von der Kénigl. Gesellschaft der Wissenschaften zu Gottingen,”’ 
Math.-Phys, Klasse, 1902, Hefte 2-4; Geschaftliche Mittheilungen, Heft 1; 1902, 
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‘¢ Jahrbuch iiber die Fortschritte der Mathematik,’’ Bd. xxx1., Hefte 1, 2; 
Berlin, 1902. 

‘‘ Acta Mathematica,’’ Vol. x1v., Pt. 4, 1891; Vol. xvu., Pts. 1, 2, 1893; 
Wol. xxtv,, 1901s) Voli xxv., Pis.102,, 190) stock balm, 








THIRTY-NINTH SESSION, 1902-1903 


(since the Formation of the Society, January 16th, 1865). 
November 13th, 1902. 


Tak Ninra AnnNvuaL GeneraL Mestine or Tue Lonpon Maran- 
MATICAL SOCIETY, as incorporated under the Companies Act, 
1867, on October 28rd, 1894, held at 22 Albemarle Street, W. 


Dr. E. W. HOBSON, F.R.S., President, in the Chair. 


Twenty-five members and a visitor present. 

Mrs. Alicia Stott was elected a member. 

The Treasurer read his report. The reception of the Treasurer’s 
report was moved by Mr. Kempe, seconded by Prof. Hudson, and 
carried nem. con. 

The President nominated Mr. J. H. Grace to act as Auditor. 

The Secretary reported that the number of members of the Society 
at the beginning of the previous session was 257. Of these 3 had 
resigned, and the names of 2 had been omitted from the list. The 
number of new members elected during the session was 8, bringing 
the number at the beginning of the present session to 260. 

The President stated to the meeting the grounds on which the 
De Morgan Medal had been awarded by the Council to Prof. A. G. 
Greenhill, and presented the medal. Prof. Greenhill expressed his 
thanks to the Council and to the President. 

The President spoke on the retirement of Mr. Tucker from the 
office of Honorary Secretary, and moved the following resolution :— 
“That the thanks of the London Mathematical Society be offered to 
Mr. Robert Tucker for the eminent services which he has rendered 
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to the Society during the thirty-five years in which he has held the 
office of Honorary Secretary.” This resolution was seconded by 
Dr. Glaisher and carried unanimously. 

At the President’s request Prof. A. Lodge and Mr. R. J. Dallas 
acted as Scrutineers of the ballot for the election of a Council and 
Officers for the new session. The following gentlemen were declared 
by them to be elected to serve on the Council :—President: Prof. 
Lamb; Vice-Presidents: Mr. Tucker, Dr. Hobson, Dr. Baker; 
Treasurer: Dr. Larmor; Hon. Secs.: Prof. Love and Prof. Burnside ; 
other members: Mr. Campbell, Lieut.-Col. Cunningham, Dr. Glaisher, 
Prof. Greenhill, Mr. Macdonald, Major MacMahon, Mr. Western, 
Mr. Whittaker, Mr. A. Young. 

Prof. Lamb took the Chair as President. | 

Dr. Hobson read his address “ On the Infinite and the Infinitesimal 
in Mathematical Analysis.” 

The President moved that Dr. Hobson’s Address be printed in the 
Proceedings. The motion was seconded by Dr. Baker and carried 


unanimously. 


The following papers were communicated from the Chair :— 


Prof. W: Burnside: On Linear Homogeneous Groups. 

Prof. D. Hilbert: Ueber den Satz von der Gleichheit der Basis- 
winkel im gleichschenkligen Dreieck.* 

Prof. H. Lamb: Wave Propagation in Two Dimensions. 

Prof. A. C. Dixon: (1) The Summation of a certain Series ; 
(2) Expansion by means of Lamé’s Functions. 

Mr. W. H. Young: (1) On Sets of Intervals; (2) Note on Un- 
closed Sets of Points defined as the Limit of a Sequence of 
Closed Sets of Points. 

Prof. M. J. M. Hill: The Continuation of certain Fundamental 
Power Series. 

Prof. L. Crawford: A Geodesic on a Spheroid and an Associated 
Ellipse. 

Prof. A. W. Conway: The Propagation of Light in a Uniaxal 
Crystal. 

Mr. HE. T. Whittaker: A new Connexion between Legendre 
Functions and Bessel Functions. 





* Ante, p. 50. 
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The following presents were made to the Library :— 


‘« Educational Times,’’ Vol. tv., No. 499; 1902. 

‘‘Indian Engineering,’’ Vol. xxx11,, Nos. 11-16; 1902. 

‘¢ Mathematical Gazette,’’? Vol. 11., No. 35; 1902. 

Gegenbauer, L.—‘‘ Ueber eine Relation des Herrn Hobson,’’ 8vo; Wien, 1902. 

‘¢ Mathematical Questions and Solutions from the Educational Times,’’ New 
Series, Vol. 11., edited by Constance I. Marks, 8vo; London, 1902. 

‘¢ Hollandsche Maatschappij der Wetenschappen Herdenking van het Honderd- 
vijftigjarig Bestaan,’’ 8vo; s’Gravenhage, 1902. 

Académie Royale de Belgique.—‘‘ Bulletin de la Classe des Sciences,’’ No. 8 ; 
Bruxelles, 1902. 

‘“¢ Annals of Mathematics,’’ Vol. 1v., No. 1; 1902. 

«¢ American Journal of Mathematics,’’ Vol. xxiv., No. 4; 1902. 


4to pamphlets :— 
Rouquet, V.—‘‘ Etude géométrique des surfaces dont les lignes de courbure 
d’un systéme sont planes et égales.”’ 


Jamet, V.—‘‘ Sur les équations anharmoniques.”’ 

Laurent, L.—‘ Contribution a l'étude de la végétation du Sud Est de 
la France.”’ 

Stephan, P.—‘‘ De l’hermaphrodisme chez les vertébrés.”’ 


Clerc, M., et M. le Dr. Fallot.—‘‘ Grotte sépulcrale néolithique.”’ 


The following exchanges were received :— 


‘“¢ Proceedings of the Royal Society,’’ Vol. uxx1., Nos. 467, 468; 1902. 

‘‘ Bulletin of the American Mathematical Society,’’ Vol. 1x., No. 2; 
‘¢ Transactions,’’ Vol. 1., No. 4; New York, 1902. 

‘¢ Archives Néerlandaises,’’ Tome vir., Liv. 2-5; La Haye, 1902. 

“ Atti della Reale Accademia dei Lincei—Rendiconti,’’ Sem. 2, Vol. xz1., 
Fasc. 6-8 ; Roma, 1902. 

‘¢Memorie della Regia Accademia in Modena,’’ Serie 2, Vol. xm., Pt. 2; 
Serie 3, Vol. m1. 

‘¢ Vierteljahrsschrift der Naturforschenden Gesellschaft in Ziirich,’? Jahrgang 
xivi1., Hefte 1, 2; 1902. 

‘‘Nachrichten von der Kénigl. Gesellschaft der Wissenschaften zu Gottingen,”’ 
Math.-phys. Klasse, Heft 5; 1902. 

‘*Sagaku-Butsurigaku Kwai Kiji,’? Maki 1x., Dai 1; Tokyé, 1902. 
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On the Infinite and the Infinitesimal in Mathematical Analysis.* 
Presidential Address, by E. W. Hosson, Sc.D., F.R.S., 
November 13th, 1902. 


Mr. PRu&stDENT, 


In the days of our forefathers, when an unsuccessful politician 
had reached the end of his career, it was customary to grant him one 
last privilege, that of delivering an address upon topics chosen by 
himself to the assembled multitude on Tower Hill. Although my 
conscience acquits me of having been guilty during my period of office 
of conduct traitorous to the interests of our Society, I avail myself of 
the corresponding privilege accorded by our custom to a retiring 
President. 

The remark that the nineteenth century has been an age of un- 
exampled progress in all branches of science has been so often made 
as to have become a commonplace. The remark is true in a pre- 
eminent degree of our own department of science. As is known to you 
all, at no earlier time has a more rapid development taken place in 
all parts of mathematical science, involving the creation of entirely 
new branches and of new and powerful general methods. However, 
it is not in the main of these new developments and of the extensions 
made in our science in the outward direction that I propose to speak 
this evening. In the past century, and perhaps especially during the 
second half of it, the attention of mathematicians has been devoted in 
an unusual degree to a critical examination of the foundations of the 
various branches of mathematical thought. In analysis, geometry, 
and mechanics a close scrutiny has been made of the fundamental 
assumptions and concepts. This scrutiny has resulted not only in a 
large measure of restatement of the base principles of these depart- 
ments of science, but has also powerfully reacted on the methods of 
procedure within these departments, and has suggested new and 
fruitful lines of research. Although outside criticism of the founda- 











* Ordered by the Council to be printed as a pamphlet and distributed to Members, 
to avoid the delay that would be occasioned by waiting for the appropriate issue of 
Proceedings. 
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tions of mathematics has at all times been abundant, the work of 
underpinning the edifice of our science has been for the most part 
carried out by the same workmen who have been engaged in the 
general work of the structure, and especially in building new wings. 
There are times when it is appropriate to draw attention in general 
terms to the critical side of some part of our science, and | think it 
will be admitted that a Presidential address is such an occasion. I 
have accordingly chosen as the subject of my discourse this evening 
“The Infinite and the Infinitesimal in Mathematical Analysis.” It 
will be found that my intention to speak of critical rather than con- 
structional results admits of some considerable exceptions. These 
exceptions will, however, illustrate the fact that pertinent criticism of 
fundamentals almost invariably gives rise to new construction. On 
such a subject as that I have chosen, I cannot hope to have anything 
essentially new to say; but, nevertheless, 1 venture to hope it may 
not be profitless, if I state as explicitly as I can, what seems to me to 
be the trend of thought in this connexion at present prevailing among 
mathematicians as the result of the labours of some of the most dis- 
tinguished of their number during the last half century. I am 
strengthened in this view by my knowledge of the fact that many 
British mathematicians, absorbed as they rightly are in the technique 
of their science, and in the work of applying it to the quantitative 
description of natural phenomena, have not yet fully appreciated the 
results of recent movements in mathematical thought in this connexion. 
In some of the text-books in common use in this country, the symbol 
is still used as if it denoted a number, and one in all respects on a 
par with the finite numbers. The foundations of the integral calculus 
are treated as if Riemann had never lived and worked. The order in 
which double limits are taken is treated as immaterial, and in many 
other respects the critical results of the last century are ignored. It 
would, however, be unjust not to recognize the fact that a great im- 
provement in these respects has been shown in some of the most 
recent of our text-books. 

Hssentially connected as views about the infinite and the infinit- 
esimal are with the most fundamental notions on which analysis is 
based, with the concepts of number and. magnitude, with the notions 
of continuity and discreteness, with the doctrine of limits in all the 
various forms in which it has appeared, with the nature of the ideal 
objects with which mathematical thought operates, these ideas have 
been a subject of unceasing controversy since the very commencement 
of abstract thought—a controversy which has by no means ceased at 


1902.] the Infinitesimal in Mathematical Analysis. 119 


the present time. The fact that these fundamentals lie on the 
border-line across which mathematics passes into the wider region of 
philosophy has brought it about that in all ages philosophical 
thinkers as well as mathematicians, before as well as after the two 
classes ceased to be identical, have occupied themselves with the 
attempt to introduce clearness into the doctrine concerning them. 
The kind of judgments which are made in mathematical thinking, 
forming as they do a class which in certain aspects are of a com- 
paratively simple character, have at all times formed a kind of 
touchstone on which epistemologists have tested their general theories 
of knowledge. 

To attempt to give, even in outline, a history of thought upon the 
subjects of the infinite and the infinitesimal, involving as it would the 
task of tracing the history of the various theories of the infinitesimal 
calculus, would be altogether beyond the scope of such a discourse as 
the present one. In order, however, to make clear what has been 
the precise effect of the more recent movements of thought in this 
order of ideas, it will be necessary for me to take a brief glance at 
the mode in which the subject presented itself at various times to 
thinkers confronted with the ordinary problems of mathematical 
analysis. 

How, then, did the problems of analysis present themselves to the 
earliest mathematicians ? What were the elements with which those 
mathematicians had to work? ‘The two notions of number and of 
magnitude with which they had to operate in problems of a geometrical 
or kinematical character, have points of resemblance and also points 
of difference. Both number and magnitude appear by their very 
nature to be unlimited in two directions: there is no greatest 
number or magnitude, and (excluding zero) no smallest one. <A set 
of numbers or of magnitudes may be contemplated, each one of which 
is definite and finite, and yet the set contains numbers or magnitudes 
which are greater than any particular number or magnitude which 
we may choose to assign. <A similar possibility holds as regards 
smallness. A symbol to which are assigned successively the increasing 
or diminishing values of the numbers or magnitudes in the set con- 
templated, is said to become in the one case indefinitely great, in the 
other case indefinitely small. At any particular stage the symbol 
represents a finite number or magnitude, but the absence of a limit 
is designated by the phrase ‘“‘ becoming indefinitely great, or small.” 
The indefinitely great thus described is the potentially infinite, das 
unetyentlich Unendliche, and expresses the mere absence of upper limit 
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to a variable. In this form, as expressing a mere potentiality, the 
infinite and the infinitesimal seem so inevitable a necessity of thought 
as hardly to give rise to differences of opinion, except, perhaps, upon 
matters of language. But when it is conceived that these mere 
potentialities pass into actualities, that fiwed numbers or magnitudes 
exist which are infinite or infinitesimal, that the merely indefinitely 
great becomes an actual infinite, or the merely indefinitely small 
becomes an actual infinitesimal, the region of serious controversy has 
been reached—a controversy which is still proceeding, and about the 
modern aspect of which I shall have some remarks to make later on. 
In respect of the actually infinite, there have been exhibited at 
different times and by various thinkers the extremes of faith and of 
scepticism; there have been believers and sceptics, critics and 
freethinkers, idealists and empiricists. The infinite of mathematics 
has at times been treated with that familiarity which is bred of 
innocent inappreciation. Bold generalizations have been made in 
which rules applicable to the finite were uncritically and uncondition- 
ally extended to the indefinitely great, as if that represented an 
actuality necessarily subject to the same rules of operation as the 
_ finite. At other times, the desire to remain on what was felt to be the 
firmer ground of empirical knowledge has led almost to a denial 
of all validity to the conceptions of the infinite and the infinitesimal, 
and to all processes involving their use. It 1s noteworthy that both 
these attitudes of mind have at different times been of direct advan- 
tage to science, and that the most opposite tendencies in regard to 
this order of ideas have led to the advancement of knowledge. 

One of the principal forms in which an indefinitely great number of 
operations occurs 1s that of infinite series, which were introduced in the 
seventeenth century. The mathematicians of the eighteenth century 
used these series freely, without troubling themselves much as to 
questions of convergence. Harly in the nineteenth century came a 
rude awakening. In a letter written by Abel* in 1826 we read: 
‘“‘ Divergent series are 7m toto an invention of the Devil, and it is a 
disgrace that any one should venture to found on them the smallest 
demonstration. One can get out of them anything one likes when 
one employs them, and it is they which have produced so many dif- 
ficulties and so many paradoxes.” And further: “ I have become pro- 
digiously attentive to all that; for, if one excepts the cases of the 








* See Abel’s correspondence, p. 16, in the volume Niels Henrik Abel : Mémorial 
publie a V occasion du centenaire de sa naissance. , 
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most extreme simplicity—for example, geometric series—there is 
scarcely in the whole of mathematics a single infinite series of which 
the sum is determined in a rigorous manner. In other words, all that 
is most important in mathematics is without foundation. Most of 
the things are exact, that is true, and it is extraordinarily surprising. 
I am trying to find out the reason.” In our time, now that the use 
of divergent series has been to a large extent placed upon a sound 
mathematical basis, the work of Poincaré, Stieltjes, Borel, and 
others, has given us an answer to the question that puzzled Abel. 

To the Greeks, and to later thinkers, magnitude, as given by the 
intuition of space, time, and especially of motion, appeared to present 
itself essentially as a continuum, the intuitional or sensuous con- 
tinuum. On the other hand, number (and it must be recollected that 
the Greeks only knew rational numbers) appeared to be essentially 
discrete. Fractional numbers arose historically from the necessity 
for the representation of the sub-divisions of a unit magnitude into 
equal parts. The Greek discovery of the existence of magnitudes 
which are incommensurable with a given unit, by exhibiting the in-* 
adequacy of such discrete numbers for the complete representation of 
prima face continuous magnitude, served to emphasize the distinction 
contained in the antinomy of the continuous and the discrete. 

In order completely to envisage the problem of analysis as it pre- 
sented itself to the minds of mathematicians from the earliest com- 
mencement of the attempts to deal with geometrical and kinematical 
problems numerically, we must take into account that peculiarity of 
the human mind in virtue of which it is in general unable to deal 
with an object of thought as a whole, but is obliged to consider it 
piecemeal, dividing it up into some kind of elements, taking account 
of these, and reconstructing the object mentally by a process of 
synthesis. This inability to grasp a scheme of relations at once as a 
whole, involved as it is in our essentially discursive modes of appre- 
hension, leads to the necessity of dividing up a geometrical figure, or 
a portion of time, into parts regarded as elements of the whole, deal- 
ing separately with these, and of obtaining final judgments as to the 
integral properties of the figure or the motion, by means of a process 
of summation. This necessity of mathematical method led directly 
to a discussion of the nature of the elements of which magnitudes 
were to be regarded as made up: Could, for example, the straight line 
be legitimately regarded as made up of points? If so, of how many? 
Ought it not rather to be regarded as made up of infinitesimal 
elements, each of which possess all the properties of the finite 
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length ? Ought such elements to be regarded as fixed or as essentially 
in a state of flux? Such were the questions which inevitably pre- 
sented themselves as soon as men began to investigate geometrically 
or analytically the properties of curves and surfaces, to determine 
areas and volumes. 

Again, in order to deal with a geometrical figure, not only had the 
figure to be divided up into elements, but qualitative changes in the 
figure had to be introduced: for example, a curve without corners 
had to be replaced by a rectilineal polygon with corners, if its length 
was to be found. Here we have the origin of the method of mits, in 
its geometrical and its arithmetical forms, and here we come across 
the central difficulty of the mode in which a limit was regarded as 
being actually attained. A limit, which appeared only as the un- 
attainable end of a process of indefinite regression, and to which 
unending approach was made, had, by some process inaccessible to 
the sensuous imagination, to be regarded as actually reached; the 
chasm which separated the limit from the approaching magnitudes 
had in some mysterious way to be leapt over; the attainment of a 
numerical limit, and an actual qualitative change in a geometrical 
figure were to be regarded as somehow taking place simultaneously 
as the result of a process which contained no principle of termination 
within itself. 

The germ of the methods of the infinitesimal calculus appears in 
a geometrical form in the method of exhaustions, employed by the 
Greek geometers. It was by this method that Archimedes showed 
that the area of the surface of a sphere is four times that of a great 
circle, by which he expressed the area of the surface of a right cone, 
and solved other problems of a similar nature. We have an example 
of this method in the proof in Euclid XII. 2, that the circumferences 
of circles are as their diameters ; in this case the quantity to be de- 
termined is trapped in between two sets of polygons, the one circum- 
scribed to, and the other inscribed in, the circle; as the number of 
sides of the polygons is increased the space between the two sets of 
polygons is exhausted; the proof that the required result is obtained 
is then carried out by the method of reductio ad absurdum. This 
method would, in the cases in which it can be carried out, leave 
nothing to be desired as regards rigour, provided the existence of the 
limit is a priort admitted. 

It will be observed that the Greeks did not deem it necessary to 
define the length of a circle, or other curve; that every curve has a 
length, and every surface an area, was taken by them to be a truth 
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obvious from intuition. Naturally they were not led by intuition to 
contemplate the existence of not-rectifiable curves. 

In the method of indivisibles employed by Cavallieri, Pascal, 
Roberval, and others, straight lines are regarded as made up of an 
infinite number of points, surfaces as made up of lines, and volumes 
of surfaces. This method was applied with considerable success 
before the introduction by Newton and Leibniz, of the methods of the 
Infinitesimal Calculus, but it appears to have been regarded, by some 
at least of those who employed it, in the light of a shortened mode of 
procedure in which the method of exhaustions is used with an 
abbreviated form of language, rather than as a method, the principles 
of which, when taken literally, were to be regarded as rigorous. 
Thus Pascal writes: ‘“J’ai voulu faire cet avertissement, pour montrer 
que tout ce qui est démontré par les véritables regles des indivisibles, 
se démontrera aussi 4 la rigueur et & la maniére des anciens; et 
qu’ainsi l’une de ces méthodes ne différe de l’autre qu’en la maniére 
de parler ; ce qui ne peut blesser les personnes raisonnables quand on 
les a une fois averties de ce qu’on entend par la.” 

The infinitesimal calculus, in the form which was devised by 
Leibniz, has usually been regarded as the art of employing in- 
finitesimal quantities as auxiliaries for the purpose of finding the - 
relations between certain quantities of which the existence is assumed. 
In order to find the relations between certain quantities, some of 
which are constant, others variable, the system is imagined as having 
arrived at a determinate state regarded as fixed; this state is then 
compared with other states of the same system, which are regarded 
as continually approaching the first state, so as to differ arbitrarily 
httle from it. These other states of the system are regarded only as 
auxiliary systems introduced to facilitate the comparison between 
the parts of the fixed one. The differences of corresponding quantities 
in all these systems can be regarded as arbitrarily small, without 
changing the quantities which define the fixed state, and the relations 
between which are to be found ; these differences are the infinitesimals, 
and unity divided by one of these infinitesimals was regarded as 
giving rise to an infinite quantity. The question as to the true nature 
of these infinitesimals gave rise to almost endless discussions; the 
views which have been maintained with regard to them fall under 
three main heads. By some, the infinitesimals have been regarded 
as fixed objects, having a real existence and in a state of rest outside 
the ordinary realm of magnitude, two finite magnitudes which differ 
by an infinitesimal being regarded as equal to one another. A second 
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view as regards infinitesimals is that they are ordinary magnitudes 
essentially in a state of motion towards zero. This conception of 
magnitudes continually in a state of flux has been sarcastically 
described by P. Du Bois Reymond as follows :—‘“ As long as the book 
is closed there is perfect repose, but as soon as I open it there com- 
mences a race of all the magnitudes which are provided with the 
letter d towards the zero limit.” The third view as to the nature of 
the infinitesimals is that they are simply ordinary magnitudes 
too small to be perceived by the senses, and possessing thus only a 
relative smallness. This view is that of those mathematicians who 
regard a geometrical point as simply an object whose size is too 
small to be perceived by the means at our command; a line as a 
volume of which two of the dimensions are insensible; and so on. 
The empiricists of this school refuse to idealize objects of perception 
which form the subject of calculations, by bringing them under exact 
abstract definitions; the calculus thus regarded is an approximative 
system in which the results make no claim to absolute exactness, 
but only to freedom from errors which are observable. Apart alto- 
gether from the difficulties as to the true nature of the differentials, 
it will be observed that in the Liebnizian calculus the existence of 
the magnitudes between which the relations are in any special 
problem to be found is regarded as a priori known, or, in other 
words, no doubt is admitted as to the existence of the limit; this it 
has in common with the Greek method of exhaustions, of which it is 
essentially a translation into a more analytical and convenient form. 

In the method of limits devised by Newton, and employed in a 
different form by later writers, infinitesimals are not employed singly, 
but the ratio of two quantities at the moment when they vanish is 
contemplated, and forms what was later known as the differential 
coefficient. These ‘‘ ghosts of departed quantities,’ as Bishop 
Berkeley derisively designated them, whose ratio at the moment of 
their disappearance is the quantity dealt with, present very much the 
same kind of diffieulty as in the Leibnizian form of the calculus. 
No criterion was obtained for the determinacy of such an ultimate 
ratio, whose existence was regarded as obvious from intuition. 

In tkat form of the Newtonian calculus known as the method of 
fluxions, the appeal to intuition was made more cogent by repre- 
senting the vanishing ratio in the form of a velocity; that a moving 
point has at every instant necessarily a definite velocity was ap- 
parently hardly doubted until comparatively recently. We now know 
that such a velocity has no such unconditional existence as was 
supposed. 
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Speaking of the method of vanishing ratios, Lagrange writes 
“Cette méthode ale grand inconvénient de considérer les quantités, dans 
Pétat ott elles cessent, pour ainsi dire, d’étre quantités ; car quoiqu’on 
congoive toujours bien le rapport de deux quantités, tant qu’elles 
demeurent finies, ce rapport n’offre plus A Vesprit une idée claire et 
précise, aussit6t que ces termes deviennent l’un et l’autre nuls & la 
fois.” This clear perception on the part of Lagrange of the difficulty 
at the root of the method of limits or of differential coefficients, was 
doubtless a determining factor in deciding him to embark upon his 
great attempt to place the calculus upon a basis independent of the 
idea of infinitesimals or of their ratios. The title of his great work, 
‘Théorie des fonctions analytiques, contenant les principes du calcul 
différentiel, dégagés de toute considération d’infiniment petits, 
d’évanouissans, de limites et de fluxions, et réduits a l’analyse 
algébrique des quantités finies,”’ contains the most concise statement 
of his aim. Although his attempt was in principle a failure, his idea 
of making Taylor’s series the cardinal form by which functions are to 
be represented must be regarded as containing the germ of the theory 
of analytical functions which was developed with so much success at 
a later period. 

In the various forms of the infinitesimal calculus to which I have 
referred, a crucial difficulty is that of the existence of the limit. That 
this difficulty is no merely imaginary one, but indicates a real gap 
in the logical basis of the systems, receives an a posteriori confirmation 
from the discoveries made in the latter half of the nineteenth century, 
that special restrictions in the nature of the functions employed are 
necessary for the validity of the ordinary processes of the calculus. 
The exhibition by Weierstrass and others, of continuous non- 
differentiable functions, the resulting investigations of the restrictive 
conditions over and above that of continuity which are necessary for 
the existence of a differential coefficient, Riemann’s investigation of 
the conditions of integrability of a function, the various theorems dis- 
covered as to the conditions of the reversibility of the order of double 
limits, all indicate that the existence of a limit cannot be presumed 
apart from all restrictive conditions. The failure of the older 
analysis to exhibit the existence and nature of such restrictive con- 
ditions is a clear proof of defectiveness in the logical basis of that 
analysis. That the earlier mathematicians were usually able to 
obtain correct results by means of their methods, is due to the fact that 
the functions with which they operated were of a comparatively 
simple character ; in point of fact, almost all the functions which are 
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required for the investigation of the problems arising from ordinary 
intuition satisfy the restrictive conditions first brought to light in our 
day. 

I now come to consider the changes which have been brought about 
in the point of view of mathematicians with respect to the matters I 
have discussed, as the result of the critical efforts of recent times. 
In the first place, the notion of number, integral or fractional, has 
been placed upon a basis entirely independent of measurable magni- 
tude, and pure analysis is regarded as a scheme which deals with 
number only, and has, per se, no concern with measurable quantity. 
Analysis thus placed upon an arithmetical basis is characterized by 
the rejection of all appeals to our special intuitions of space, time, 
and motion,* in support of the possibility of its operations. It is a 
very significant fact that the operation of counting, in connexion 
with which numbers, integral and fractional, have their origin, is 
the one, and only absolutely exact, operation of a mathematical 
character which we are able to undertake upon the objects which we 
perceive ; this is due to the fact that the operation is of a highly 
abstract character, since in counting objects, all special qualitative 
or quantitative peculiarities of the objects counted are treated as 
irrelevant. On the other hand, all operations of the nature of 
measurement which we can perform in connexion with the objects 
of perception contain an esssential element of inexactness, corre- 
sponding to the approximative character of our sensuous intuition. 
The theory of exact measurement in the domain of the ideal objects 
of abstract geometry is not immediately derivable from  in- 
tuition, but is now usually regarded as requiring for its develop- 
ment a previous independent investigation of the nature and 
relations of number. . The relations of number having been de- 
veloped on an independent basis, the scheme is applied by the help 
of the principle of congruency, or other equivalent principle, to the 
representation of extensive or intensive magnitude. In any such 
theory of measurement the non-arithmetical conception of a unit 
is involved. Those departments of science, including geometry, in 
which abstract measurement is applied are thus regarded as fields 
of application for analysis; but they do not directly contribute 
towards the development of pure analysis, although they may, no 
doubt, suggest to it problems for treatment in accordance with its 





* Tt is not intended here to prejudge the questions as to the part which intuition 
may have in the formation of the concepts of number, 
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own principles. This complete separation of the notion of number, 
especially fractional number, from that of magnitude, involves, no 
doubt, a reversal of the historical and psychological orders. It is, 
however, no uncommon occurrence that the logical order of a subject 
should be very different from the historical order in which the con- 
cepts of the subject have arisen. Is it not an essential part of our 
scientific procedure that, in our conceptual schemes, factors are 
separated from one another, which intuitionally appeared in com- 
bination ? 

The so-called arithmetization of analysis is, and has_ been, 
accepted in somewhat various degrees by different mathematicians. 
The extreme arithmetizing school, of which, perhaps, Kronecker 
was the founder, ascribes reality, whatever that may mean, 
to integral numbers only, and regards fractional numbers as 
possessing only a derivative character, and as being introduced 
only for convenience of notation. The ideal of this school is that 
every theorem of analysis should be interpretable as giving a re- 
lation between integral numbers only. The validity and feasibility 
of this ideal I cannot here discuss. Some mathematicians, on the 
other hand, like P. Du Bois Reymond, while using to a large extent 
the ideas and methods of arithmetical analysis, appear still to re- 
gard the notion of continuous magnitude as a necessary part of the 
foundations of the subject. 

The true ground of the difficulties of the older analysis as 
regards the existence of limits, and in relation to the applica- 
tion to measurable quantity, les in its inadequate conception 
of the domain of number, in accordance with which the only 
numbers really defined were rational numbers. This inadequacy 
has now been removed by means of a purely arithmetical definition 
of irrational numbers, by means of which the continuum of real 
numbers has been set up as the domain of the independent variable 
in ordinary analysis. This definition has been given in the main 
in three forms—one by Heine and Cantor, the second by Dedekind, 
and the third by Weierstrass. Of these the first two are the simplest 
for working purposes, and are essentially equivalent to one another ; 
the difference between them is that, whilst Dedekind defines an 
irrational number by means of a section of all the rational numbers, 
in the Heine-Cantor form of definition a selected convergent aggreg- 
ate of such numbers is employed. The essential change introduced 
by this definition of irrational numbers is that, for the scheme 
of rational numbers, a new scheme of numbers is substituted, in 
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which each number, rational or irrational, is defined and can be 
exhibited in an indefinitely great number of ways, by means of a 
convergent aggregate of rational numbers. In this continuum of 
real numbers the notion of number is, as it were, raised to a 
different plane. By this conception of the domain of number the 
root difficulty of the older analysis as to the existence of a limit is 
turned, each number of the continuum being really defined in such 
a way that it itself exhibits the limit of certain classes of con- 
vergent sequences. It would, of course, be futile to define a 
number by means of a convergent aggregate, were it not shown—as 
has been, in fact, done—that the ordinary operations of arithmetic 
can be defined for such numbers in such a way as to be in agree- 
ment with the ordinary scheme of operations for the rational 
numbers taken on the lower plane. It should be observed that the 
criterion for the convergence of an aggregate is of such a character 
that no use is made in it of infinitesimals, definite finite numbers 
alone being used in the tests. The old attempts to prove the 
existence of hmits of convergent aggregates were, in default of a 
previous arithmetical definition of irrational number, doomed to 
inevitable failure. It could not, for example, in general be shown 
that an unending decimal formed according to prescribed rules 
possessed a limit, since it was clearly impossible to infer from the 
existence and properties of a set of rational numbers, the existence 
of a number which itself is in general not rational, and was there- 
fore undefined within the domain of operation. A considerable part 
of the newer analysis consists of putting the criterion for the con- 
vergence of an aggregate into various forms suitable for application 
in various classes of cases. The convergence of an aggregate having 
in any given case been established by the application of one or 
other of such derivative rules, the aggregate itself defines the lmit. 
In all such proofs the only statements made are as to relations of 
finite numbers, no such entities as infinitesimals being recognized 
or employed. Such is the essence of the e proofs with which we 
are familiar. In such applications of analysis—as, for example, the 
rectification of a curve—the length of the curve is defined by the 
aggregate formed by the lengths of a proper sequence of inscribed 
polygons. The length is not regarded as something whose existence 
isa prior? known. In case the aggregate is not convergent, the curve 
is regarded as not rectifiable. If it can be shown that the lengths of 
these inscribed polygons form a convergent aggregate which is in- 
dependent of the particular choice of the polygons of the sequence, 
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the curve is rectifiable, its length being defined by the number given 
by the aggregate. 

The older analysts regarded the domain of the real variable, or of 
a set of real variables, as the continuum given by our intuition of 
space, time, and motion; this continuum was usually accepted un- 
critically as a notion completely given by intuition and hardly 
capable of further analysis ; however, those points of the continuum 
which could be represented by number (rational number) formed 
only a discrete aggregate, and thus the variable had to pass through 
values which were not definable as numbers. This intuitive notion 
of the continuum appears to have as its content the notion of 
unlimited divisibility, the facts that, for instance, in the linear con- 
tinuum we can within any interval PQ find a smaller one P’Q’, 
that this process may be continued as far as the limits of our percep- 
tion allow, and that we are unable to conceive that even beyond the 
limits of our perception the process of divisibility in thought can 
come to an end. However, the modern discussions as to the nature 
of the arithmetic continuum have made it clear that this property 
of unlimited divisibility, or connexity, is only one of the distinguish- 
ing characteristics of the continuum, and is insufficient to mark it off 
from other domains which have the like property. The aggregate of 
rational numbers, or of points on a straight line corresponding to such 
numbers, possesses this property of connexity in common with the 
continuum, and yet is not continuous ; between any two rational 
numbers another pair can be found, and this process may be con- 
tinued until we obtain an arbitrarily small interval. The other 
property of an aggregate which is characteristic of a continuum, 1s 
that of being, in the technical language of the theory of aggregates 
(Mengenlehre) perfect: the meaning of this is that all the limits of 
convergent sequences of numbers or points belonging to the aggregate 
themselves belong to the aggregate; and, conversely, that every 
number or point of the aggregate can be exhibited as the limit of 
such a sequence. The aggregate of rational numbers does not possess 
this property of being perfect, since the hmit of a sequence of such 
numbers does not necessarily belong to the aggregate. That the 
ageregate of rational numbers is not perfect, or even closed, is the 
root defect of that aggregate, which led to the difficulty as regards 
the existence of limits, in the older analysis. The two properties 
of connexity and of perfection are regarded as the necessary and 
sufficient characteristics of a continuum; it is remarkable that in 
analysis the latter property of a continuum, which was not brought 
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to light by those who took the intuitive continuum as a sufficient 
basis, is in some respects the more absolutely essential property for 
the domain of a function which is to be submitted to the operations 
of the calculus. It has in fact been shown that many of the 
properties of functions, such as continuity, differentiability, are 
capable of precise definition when the domain of the variable is not 
a continuum, provided, however, that domain is perfect; this has 
appeared clearly in the course of recent investigations of the properties 
of non-dense perfect aggregates, and of functions of a Rates whose 
domain is such an aggr egate. 

The arithmetical continuum having been defined and explored, it 
is then postulated that on a straight line there exists one point, and 
one only, corresponding to each number of the arithmetical con- 
tinuum, and that no other points exist on the straight line; this 
fixing of the point contents of a straight line amounts to an exclusion 
of the contemplation of fixed infinitesimal lengths. Similarly, it is 
postulated that in three-dimensional space there exists one point, 
and one only, corresponding to each specification of three coordinates 
of the point by means of numbers, and that the points whose exist- 
ence is thus postulated exhaust the space. The arithmetizing school 
thus regard the nature of the geometrical continuum as being cleared 
up and described by means of the previously defined arithmetical 
continuum ; this is, of course, a reversal of the traditional view. 

The view I have sketched of the philosophy of the continuum 
does not meet with the universal acceptance of mathematicians, as an 
adequate scheme, at the present time. As an example of a rival 
scheme I may briefly touch upon the one propounded by Veronese. 
He develops the notion of the abstract linear continuum from the 
intuitive side, and traces the consequence of supposing that on a 
straight line two intervals PQ, P’Q’ can co-exist such that the 
smaller P’Q’ is so small compared with PQ that no integer n can be 
found which will make n.P’Q’ exceed PQ, thus rejecting what is 
known as the axiom of Archimedes. This amounts to the affirmation 
of the existence of fixed infinitesimal lengths, and of fixed infinite 
lengths, on the straight line. In this scheme, when a unit length is 
chosen on the straight line, Dedekind’s section of rational points is 
made, not by a single point, as in the Cantor-Dedekind scheme, but 
by an infinitesimal length, that is, by a length which is infinitesimal 
relative to the scale of measurement chosen. Veronese contemplates 
the existence of anindefinite series of scales in the linear continuum, 
such that each unit is infinite compared with one belonging to a 
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lower scale, and is infinitesimal compared with a unit belonging to a 
higher scale; he then proceeds to introduce a scheme of infinite and 
infinitesimal numbers which will suffice for the complete representa- 
tion of points of the straight line. On this view, the Dedekind- 
Cantor continuum, when represented on the straight line, is only a 
relative continuum, that is, relative to the particular scale employed 
in the representation ; the absolute continuum would require for its 
representation an indefinite series of infinite and infinitesimal 
numbers. As to the validity of Veronese’s scheme, that is, as to its 
consistency with a logical theory of magnitude, I do not propose to 
express any opinion ; the matter has been a subject of considerable 
controversy. Assuming, however, its validity as a possible scheme, 
it does not affect the validity of the Cantor-Dedekind scheme; the 
comparative simplicity of the latter would indicate it as the natural 
basis for analysis, and for the applications to the measurement of 
magnitude. One of the most interesting results on the speculative 
side of abstract science, which has been obtained in the nineteenth 
century, is that it is possible to set up two or more conceptual 
systems, each self-consistent, but contradictory with one another, 
each of which provides a sufficient representation of the facts of per- 
ception; the most striking example of this has been in geometry, 
where it has been shown that, under a certain limitation, Euclidean, 
hyperbolic, and elliptic geometry may each afford a sufficient repre- 
sentation of the properties of figures in perceptual space. We are 
entitled to postulate the existence of whatever points we choose upon 
that ideal object, the line of geometry, provided our scheme does not 
contradict itself, and, further, provided the ideal object thus con- 
stituted affords an adequate representation of the concrete lines which 
we perceive in the external world. Between two such schemes in- 
tuition can make no choice, and in abstract science we make that 
choice between them which is dictated by considerations of simplicity 
and of suitability for the special purpose on hand. 

The question as to the legitimacy of the use of infinite numbers, 
that is, not merely of the use of a variable which is regarded as_be- 
coming indefinitely great, but of numbers which are actually infinite 
and to be regarded as capable of entering into relations, is a matter 
which has been discussed by philosophical thinkers from the time of 
Aristotle onwards. The balance of opinion seems to have been 
decidedly against the validity of the conception of such numbers ; in 
support of this negative view, Aristotle himself, Locke, Descartes, 


Spinoza, and Leibniz may be quoted. The grounds of the objection 
K 2 
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to the introduction of such numbers may in the main be reduced to 
three heads. J First, it is said that a number is, by its very nature, 
finite: this is supported by the plea that all actual operations of 
counting and measuring are performed upon finite aggregates or 
finite magnitudes ; to refute this view, it may be urged that the in- 
troduction of infinite numbers, if it can be made at all, will justify 
itself by a proof of the capability of such numbers for the representa- 
tion and characterization of non-finite aggregates; in fact, it may 
be held that the objection contains. a petitio principit.. Secondly, it 
has been widely held that a scheme of infinite numbers represents an 
endeavour to make distinctions and determinations within the infinite ; 
whereas the true infinite admits of no determination. If the infinite 
be identified with the all-embracing absolute of idealistic philosophy, 
it will probably be admitted that such an absolute admits of no dis- 
tinctions, for “‘ omnis determinatio est negatio”; however, the question 
arises whether a domain may not exist which, though not finite, is 
still not to be regarded as engulfed in the absolute, and which there- 
fore may still in some measure admit of definition and determination, 
and which may require a special non-finite system of number for the 
specification of its characteristics; such an intermediate domain has 
been named by Cantor the ‘transfinite” or “ superfinite.”* Thirdly, 
it has been urged that finite numbers would be unable to maintain 
themselves as against infinite ones; that the finite and its relations 
would be absorbed in the infinite, and could enter into no relations 
with it: the value of this objection can be estimated a posterior? only, 
if and when a system of infinite or transfinite numbers has been 
actually defined and the nature of its connexion with the finite 
brought to light. That mathematicians still shrink from leaving 
what they regard as the firm ground of the finite based upon ex- 
perience is illustrated by a remark in an introductory passage in 
Tannery’s work: Introduction a la Théorie des Fonctions d'une Variable 
réelle. He writes, “On peut constituer entiérement l’analyse avec la 
notion de nombre entier et les notions relatives a l’addition des 
nombres entiers ; il est inutile de faire appel a aucun autre postulat, a 
aucune autre donnée de l’expérience, la notion de l’infini dont il ne 
faut pas faire mystére en mathématiquese réduit a ceci, aprés chaque 
nombre entier il y’a un autre.” However sufficient the restriction 
to the merely indefinitely great, here indicated, may be for the more 
ordinary purposes of analysis, provided, however, that an explora- 
tion of the properties of the continuum of real numbers is not carried 
too far, | hope to be able to show, as clearly as possible in the brief 
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space at my disposal, that the introduction by Cantor of systems of 
transfinite numbers is justified by the primary necessities of our 
analytical system; it may be justified in point of utility by the 
numerous applications which are being made, both in analysis and in 
geometry, of the conceptions and results of the theory of aggregates, 
to express the characteristics of which these transfinite numbers are 
required. No mathematician will wish to make a mystery of the 
infinite in analysis; mathematics has nothing to do with mysteries 
except to endeavour to remove them. It is to be remarked that the 
introduction into analysis of the transfinite numbers was historically 
by no means the result of a purely speculative tendency to explore the 
unknown and mysterious, and certainly did not arise from any taste 
on the part of their inventor for “ tricks to show the stretch of human 
brain”; their introduction arose principally out of the necessities 
of investigations connected with the peculiarities of Fourier’s series 
_and of the functions representable by such series. Cantor writes :— 
“Zu dem Gedanken, das Unendlichgrosse nicht bloss in der Form 
des unbegrenzt Wachsenden und in der hiermit eng zusammmen- 
hiingenden Form der im siebenzehnten Yahrhundert zuerst einge- 
fiihrten convergenten unendlichen Reihen zu betrachten, sondern es 
auch in der bestimmten Form des Vollendetunendlichen mathematisch 
durch Zahlen zu fixirén, bin ich fast wider meinen Willen, weil im 
Gegensatz zu mir werthgewordenen Traditionen, durch den Verlaut 
vieljahriger wissenschafticher Bemtithungen und Versuche logisch 
gvezwungen worden: 

The first real breach in the infinite—one which established a true 
line of cleavage—was made when Cantor showed that the aggregate of 
rational numbers is enumerable, whereas the aggregate of real numbers, 
rational and irrational, is unenumerable. This denotes that a (1,1) 
correspondence can be established between the rational numbers in 
any given interval, and the aggregate of positive integers, whereas no 
such correspondence can be established between the numbers of a 
continuum and the aggregate of integral numbers. Thus the rational 
numbers can be counted and the irrational numbers cannot be counted. 
All the rational numbers in any interval can be arranged in a definite 
order (not of magnitude), so that one of them stands first and each par- 
ticular number has its assigned place. No such arrangement can be 
made when the irrational numbers of the interval are taken into 
account. This far-reaching result brings out in a strong light the 
difficult nature of the conception of the continuum as a given totality. 
If it be asked in what sense can the numbers of the continuum be 
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considered as forming a given or determinate aggregate, we must con- 
trast this aggregate with that of the rational numbers or with that 
of the integral numbers. These latter are not, of course, given in 
the sense that we can exhaustively exhibit them by means of symbols 
ona sheet of paper. We could only do that in the case of a finite 
ageregate; but they are given in the sense that we can say of any 
particular number where it is to be found in a regularly arranged 
scheme. On the other hand, the aggregate of all real numbers is not 
given in the same sense; no rule, and no set of rules, can be given by 
which we could obtain successively all the numbers of the aggregate, 
so that each particular number would necessarily appear in the 
course of the procedure; and this is a consequence of the unenumerable 
character of the aggregate. The aggregate of real numbers can be 
regarded as given only in the sense that every possible real number 
that we may choose to define by means of an analytical process 
belongs to the aggregate. This somewhat negative conception of its 
determinacy is an essential characteristic of the unenumerable 
ageregate. How far the mathematicians of the future will rest 
satisfied with this conception of the arithmetic continuum, time alone 
can decide. 

When we count a finite number of objects we take them in some 
definite order, and establish a correspondence between them and the 
ordinal numbers. The last ordinal number employed, we call the 
ordinal number, or simply the number of the collection. When we 
take into account the fundamental property that this number is in- 
dependent of the order in which the objects are counted, we identify 
this number with the cardinal number of the collection. Thus, in 
dealing with finite aggregates, the distinction between the ordinal 
and the cardinal number, though logically existent, may be practically 
disregarded. This, however, is no longer the case when we deal with 
non-finite aggregates ; here cardinal and ordinal numbers must be 
kept quite distinct, and their properties must be developed on 
different lines. The theorem that the ordinal number of an aggregate 
is unaltered by changing the order of the elements of the aggregate 
no longer holds. : 

In order to exhibit the way in which transfinite ordinal numbers 
are required when we deal with non-finite aggregates, 1 propose to 
refer to a well known paradox, that of Achilles and the tortoise, which 
in various forms has afforded an interesting exercise to logicians. 
Achilles goes ten times as fast as the tortoise, and the latter has ten 
feet start. When Achilles has gone ten feet the tortoise is one foot in 
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front of him; when Achilles has gone one foot further the tortoise is 
zo ft.in front; when Achilles has gone ;4, ft. further the tortoise 
iS zoo ft. in front; and so on, without end; therefore Achilles will 
never catch the tortoise. The fallacy, of course, lies in the surrep- 
titious transcending of the convergent process when the word 
‘‘never’”’ is used in the conclusion. Let us indicate the successive 
positions of Achilles referred to, by the ordinal numbers 1, 2, 3, . 
suffixed to the letter A, so that A,, A,, A;, ... represent the 
positions of Achilles mentioned in the paradox. These points 
A,, A,, A;, ... have a limiting point, which represents the place 
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where Achilles actually catches the tortoise. This limiting point is 
not contained in the set of points A,, A, A;, ...; 1f we wish to repre- 
sent it, we must introduce a new symbol w, and denote the point by 
A,. This symbol w represents Cantor’s first transfinite ordinal 
number. It does not occur in the series 1, 2, 5, ...; but is preceded by 
all these numbers, and yet there is no number immediately preceding 
it; itis the first of a new series of numbers. 

I may now, perhaps, be allowed to tamper with this classical 
paradox to the extent of supposing that there is a second tortoise 
moving at the same rate as the first, and ten feet in front of it, and of 
supposing that we wish to represent the positions of Achilles when 
he is 1ft., #>ft., zi5 ft., ... behind the second tortoise. To represent 
these positions we naturally take A,,1, A..2, 4.4; ...; the place where 
Achilles catches the second tortoise will be denoted by 4,,,, or A,». 
These numbers, » +1, 0+2,+3, ..., #2, are the transfinite ordinal 
numbers immediately following w. It thus appears that, as w+] 
succeeds w, the two cannot be regarded as identical; thus,w+1 > . 
If now we had commenced by denoting the positions of Achilles when 
he was 100, 10, 1, +4, xs, .-. ft. behind the first tortoise by 
B,, B,, B, ..., 80 that A, and B,,, represent the same point, we see 
that the place where the tortoise is caught would still have to be 
represented by B,; it 1s, consequently, necessary to distinguish 
between w+land1+w, and to write l+w=w. The two relations 
w = 1l+w, w+1 >», enable us to illustrate the extent to which a finite 
number is able to maintain itself against a transfinite one. 

The above perennially instructive example of a limiting process at 
once throws light upon the relation of the unending process to the 
limit, and upon the necessity for the introduction of transfinite 
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numbers for the representation of the limit which is not itself con- 
tained within the region of the convergent process. If we could 
imagine that we had no independent knowledge of the position and 
existence of the point at which Achilles overtakes the tortoise, we 
should be in the position of the older analyst or geometer in face of 
most of the problems which he solved. In the above paradox we 
have, by artificially involving ourselves in a convergent process, 
placed the limiting point, and all points beyond it, outside the reach 
of the process itself; for the representation of this point and the 
points beyond it we have to commence anew with a fresh series of 
ordinal numbers. The only reason why, in ordinary life, transfinite 
numbers are unnecessary is because we do not make use of such con- 
vergent processes. It would be easy for me to arrange artificially a 
series of points of time during the delivery of the present address 
which would be such that the moment of the termination of my 
address could only be represented by a transfinite number; higher 
transfinite numbers would be required to denote the times of all sub- 
‘sequent events this evening. 

Although, for the reason I have indicated, transfinite numbers are 
unnecessary for the purposes of ordinary life, this is by no means the 
case in certain departments of mathematical analysis, where we are 
in many cases compelled to make use of convergent processes. It 
appears that a region which from one point of view belongs to the 
finite, may from another point of view belong to the transfinite, 
and it is frequently just this latter point of view which the exigencies 
of analysis compel us to adopt; hence arises the necessity for, and the 
justification of, the use of transfinite ordinal numbers. 

I propose, as an illustration of the use of transfinite ordinal 
numbers, to give a simple means which I have devised for their 
systematic representation by a set of points on a given finite segment 
of a straight line. On the straight line AB let us denote by 


P,, Pi, Py, Ps, ... those points at which the expression log, “ =, where 


k is a fixed number greater than unity, has the values 0, 1, 2, 3, ... 


Jag : at re Py Ps 
A 





Po 
B 


the point P, coincides with A, and the point B can only be represented 
by P,. Now take any one of the segments P,P,,;; this we may for 
convenience represent on an enlarged scale; denote by Qj», Qu, Qy, 
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the points on P,.P,.,;, at which log; ce takes the values 0,1,2,3,...; 
r+ 
ALoptd ay Ly) ae ae ne 
i ’ P, Fl 


thus P,,, can only be represented by Q,... Suppose this to have been 
done with every segment of AB, and now imagine all the points Q 
to be marked on AB, and to be numbered from left to right ; 


in P,P, we shall have Gels Same a OF 
fat Jaa af w+t1, w+2, ..., w2, 
rad. de edres “4 w2+1, w2+2, ..., 03; 


the point B can be represented by ww or w*. If now we proceed to 
take each segment Q,,Q,.s.1, and to divide this in a similar manner 
at points R for which log, Qs Qn avd has the values 0, 1, 2, 3, ..., and 
rst] 
then imagine all the points f thus obtained to be marked on the 
original straight line AB, and numbered as before, from left to right, 
it will be seen that all the numbers w*p+wg-+,r will be required, and 
that the point B can be represented by w*. The points P,, P,, ..., P 
will have for their ordinal numbers 0, w”, w72, ...,0°; the point Q,, will 


wo 


be numbered w*r +s ; the finite numbers are all used up in the first 
sub-segment of AB. By proceeding in a similar manner to further 
sub-division, we may exhibit on AB the ordinal numbers 


SMa = Ww” ees = Bd tae Pos 


and the point B will then be represented by w”'’. The distance from 
A of the point represented by any of these numbers can be easily 
expressed. 

I turn now to the subject of the transfinite cardinal numbers. 
Every two finite aggregates between the elements of which a (1, 1) 
correspondence can be established have the same cardinal number, 
and the cardinal number of an aggregate is independent of the 
order in which the objects are arranged. ‘The extension of this 
notion of cardinal number to non-finite aggregates leads to the 
conception of the power (Médchtigkert, puissance) of an infinite 
ageregate, which power is represented by a transfinite cardinal 
number. Two infinite aggregates between the elements of which a 
(1, 1) correspondence can be established have the same power or 
cardinal number. Thus, the aggregate of all rational numbers, 
or of rational numbers in a given interval, has the same power or 


LY 
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cardinal number as the aggregate of integral numbers. This may 
be denoted by a, and is the first transfinite cardinal number. As I 
have before mentioned, the continuum of real numbers cannot be 
placed in (1, 1) correspondence with the integral numbers, and has, 
therefore, a power or cardinal number different from: a; this is 
usually denoted by c. It is a surprising fact that a continuum of 
two, three, or any number of dimensions has the same power ¢ as 
that of the linear continuum—.c.,a (1, 1) correspondence exists 
between all points in an area or in a volume and the points in a 
straight line, or in a finite segment of a straight lne. It was, in 
fact, until recently supposed that all known aggregates have either 
the power of the aggregate of natural numbers or else that of the con- 
tinuum. It has, however, now been shown that the aggregate of all 
possible functions of a variable « of which the domain is a con- 
tinuous interval (a, b) has a power higher than that of the continuum ; 
this higher cardinal number is denoted by f. It should, however, 
be observed that, if the function is restricted to be analytic, the 
ageregate of such functions then has the power c of the continuum. 
The numerous attempts which have been made to prove that a and c 
are consecutive cardinal numbers—that is to say, that no aggregate 
exists whose power exceeds a and is less than c—have hitherto been 
unsuccessful. This remains, for the present, as a hiatus in the 
theory of transfinite cardinal numbers. Ihave here been able to 
touch only the fringe of the subject of transfinite numbers ; but my 
object has been to indicate, as clearly as is possible in the necessarily 
brief space I have allotted to them, how they necessarily arise when 
we try to investigate the peculiarities of non-finite aggregates. The 
profound study of these numbers and their relations, and especially 
of their connexion with the theory of the tvpes of ordered aggreg- 
ates, which has been made by G. Cantor, who, Iam proud to re- 
member, has been added to our list of foreign members during my 
term of office, has resulted in the creation of a veritable arithmetic 
of the infinite, which seems to be destined to have an ever-increasing 
range of application in analysis and geometry. | 

The place which the conception of the infinite occupies in the 
various schemes of geometry, especially the manner in which in- 
finite elements are adjoined to the finite elements, is a subject on 
which many interesting remarks might be made. ‘This, however, 
does not belong to the subject of my discourse this evening, and 
would, in any case, better be left for treatment by some one more 
competent to discuss it than I can claim to be. 
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In the minds of many men who are engaged in the active work of 
assisting in the progressive development of science, there is a certain 
impatience with what they are apt to regard as a hypercritical 
attitude towards fundamental concepts; this feeling of impatience 
exists perhaps in exceptionally large measure in the English mind, 
whose genius is in a preponderating degree directed towards the 
concrete, and upon which, to a considerable extent, purely abstract 
questions seem to exercise a peculiar repulsion. However, taken on 
the whole, the impulse towards clear thinking, which leads men to 
make an ever renewed dissection of the fundamentals of science, and 
to an ever renewed attempt to state fundamental principles in a form 
which shall satisfy more nearly the canons of logical thought, is an 
ineradicable tendency of the human mind, and I, for one, cannot but 
regard its presence as one of the conditions which are in the long run 
necessary to render possible the progress of scientific knowledge. 
Even from the point of view of those who regard mathematics as 
existing exclusively for the purposes of physical research, it is a 
short-sighted policy to discourage that free development of mathe- 
matics on its abstract side, which is probably a necessary stage in 
the process of sharpening the tools which mathematics provides for 
the use of the physicist. 

Hven in the remarks on one aspect of our science which I have 
made this evening, I think it has been apparent that criticism, and 
even erroneous criticism, is not infrequently the parent of construc- 
tion. It may well be true that perfect intellectual transparency with 
regard to the fundamentals of any branch of knowledge is an un- 
attainable ideal. May it not even be the case that a perfect com- 
prehension of anything would involve a perfect comprehension of 
everything? Are there not those with us who assert that an 
analysis of the abstract creations of the human mind inevitably, 
when pushed far enough, leads to contradiction, and that this is a 
necessary consequence of the divorce of these ideal objects from 
reality ? However this may be, the thinkers of each age must do 
what they can with the possibilities open to them, in faith that, 
however far short of what is completely satisfactory to the in- 
tellect may be the results to which they are led, the efforts of their 
generation in the direction of criticism, as well as of construction, 
may be found by those who come after them not to have been 
entirely fruitless. 
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A. few references to the literature of the subject are added. 


TIrrationaL Numpers anp Limirs.—Dedekind, Stetigkert und irra- 
twonale Zahlen, Brunswick, 1872 (English translation in Dedekind, 
Essays on Number, Chicago, 1901). Heine, Die Hlemente der Functionen- 
lehre, Crelle, J. f. Math., Bd. txxtv., 1872. Tannery, J., Théorie des 
Fonctions dune Variable, Paris, 1886. Pringsheim, ‘‘ Irrationalzahlen 
und Konvergenz unendlicher Prozesse,” in Hncy. d. math. Wiass., 
Bd. 1., Heft 1, Leipzig, 1898. Mathews, “Number,” in Hncy. Brit. 
Supplement, Vol. xxx1., Edinburgh, 1902. Love, ‘‘ Functions of Real 
Variables,” in Hncy. Brit. Supplement, Vol. Xxvitt. 


ARITHMETIZED ANALYsts.—Dini-Liiroth, Grundlagen fiir eine Theorie 
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Differential- und Integralrechnung auf Geometrie, Leipzig, 1902. For 
Kronecker’s complete arithmetization referred to on p. 127, see his. 
memoirs in Orelle, J. f. Math., Bde. xcu., c1., 1882, 1887. For the 
theory of divergent series referred to on p. 121, see Borel, Lecons sur 
les Séries divergentes, Paris, 1901. For philosophical discussions of 
the foundations of analysis, see P. du Bois Reymond, Allgemeine 
Functionenlehre, Tiibingen, 1882 (French translation by Milhaud and 
Girot, Nice, 1887) ; Couturat, De Infinit mathématique, Paris, 1896 ; 
Poincaré, La Sczence et ’ Hypothése, Paris [1902 ]. 


THEORY oF AGGREGATES AND TRANsFInite Numpers.—Cantor’s chief: 
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Bde. XVil., XX., XXI., XXIIJ., XLVI., xix. A sketch of the theory is 
given by Schoenflies in Hncy. d. math. Wiss., Bd. 1., Heft 2, Leipzig, 
1899, and a more complete account by the same writer in Jahres- 
berichte d. Deutschen Math.-Vereinigung, Bd. vur., 1900. For applica- 
tions of the theory to analysis, see Jordan’s Cours, quoted above, and 
Borel, Legons sur la Théorie des Fonctions, Paris, 1298. For Veronese’s 
conception of the continuum, see his book FYondaments di geometria, 
Padua, 1891 (German translation, Leipzig, 1894). 
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On Wave-Propagation in Two Dimensions. By Horace Lamp, 
F.R.S. Received November 11th, 1902. Read November 
18th, 1902. Revised December 22nd, 1902. 


1. The chief object of this paper is to work out and illustrate 
graphically some problems relating to the divergence of waves from 
a centre of disturbance in a space of two dimensions, the source being 
of a more or less transient character. The waves in question may 
be, for example, cylindrical waves of sound, or waves travelling over 
a uniform and uniformly tense membrane.* In any case they are 
subject to an equation of the form 


O (od , 
ap eee 





(1) 


or in the case of symmetry about the origin, which is more 
especially considered, 





cs a (2) 


OF OP? Or 


In a space of one or of three dimensions the solution of sueh 
problems is extremely easy, owing to the existence of simple general 
integrals of the corresponding differential equations. Thus in one 
dimension we have 


Op _ 2 Op 
ee) fe A 3 ; 
ot Ox? @) 
with the solution g¢=f (1— 2) +F (1+ =) ; (4) 
C 


whilst in three dimensions we have 


pee (ce ee (5) 


Cra Ur 








* The case of waves on a sheet of water of uniform depth may be included, pro- 
vided the dimensions of the ‘‘ source ’’ be large compared with the depth. 
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with the solution* 


dar = f (t— “\4 8 (t+ “). | (6) 


It may be well here to remind the reader that the formal 
resemblance between (4) and (6) is to some extent delusive; the 
physical interpretation reveals important points of difference, which 
have been insisted upon by Stokest and Rayleigh.f | 

The theory of solitary waves in two dimensions has attracted less 
attention,§ partly no doubt because of its inferior physical interest, 
and also because of a certain degree of mathematical obscurity which 
has attached to it owing to the absence of a simple general formula 
analogous to (4) and (6). The general integral of (2) which was 
given by Poisson,|| viz., 


ee | F Gt+r0s 6) d+ |" (ct-+7 00s 9) log (rsin? 6) dO, (7) 


0 0 


is unsuitable for the purpose, as it does not discriminate between the 
waves which travel inwards and outwards respectively. 

The proper analogue of (4) and (6) is, however, easily obtained if 
we start from the known solution for the case of waves diverging 
from a simple harmonic source (e”), viz.,4[ 


Omg bas | Oa (+- cosh w) As (8) 
0 
If we generalize this by Fourier’s theorem, we have at once 


and — | f (e— < cosh) du, (9) 


0 


corresponding to an arbitrary source f (¢). It is of course implied 








* The factor 4m is inserted for the sake of comparison with (9) below. It makes 
the ‘‘strength ’’ of the source at the origin equal to f (¢) + F (¢). 

t Phil. Mag., January, 1849; Math. and Phys. Papers, Vol. 11., p. 82. 

t Theory of Sound, Vol. 11., §§ 274, 279. 

§ Except in the case of cylindrical electric waves, which have been discussed to 
some extent by Heaviside, Phil. Mag., November, 1888; Electrical Papers, Vol. 11. 

|| Journal de V Keole Polytechnique, Vol. xu1., p. 215 (1821). 

I Cf. Rayleigh, Sound, Vol. 1., §342; Proc. Lond. Math, Soc., Vol. x1x., p. 504 
(1888) ; Scientific Papers, Vol. 111., p. 44. 
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that the form of f (¢) must be such that the integral is convergent. 
A sufficient (but not an essential) condition for this is 


lim,._. 2*¢f (2) = 0, (10) 


e being any positive quantity ; this is fulfilled of course whenever 
the source has been in action only for a finite time.* The complete 
formula, embracing both converging and diverging waves, is 


odes | f («— z cosh w) n+| F (t+ © eosh w) du, (41) 
0 0 
where the convergence of the second integral is assured if 

linge, (ay — 0) (12) 
The expression (11) is arrived at independently if we imagine a 
system of point-sources, such as the origin in (6), to be distributed 
uniformly along a straight line,t say the axis of z, distance from 

which is denoted in (11) by ~. | 
The direct verification of (11) by substitution in the differential 


equation (2) is a matter of some nicety. Taking the first term alone, 
as in (9), we find, subject to certain conditions, 


, (2 0 CO? 
fe (Se+> a) ae 


= I" { sinh’ Te ee (t— —— cosh u) — © eoshu Si (i- ” cosh u) ; du 
0 r ¢ 

= ae & ¢(t—*eosh«] du 
jn 0 Ow ¢ 


as sinhw. f” (t— cosh u) | ah 


u=0 










ns referred to are obviously satisfied whenever f (z) 
negative values of z exceeding a certain limit, as well as 





3 point out that a result equivalent to (9) was obtained (in a different 
evi-Civita, Nuovo Cimento, Ser. 4, t. vi. (1897). 

method by which Rayleigh (doc. cit.) deduces (8) from the formula 
20nic point-source in three dimensions. 
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in other cases less easily defined.* Again, 
Od 9 


—2rr = 4 cosh w. f’ (¢- S cosh w) du 
; Or C 0 C 


= al (sinh w-+e>") f’ (t— "cosh n) du 
Geely C 


= -| 0 (t= cosh w) du+ x aad fi (¢— = cosh w] du 
C C c 


» Ou 
=—— Ei (¢— “cosh u).| + at Care (e— ~~ cosh u) du 
Soe i. of’ (t— cosh n) du, 
under similar restrictions. Hence 
lim (—2nr 4) = F(Z), (13) 


which verifies the statement previously made, as to the strength of 
the source in (9).+ 

A similar process will apply to the second term in (11), subject to 
certain restrictions which are obviously fulfilled when F'(z) vanishes 
for positive values of z exceeding a certain limit. 


It may be remarked that from (11) we ean derive ihe general 
solution of (1), by a known analogy. In polar coordinates we have 


Reese (= =) {® (r,t) cos nO +¥ (r,t) sin nO?, (14) 
r 
where ®(7,¢) and W (r,t) are functions of the same type as the 
right-hand member of (11). 


2. We may apply the formula (9) to trace the effect of a temporary 
source at the origin varying according to some simple, prescribed 
law. The most immediate interpretation of our resultggyidbebe, to 
suppose that denotes the transverse displacement at 


ne 


an unlimited tense membrane. The waves are then du 














* The verification is very similar to that given by Levi-Civita. 
marked that the process may fail, owing to the form of f, even wher 
solution of (2). Aninstance is supplied by the function (8). 

+ In the application to sound-waves the definition of ¢ is suppo 
the author’s Hydrodynamics, so that the radial velocity is —d@/ 
‘‘condensation,’’ we have on the same convention ¢?s = d/dt. 
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application of normal force at the origin, whose aggregate amount, 
reckoned in the direction of ¢ positive, is f(t) multiplied by the 
tension of the membrane. This appears at once from (13). 

If we suppose that everything is quiescent until the time ¢ = 0, so 
that f(t) vanishes for negative values of ¢, we see from (9), or from 
the equivalent form 


tere 
Ome -| (Maes | (15) 


leay Le-9'— S} 





that @ vanishes at any point so long as ¢<vr/c. If, moreover, the 
source acts only for a finite time 7, so that f(t) = 0 for t>7, we have, 
for ¢>r/c+r, | T 

lab = BU a (16) 


Yl Orel 


0 





This expression does not as a rule vanish; the wave accordingly 
is not sharply defined in the rear, as it is in front, but has, on the 
contrary, a sort of “ tail,’ whose form, when t—7/c is large com- 
pared with 7, is given approximately by the formula* 


oii reca ee (17) 


eee 
v ( 


As a first example, let us suppose that the source is constant during 
the interval of its existence, say, 


Tat ean Oto ten 
| ome OL eee bacon 
Eee TOT bio T. 
We easily find from (9) that 
ord = 0, forse 
C 


= cosh7? fone << ae) 
r c c 


Sesh! — cosh) Aes y formant > —— +r 
r r c 








* The existence of the ‘‘tail,’’ in the case of cylindrical electric waves, was noted 
by Heaviside, Joc. cit. 


VOL. Xxxv.—No. 799. L 
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To tabulate the results, we require a series of values of a variable ~ 
corresponding to equidistant values of cosh w. For this purpose 
existing tables of the hyperbolic functions are not very convenient: 
but for the more important part of the wave it is sufficient to assume 





cosh uw = 1+ 42’, (19) 
where z’ is small; this makes 
u=2z(l—-yv’t+e352*—...). (20) 
The first two terms of the series are alone sensible within the range 
of the following table. . 
cosh 2 | u || cosh w u cosh «% u 
1:000 0 1:010 1413 1-020 1997 
1 ‘0447 1 "1482 25 2231 
2 0632 2 1548 30 "24.43 
3 ‘0774 +) ‘1611 30 2638 
4, ‘0894: 4, AMevel 40 2819 
5 ‘1000 5 -1730 45 "2989 
6 "1095 6 1787 50 3149 
oe anes 7 | “1841 = es) 
8 "1264 8 oOo mad 
9 1341 9 "1946 


























The diagram (Fig. 1), constructed with ¢ as ordinate and ¢ as 
abscissa, exhibits the variation of ¢ at a particular point (7 = 100cr) 





MiGs 
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as the wave passes over it. Within the range shown, the same curve 
also indicates very fairly the profile of the wave after a time ¢ which 
is about equal to 1007, it being understood, of course (in this inter- 
pretation), that the direction of propagation is from right to left. 
The abrupt front of the wave and the indefinite prolongation in the 
“tail” are well marked. 

The diagram exhibits certain peculiarities ibe to the discontinuous 
nature of the source. To obtain a representation of a source of a less 
abrupt character, we may suppose the strength to rise uniformly 
from zero to a maximum, and then to fall uniformly to zero again at 
the same rate. We assume, therefore, 


sg) for t<—r, 


mee en ee? for —r<t<QO; 
T 


ee Maa TOY mOe = taurus 
a4 


=: POR tt ye 


We find, from (9), or (15), after some reductions, 





2ro=0, for t << ——r 
C 
al {ere } fore eerie 
cr 0 C 
==(x}° +7) } 9, (“)], for —<t<—+r 


een (2). tor ¢> ee 


where x (#) = # cosh a— /(#—1) 
(21) 


This suggests the tabulation of the function ucoshu—sinh w for 
equidistant values of coshu. If we put 


cosh u = 1442 
as before, we find 


u cosh wu—sinh w = 428 (l—dor t+ ageot*— +) 5 (22) 
L 2 
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the third term is just sensible towards the end of the following 
table. 





























coshu j|«coshw—sinh w|| coshw ju coshw—sinhw | cosha wcoshu—sinh x 
1:000 0 1:010 ‘0009423 1:020 | ‘0026640 

1 ‘0000298 1 ‘0010871 5 37221 

2 843 2 12386 30 48917 

3 ‘0001549 3 13966 5) 61627 

4 2385 4A. 15607 40 | 15279 

5 SOOO mE 5 17308 a 89799 

6 4380 |, 6. 19065 || 50 | -0105148 

7 5520 tapes 20880 

8 6743 8 22748 | 

9 8046 9 24668 











The relation between ¢ and ¢ at a distance r= 100cr is shown in 
Fig. 2, which corresponds in scale with Fig. 1, the time-integral of 





Fie. 2. 


the source being the same in each case. It will be noticed that there 
is now no abrupt change of direction in the curve—only changes of 
curvature. 


3. A solitary wave, free from every degree of discontinuity, is 
obtained if we assume a source 


f{@oO= rat (23) 


This has, it is true, no definite beginning or ending, but the preceding 
examples enable us to understand what features in the result we to 


1902.] Wave-Propagation in Two Dimensions. 149 


be attributed solely to this cause. For purposes of calculation it is 
a little simpler to assume 





f@Q => (24) 


and retain, in the end, ae the imaginary part.* We have then, 


from (9), re = 


= cosh u—iT 
1 
ae 2| ia aa (25) 
of— ne —ir— (t+ a —ir) 2 
Cc C 
where z = tanh gw. 
We now write 
r . == -2ia r | — 2, - 218 
t—— —ir = ae", t+——uztr = be, (26) 
Cc Cc 


where we may suppose that a, b are positive, and that the angles 2a, 
26 lie between 0 and z. We have 


i (7) a ee (t+ r) 47 
(t 


tan 2a = CTE tan 28 = — 
ct—r ae 


(27) 








It appears that aS b according as ie O, and that a—£ lies between 
Oand 47. With this notation 


dz 
ap = 2) Gents pig iP GA 


ae 


| = me) dz sal a, 
ab Opt = oniew oo ae, 


fee) ee, ( Cates iat Vee (.— 2 -i(a-p) ; 
as log at 5 € ) log {z 5° ) . (28) 








* Of. Lord Kelvin, Phil. Mag., Feb., 1899, p. 189. The graph of the function 
(23) is the curve marked 4 in Fig. 6, p. 157 
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To interpret the logarithms, let us mark, in the plane of a complex 
variable z, the points 


U 


Ue eee 3 eA) Ox - en ila-B). 





eines, 3}. 


Since the integrals in the second line of (28) are to be taken along 
the path OJ, the proper value of the third line is 


See | (log 2 +i. OPI) — (log =e — i. oat) }, (29) 


where real logarithms and positive values of the angles are to be 
understood. Hence, es all but the imaginary part, we find 


rate 7 sin (qe By loge 73 Pines 5-005 (a+f)(OPI+0QI), (30) 


as the expression of the disturbance due to the source (23). Since 








b sin (a—f) bsin (a—/) 
ti OPI = t he 
re a+beos (a—[)’ as! a—bcos (a—f)’ 
REP awa ONENE 
TL) eae sete 


» (BI) 





@ is uniquely determined as a function of a, b, a, 6, and thence, by 
(27), of r and ¢. 
Some special points may be noted. When ¢t = 0, we have 


a2 + 
: CT 
a=b=(T +r), a+B=4nr, tan26= a 


c 1+tan B ay 
JV (7 + c?r”) lente B (oo 


and therefore 2rp = 
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This may be confirmed by an independent calculation from (9), with 
t=O throughout. If r be large compared with cr, the formula 
makes 2r@ = c’r/7*, approximately. 

Again, when ¢ is large compared with 1/c (as well as with r), and 
uegative, we find 


ce T Y 
a+b =a7+—, SSfeye 3, 
B pA Pere ct’ 


a= /(—t4 "), b= \/(-#- 4). 


approximately, whence 


OPT = 


| 


1 7 
=.=, 0Ql=— 


a ks 


Keeping only the most important term in (30), we obtain 





yet ee fa haces “log (— =), (33) 
( i A b a 
ves 
On the other hand, when ¢ is large compared with 1/c, and positive, 


i (e heds 
=—— a—p = —, — 
Or estes cord 


a= 4/(*-4), o (+4), 


approximately, and 


Ries see UO fe ee 
Y ae ay a 


The most important part of (30) is then 

T 
Vv (*-4) 
which agrees with (17) when the limits of integration are suitably 


modified. 
The crest of the wave at any instant will be in the neighbourhood 


arp = (34) 


of r=ct. If we put 7 = ct, exactly, we have 


C 


be ice 
a. 29, tan 28 = 5, Care b= (a+), 
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If, moreover, r be large compared with er, the angle PIQ will be 
small, and 

m= EV) 

Ry 2r J vr]? CY, 


To examine more closely the progress of the disturbance at a 
distance 7 which is large compared with c7, as the crest of the wave 


approximately. 


passes, we put 


(= ” 47 tan n. 
Cc 


This makes a=in—in, a=Vv(rsecy), 
; OMe ACT ret [227% 
whilst B=i-—, b= (=), 
r - c 


approximately, provided 7/cr be large compared with the greatest 
value of tan 7 considered. The ratio a/b will then be small, so that 
IP/IQ = 1, nearly, whilst P[Q is a small angle. The most important 
part of (30) is then 


ano = 5008 eS ae (=) cos (47—4n) /(cos 9). (36) 


The following table gives a series of values of the functions 


2=tann, y=cos ({7—34n)./(cosn). 























Qn ie x y Qnfm | a y 

0 0 | -707 | +5 1-000) $139) 
41 | £158 | ee 46 | £1376 ese 
4-2 | 4:325 ee 4:7 | 41-968 | ee 
43 | 4510 | 498 +8 43078 | ieee 
44 | 4-727 ae £9 | +6314 | ee 














The maximum value of y is ‘806, corresponding to 7= 47, or 
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t=r/ce+'5777. The curve in Fig. 4, constructed with a, y as co- 
ordinates, shows the variation of # with t. 





em ew mw ow ee ee 


4. The most interesting feature in the preceding diagrams is, of 
course, the unsymmetrical character of the wave, and the prolongation 
of its rear in the form of the “ tail” already referred to. If, however, 
the source change its sign, and especially if its time-integral be zero, 
the positive and negative tails will tend to obliterate one another, 
although they are not without influence on the residual wave-form. 
The almost complete cancelling in the special case mentioned is 
evident from the approximate formula (17). Toillustrate the matter 
further, we may suppose the temporary constant source of § 2 to be 
followed immediately by a negative source of equal strength and 
duration. The resulting curve, easily constructed from the numerical 
table given on p. 146, is shown in Fig. 5. The tail is now insignificant, 





Rigs 5. 


but it will be noticed that the depression which follows the primary 
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elevation has only about one-half its ampltude.* It is plain, more- 
over, that in any case of a periodic source suddenly beginning to act 
the first wave will be much higher than those which follow it. 

Now that we are in possession of a number of examples (which 
might easily be multiplied) of the propagation of a solitary wave in 
two dimensions, it is of interest to examine how they are related to 
the corresponding results in one and in three dimensions. 

The equation (1) is included in the general form 


Oo _ 2 (ee Op Op 
— =C Fett tips eee = ’ 37 
ae oo ae tae tt a) Ce 
which has been called the equation of wave-motion in » dimensions. 
In the case of symmetry about the origin, this reduces to 


Op _ 2/0 | n—1 09 
BAe a a Cy 


which includes (2) and (5) as particular cases. The equation (37) 
has been very fully discussed by Duhem,f who has insisted on the 
exceptional position occupied by the cases n = 1, n = 3; in particular 
he has shown, amongst other things, that it is only in these cases 
that (88) admits of a solution of the type 








o=(r)f (t- 4). (39) 


However interesting and important such investigations may be from 
an analytical pot of view, we must recognize that what they chiefly 
determine is the comparative facility of mathematical expression in 
the various cases. From a physical standpoint, the idea that the 
cases 1» = 1, n= 3 are closely analogous, whilst that of n =2 occupies 
a sort of exceptional and outlying position, would be wholly mis- 
leading. <A truer account of the matter would be to say that the 
cases n= 1, n= 2, n=8 form a sequence, with a regular gradation of 
properties due to the increasing degree of mobility of the medium.{ 








* A further illustration is supplied accidentally by the diagrams on p. 157. The 
curve B shows the relation between ¢ and ¢ for a source whose graph has the form @. 

t Hydrodynamique, Elasticité, Acoustique, Paris, 1891, Vol. 11., p. 188. 

{ The one common characteristic is that the boundary of a disturbed region 
spreads everywhere normally with the constant velocity c. It would be interesting 
to have a proof of this property direct from the differential equation (37). Duhem, 
adopting a method of Hugoniot, endeavours to supply this. The argument is 
interesting, but I do not think that it amounts to a demonstration. It appears to 
assume tacitly that the disturbance spreads at some finite rate ; if this be granted, the 
conclusion that the rate is constant appears to be unexceptionable. 
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For the sake of a definite comparison between the three cases, we 
may take the case of air-waves, and examine the effect (A) of a 
plane-source, (B) of a line-source, and (C) of a point-source, whose 
“strength” is given in each case by (23). The results may be con- 
veniently expressed in terms of the condensation s, which is given by 
the formula 





Hence (40) 
Ot 
(A) In the case n = 1, we find, for 2 > 0, 
T 1 
s= ; (41) 
2c Ne Pai 
(eat 


(B) When n = 2, the value of s is to be deduced from (30). Near 
the “crest”’ of the wave a sufficient approximation is obtained by - 
differentiating (36) with respect to 7tany. We thus find 


1 Ger : 3 
°= gray (J) sin Ga — dn) cost ie 
The values of the functions 
2=tany, y = sin (47—8y) cost n 


are tabulated below. 




















LO ai y Se Ages eT eters 

+1 4158 eee | .-6 | 21-376 Sey 
zo tas | {t3R)a-7 |sro0s | {283 
+°3 | 4°510 | ee 8 | 49078 | (— 118 
4 | 4-727 | ee (£9 £6314 fa 





| | 








* Maximum. ¢ Minimum. 
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(C) In three dimensions we have 


r 


Arr) = — =, (43) 
i t) +0 
C 


— —§ 
T C 


fas ee eee (44) 


27? rf (tt) eek 
on 


The three cases are represented, with s as ordinate and ¢ as abscissa, 
on p. 157. The scale of ¢ is the same in each case, but there is, of 
course, no relation between the vertical scales. In (A) we have a 
wave of pure condensation; in (B) the primary condensation is 
followed by a rarefaction of less amount, but lasting for a longer time ; 
whilst in (C) the condensation and rarefaction are anti-symmetrical. 
In (B) and (C) alike we necessarily have, at any point, 


\ LA (45) 


-®D 


in virtue of (40). If the source had been strictly limited in duration, 
the medium, in the case of three dimensions, would have remained 
absolutely* at rest after the passage of the wave, as in the case of 
one dimension, although for a different reason. In the intermediate 
case of two dimensions, there is only an asymptotic approach to rest. 


5. If in a two-dimensional medium free from singular points we 
wish to calculate the disturbance consequent on arbitrary initial 
(symmetrical) conditions, it is probably simplest to adopt the method 





* The statement has reference to a point-source. If a source f(t) be uniformly 
distributed over the surface of a sphere of radius a, we have 


c -(rea)e 
Amr = £.¢-[et-(r-a)ya [ F(A) ela dn 
A a —o 
(9? Cite r—a 
LV =| f (1-5 4-0) e- 4 dQ, 
é a 0 c 


as may be easily verified. If f(¢)=0 for t<0 and for ¢>7, we find, for 
t>(r—a)/e+7, - 
4nrp = = e-tet-tr-ate | Ff (a) ecala da, 
0 
so that falls only asymptoticaliy to0. But when ct—r is only a moderate multiple 
of a the residual disturbance is already very small. 
This point was noticed by Stokes (/.c. ate) in connection with the same problem. 
Reference may also be made to Kirchhoff, Mechanix, c. xxiii. 
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indicated by Rayleigh,* treating the problem as a particular case of 
motion in three dimensions. If, however, we wish to follow a more 
analytical procedure, we require, in the first instance, the solution of 
the following subsidiary problem:—Given a function f, to find a 
function F’, such that 


\ Ti peognaay deny (46) 


0 
Provided f (#2 ) = 0, a condition naturally fulfilled in the applications 
we have in view, the solution is 


2) 


F(z)=—- 2 z | f’ (cosh v) dv. (47) 


0 
For this makes 


| F (r cosh u) du = — 2 7 cosh u du | f’ (vcosh u cosh v) dv. (48) 
0 9 0 


Let us now write 


*x=rcoshucoshv, y=rcosh ux sinh», 


so that 0 (2, y) = 7" sinh wu cosh wu. 


O (u, v) 


Transforming to #, y as independent variables, we have 


fs 2 f’ (x) dadr 
F (r cosh w) du = — — (| y 
( ) 7 J (xy? —7")’ Co) 
where. the integrations extend over that part of the plane ay which 
lies above the axis of # and to the right of the positive branch of the 
hyperbola #°—y’= 7°. If we integrate first with respect to y, we find 





oe) ro : 
F (r cosh u) du = — | f (@)dw;>+ +(r) (50) 


“0 
so that (46) is satisfied, subject to the condition stated.t © 


Writing (11) in the now slightly more convenient form 


o= | f (a@—r cosh wu) du | F' (ct+rcosh uw) du, (51) 
0 0 





* Sound, § 275. 

+ This determination of the unknown function F in (46) is suggested by an 
investigation of Schlémilch, which is reproduced in Todhunter’s Functions of 
Laplace, &c., § 441. | 
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we have to determine the arbitrary functions so that 


By yay heer ot : 
g9=y(r), Ag Xk); (52) 


say, for t= 0; that is, we must have 


| tf(-r cosh w) +F' (7 cosh w) } du = (7) 


0 


: (53) 
\ if(-r cosh w) + F’(r cosh x) ¢ du = a x (7) 
These conditions will be satisfied, in virtue of (47), provided 
f(—)+F@=-™ | Piigicos hea (54) 
0 
and f(-y)4+FPy)=- | x (x cosh v) dv, (55) 
‘ J0 


it being assumed that (7) and xy (r) vanish for r=. The con- 
dition (55) may be replaced by 


D 


f(—1)-F(r) = = r ar x’ (7 cosh v) dv, (56) 


where the lower limit of the integration with respect to r is in- 
different. The solution of our problem is now virtually complete ; 
for (54) and (56) determine f for positive and F' for negative values 
of the argument, whilst the determination of f for positive arguments 


i lied 
1s supplied by (ane FF (et) 22 0, (57) 


which is the condition of “ continuity ” at the origin.* 
As an example, suppose that initially ¢ = 0, everywhere, whilst 
0o/dt =1 for r<a, and =0 for r>a.+ We have, from (54), 
f(—r)4+f(r) = 0. (58) 
Again, in (56) we have, denoting by e an infinitely small positive 
constant, 


x ate (2) dz 1 
Lay fis } , d oa ie (z) ND 
| ee OO) te ie J/(2—27") /(a—r) 











* Of. Rayleigh, Sound, § 279. 
+ The corresponding problem in three dimensions is solved: in Hydrodynamics, 
§ 264. 
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provided r<a, whilst for r>a theintegrand vanishes. Hence, taking 
a for the unindicated lower limit in (56), we find 


Bae me rr ba 
f(—)-F 0) =2 vie-"), for r< | er 
==) for r>a. 
From (57), (58), (59) we infer 
fm =f(-7) =—-FC) 
mes vr r r<a; 
at ay vA to <a; (60) 


=i0), for r>a. 


To trace the course of the disturbance at a distance + which is >a, 
we remark, in the first place, that, since ct+7coshw >a, the second 
term in (51) disappears, and we have accordingly to deal with a 
diverging wave only. Again, so long as ct<r—a, we have 
| ct—r coshu| > a, and therefore ¢ = 0. When r—a< ct < r+a, we 
find 

= — J {a*—(ct—1 cosh u)*} du; (61) 


7C 


1 cosh ~! (ct-+a)/r 
|, 
whilst, for ct > r+a, 


h—! (et Tr 
ao i. ea J {a?—(ct—r cosh w)*} du. (62) 


ee 


TC J eosh-! (ct -a)/r 


The last result may also be written 





oe ee a cos? 6 dé 
ery = J/{(ct+a sin 6)?—2}’ CY 
or, for large values of ct—r,* ; 
“ (64) 


9 = PA) 


6. It would be of interest to examine whether the energy of a free 
progressive wave in two dimensions is equally divided between the 
kinetic and the potential forms. That this is the case in one 
dimension is well known, and the proof for spherical waves is easily 
supplied. For we have, identically, 


= YS 











* This may be compared with Rayleigh, Sound, § 275, equation (1). 
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If we assume ro =f (ct—r), (65) 
and put em al ots — OP 

Or ot 
this may be written = 9? = ¢ rs’ — 0 (r9") (66) 


? 


Hence | Spw? .4rrdr = | 4pc°s’. Aar'dr, (67) 
0 0 

if we suppose that 7’ vanishes at the inner and outer boundaries of 

the wave. 

The direct examination of the question for the case of cylindrical 
waves, starting from the formula (9), would not appear to be easy. 
If we try to adapt the indirect method given by Rayleigh* for the 
case of plane waves, the argument would run somewhat as follows :— 
Consider at any instant (which we may conveniently take: as origin 
of ¢) an arbitrary diverging wave A, and also the converging wave B 
which is obtained from A by reversing the velocity of every particle . 
It is plain that an initial disturbance (4+ 8B) constructed by super- 
posing these would split up into the two waves A and B, and that, 
uf in the subsequent motion these become wholly separate, the sum of the 
energies of A and B can be asserted to be equal to the initial energy 
of the disturbance A+B. Now the energies of A and B alone are 
constant, and are initially equal, and the initial energy of A is there- 
fore half that of A+B. Since the latter is wholly potential, and 
equal to four times the initial potential energy of A, the desired con- 
clusion follows. 

The proviso in italics would seem to be essential to the argument. 
It is satisfied in the case of spherical waves, but not in the case of 
eylindrical waves, at all events such as result from a lhmited original 
disturbance. 





* Sound, Vol. 11., § 245. 
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Expansions by means of Lamé’s Functions. By A. C. Drxon. 
Received September 19th, 1902. Read November 13th, 
1902. 


I have found myself hampered lately by the want of strict proofs 
of the validity of expansions by means of Lamé’s functions. The 
present paper is meant to supply this want, and to give the reader a 
fairly connected idea of the analytical theory, so far as it relates to 
the determination of a potential or harmonic function whose values 
on an ellipsoidal surface are given. The better known parts of the 
theory have only been sketched. 

An important development, which I have not met with before, is 
the use of Lamé’s functions to express functions in a double space, 
analogous to a Riemann surface. 

The notation used for elliptic functions will, I think, be found to 
have advantages in working with ellipsoidal coordinates. 

The works that I have chiefly consulted are the papers of Lamé 
and Liouville, and the treatises of Heine (Kugelfwnctionen) and 
Halphen (lonctions elliptiques, Vol. 11.).* 


1. In working with ellipsoidal coordinates we shall use the follow- 
ing notation. We shall write aw, bu, cu for the square roots of a’+A, 
b’ +X, +A, where A, uw are connected by the relation 


2u = | { (a+) (b°+ 0) (c? + 8) }-* dé. ay 
When wis real, positive, and small the values of aw, bu, cw will be 


taken positive. In formule there will be complete symmetry as to 
a, b,c. For instance, to differentiate we have 


au = — bucu 
bu =—cuau ry. (2) 
cu = —au bu 


* The paragraphs that I recognize as due in substance to earlier writers are 
2-7, 14, 20 and in part 10, 15. 
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The addition theorem is 
a(u+v) = (au bv cv—av bu cu) | (a@v—au), (3) 
with two similar equations. 
Let a, 6, y be the half periods, so that 


Gu U0 = cy — Oem pi 0-0 eo y = Gc, XC: (4) 
The formule for the addition of half periods are of the types 


a(atu) = wa/au 
ee. x 
a(B+u) = aB cu/bu 


The three functions au, bu, cw are odd and for small values of w 
approach the limiting form w7'. 

We shall suppose a’?—b” and b’—c* positive ; thus y may be taken 
real and positive, « purely imaginary, and of the same sign asc; 


(3 will be fixed by the equation 
a+Ppt+y = 0. (6): 


Then ay, by, tba, tca, —a/3, —«cf are all positive. 
The relations between the Cartesian coordinates 2, y, z and the 
ellipsoidal coordinates wu, v, w are 








2 2 2 
2 Z 
—+4£+5=1 
aut * bu Ct 
a y 2 
=] Z 
av 4) by a ev : (4) 
Z ae 2 
Se eee 
aw bw cw 
or 2 = auavaw /ap ay 
y = bu bv bw/by ba 7. (8) 


z= cucucw/cacH 


Of the three arguments, wu is purely real, the real part of v is an odd 

multiple of y, and the imaginary part of w an odd multiple of a; we 

shall suppose v to range between B+2a and w between B+2y, and 

then for any fixed value of w the corresponding ellipsoid will be 

covered twice, the points uw, v, w and uw, 23—v, 28—w coinciding. 

NE vu>oey>ay> ap > aw > 0. (9) 
M 2 
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Double integrals of the form 


Whee 


often occur, dS being an element of area on the surface of the 





ellipsoid «= const., and dy an element of the outward normal to 
that surface. Since 
dv = — (au—a’v)* (au—aw)? du | (10) 
dS = — + (e@u—a’v)? (wu—aw) (av— aw) dvdw 
this double integral becomes 
\| d oy L(a’v—a’w) dvdw, 
Ou 


and we shall write dw for the positive quantity 


—t (a@v—aw) dvdw. 


2. The transformation of Laplace’s equation 


Ob Hp , Old ll 
SS eee kao ae Oe 
is (au— cu) 9 , + (aw—aiu) OF + umatr) SF = 0, (12) 


and Lamé pointed out that, if this equation was satisfied by a value 
for @ of the form fu fvfw, then the function f must be a solution of 


the equation flu = fu(Aau+ B), (13) 


A, B being constants. 

Lamé’s functions are rational integral algebraic expressions in az, 
bu, cu, satisfying equations of the type (13). It is readily seen that 
such expressions will contain terms of odd degree only or else terms 
of even degree only, and that, if m is the degree of the highest term, 
A=n(n+l1). The general expression of the n-th degree that is to 
be considered may thus be written— 


poa'u+pa"-u+ pa" *u+...+bu (qga"w+q,a" -ut+...) 
+ cu (7,a"u+r, a" Put...) 
+ bucu (6. a" tuts a wee 

0 i ? 


and it contains 2n+1 terms. If it is substituted for fu in the equation 
(13), the terms of the degree n + 2 will disappear on account of the value 
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chosen for A, and there will be 2n+ 1 linear homogeneous equations that 
must be satisfied by the 2n+1 coefficients p, q, 7, s. These equations 
are also linear in B, and thus the result of eliminating p, q, 7, s is an 
equation for B of the degree of 2n+1. A value satisfying this equa- 
tion having been taken for B, the ratios of the coefficients p, q, 7, s are 
determinate,* and thus the function fu is found. A term in fu con- 
sists of a power of aw multiplied by one or other, or both, or neither 
of the factors bu, cu, and a term of any one of these four forms gives 
terms of the same form only in jf". Hence it appears that Lame’s 
functions are of four kinds, in each of which terms occur of one of 
the four forms only, and the equation for B accordingly breaks up 
into four factors. 


3. Now let fu, fw denote two of Lamé’s functions. The products 
fufofw, or >, and fufwfw, or >, satisfy the equation (11), and 
have no singularity except at infinity, since they are, as is readily 
proved, rational integral algebraic expressions in a, y, z. Hence 


| (o—4, es) dw = 0, (14) 


by Green’s equation, if the integral is taken over any ellipsoid u. 
The integral is doubled in value if we take 6 + 2a as the limits for v 
and 6 + 2y for w, and these limits will always be understood when 
no others are stated or implied. Substituting for ¢, ¢,, we have 


(fufiu— uf) | fo fw fw fw dw = 0 


for all real values of w between 0 and y. 


The first factor does not vanish unless fu, f,w are practically the 
same, their ratio being constant. Hence, if f, f, are different Lame 
functions 


[fo fw fy fiw dw = 0. (15) 


4, From (15) it follows that all the roots of the equation for B are 
real. For, if B, B, were two conjugate complex roots, they would 
give conjugate complex values to the coefficients in the corresponding 





* It is found later (§ 4) that the equation for B has no double root, and hence this 
statement is justified. 
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functions f,f, Hence fvfv and fwf,w would be of constant sign 
over the surface, and the equation (15) could not therefore be true. 

In somewhat the same way it may be proved that the equation 
for B cannot have equal roots. If a root B were repeated, then 
a quantity C and the coefficients in an expression gu of the same 
form as fu could be so chosen that the coefficient of ¢ in 


Q 
‘ 5 (fu+equ)—(Awu+ B+eC) (fut egu) 
u 


should vanish. That is, we should have 


gu = (Aa’u + B) gu+ Cfu. (16) 





Then gufvfw+fugvfwt+fufv gw would satisfy Laplace’s equation 
(11) and could be put in the place of ¢, in equation (14), since it 
would be a rational integral algebraic function of a, y,z. The result 
would be 

(g'u fu—f'u gu) (fro f?wdw = 0, 
which is impossible, as gu is not a mere constant multiple of fu, and 
the subject of integration 1s of constant sign. 

If C were zero, this argument would fail, since gu need not then 
be of the same form as fu, but only of the same degree, and then the 
expression put for ¢, would not be rational in a, y, z. -We should, 
however, have from the differential equation 


g ufu—guf’u =), 


and therefore gufu—gufu=h, a constant. 
Thus 2h fu gu = fru a) gu—gru ue fru 
du ~ au 


= au bu cu X an expression rational in a?w. 
This is impossible, unless h = 0, since fu gu is of even degree, 2n, in 
au, bu, cu; hence, again, 
g'u fu—gu fu =0; 
so that f, g are the same function practically. 
Hence all the roots of the equation for B are real and distinct, and 


for any value of the order » there are 2n+1 distinct Lamé functions 
with real coefficients. 


5. The next matters to be discussed are superior and inferior 
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limits to the value of B, and the distribution of the values of w for 
which fw vanishes. 

Now f*u is a quantic in a’u, and hence its derivative 2fu f’w con- 
tains the factor au bucu, and vanishes ata, 8, y; thus, for each of 
these values of w, either fu or f’w is zero. They cannot both vanish 
for any value of w; otherwise, from the equation (13) and its 
derivatives, it would follow that all the successive derivatives of fu 
would vanish, which is impossible. 

The lmits between which B must lie are 0 and —n(n+1l)a’y. 
For suppose the case otherwise; then the sign of /”u/fu is constant 
when wu lies between y and y+a or between y+aanda. Take this 
sign to be positive; then the curve y = f(a+) is convex to the axis 
of a for values of the abscissa between 0 and y, and yet either y or 
dy/dx vanishes for each of these extreme values. The figure shows 
that this is absurd. If the sign of f’w/fu is taken negative, it will, 
in like manner, be found impossible to draw the curve y =f (y +4) 
for values of x between 0 and ~—ca. 

Since B lies between 0 and —n(n+1)a’y, it follows that f’u/fu is 
positive for all real values of uw. Hence fw and f’w are constant in 
sign and increase in numerical value as uw decreases from y to 0. 
The same is true of fiw and fu as uw decreases from —ta to0. When 
wu = 0, fu and f’w become infinite. 

Now /fu contains as a factor a quantic in aw, and, since fu, f'wu 
cannot vanish together, no root of this quantic can be repeated and 
none can be equal to 0 or af or ay ; also no root can be negative or 
greater than ay. The coefficients in the polynomial are algebraic 
functions of a*, 6’, c?, and no variation in a’, 6’, c? can alter the 
number of roots of the polynomial that lie between O and a6 or 
between a8 and a’y; for this would imply a transition stage in 
which two roots would be equal, or a root would be equal to 0 or 
a°B or ay. Hence the number of roots between O and a’f, say, can 
be found by considering a special case: for instance, that in which 
ro 


6. The elliptic functions then degenerate, and, writing « for the 


value of aB or ay, we have 
au = « coth cu (17) 


bu = cu = k cosech ku 


Putting v=ytid, w=—aty, 
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so that ¢, w are real, and using the formule (5), we have 


av = aybip/cup = | 
bu/by = ap/cod = cos Kp | j ; (18) 
cv/by = Cy/bycup = —csin kd 
and, similarly, aw = « tanh kw (19) 
bw = cw = ex sech cw 


Lamé’s equation (13) becomes, for fu, 








7 fn (n+1) coth?cu+ BY U; (20) 
2 
for fe, cae (n (n-+1) + BY V; (21) 
f aw = g a2 Wie i ‘ 
or fu, ys ok (v+1)«* tanh Ky + Bh W. (22) 


Now VJ, or fv, is a polynomial in sinkg, cos«g@ of degree not higher 
than n, and, if it is to satisfy the equation (21),it must be a multiple 
of sin mk (m = 1, 2, ..., n) or cosm«o (m = O, I, 2, ..., ~), and the 
value of B will be m’x?—7 (n+1) x”. 

Thus when p» is put for tanhewp the equation (22) becomes that 
which is satisfied by the zonal factor in a tesseral harmonic, and W 
is a constant multiple of 


4 - pee se 2 
(w—1)" Sh)" 


a 





Hence W vanishes for »—m real values of ») of which one is zero 
when »—m is odd; thus the number of roots of the polynomial in 
au that lie between 0 and a*/3 is determined. 

The real values of x for which V vanishes are, when V = sin mx@, 
0, +a/m, 427/m, ..., and when V = cos mkd, +7/2m, +37/2m, .... 
To these correspond roots of the polynomial in a’u between ah 
and a’y. , 

Thus a Lamé function of any order may be distinguished from 
others of the same order by the distribution of its zeros.* Let O,,, 





* Klein, Math. Ann., Vol. xvit1., pp. 237-244. 
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S,, denote those for which, in the limit when b=c, V becomes 
COS Mk, Sin mkp respectively. Then the distribution is as follows :— 








; 


nm even | n odd 
Zeros of Com - 1 Com Som =i Son | Com =i Com Son = Son 

Cone 1 0 l | 0 0 l 0 1 
| From a to at 2y* | nu —2Qim | n—2m | n—2m | n—-2Qm | n—2m4+1 | n—2m—1 | n—2m 41 | n-—2m—1 
| | 
) BAG OEY oc sceees 1 0 0 1 1 0 0 1 
From 2a+ 7 to y* | 2m—2 2m 2m —2 | 2m— 2 2m —2 2m 2m — 2 2m — 2 
re 0 0 1 ih 0 | 0 | l 1 


























* Exclusive of the half periods. 
It follows that whenever fu vanishes a’wis real. The classification 
might have been arrived at by considering the other extreme case, 
a = 6, instead. 

The process that we have used for finding the fourth row in the 
table amounts to this: that we write a?—b? sin’ k@— c’ cos’ «p for a*w in 
Ju, divide out by as high a power as possible of b’—c*, and then put 
be =c’. This reduces C,,, S,, to multiples of cos m«g, sin mxp; so 
that their zeros are known. 


7. In discussing expansions by means of Lamé’s functions it seems 
necessary to consider another limiting case—namely, that in which 
a’—b*, b*—c are made infinitesimal in some given ratio. The 
ellipsoids of the confocal system thus become concentric spheres, and 
the hyperboloids confocal cones with vertex at the centre. The 
real argument uw must be taken as infinitesimal, and, since in the 


1 


limit it becomes 7~*, we are led to the following equations :— 














ee own Ve bv bw — cv cw (23) 
aps ay’ by ba’ ca cf 
These only contain the ratios of a?—0?, b?—c?, av, aw, and so hence- 
forth these quantities need not be supposed infinitesimal. Laplace’s 
equation (11) becomes 
O / ,0¢ Oy , Oo 
vv—a’w) — (7 =" — ~~ + = 0). (24) 
ei aN ie ae/-0 amyl Oi 
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Any spherical surface harmonic of order 7 is a function of v, w, and 
the equation it satisfies is 
orp —_ op = n(n+1)(av—aw) ¢. (25) 
Ov? dw? 


This is satisfied by the 2n+1 products fufw; so that these are 
surface harmonics. Let constant multiples of them be denoted by 
Oo, 91, 3, ..-5 An. +The element of surface on the sphere is r’dw, 
and we proved above that 


{9,0,dw=0 (p#q). (26) 


In each of the functions 6 there is an arbitrary constant factor. Let 
this be so chosen that 


(Ode = Sr/Qn+1) (p= 0; 120,20) CD 


This would only be impossible if | f’vf?w dw were zero, which cannot 


be, since the subject of integration is of constant sign. It follows 
that the harmonics 4, 6,, 4, ..., 6, are linearly independent ; for, if 
0,,, say, could be expressed in the form 


X 6+ a,0,+ tee + Gen-1 Aon —15 


we should have, since 


{ Oo, 6,,dw — 0 (p x 2n), 
that 6,,dw = 0, 
which is untrue. 


8. A set of 2n+1 complete spherical surface harmonics, 
Oo. Fr «++) Fn, Of order n, such that 


fo,o,dwo=0 (p#q), (28) 
{ ofdw = 82/(2n+1), (29) 


has one or two important properties. Since the functions are linearly 
independent, any other complete harmonic of order 1 can be expressed 
as a linear function of them. Take, for instance, P,, (cos PP’), where 
P is the current point, P’ a fixed point on the sphere. Thus we have 


2 (COs PR roe yO eye 
where 82a, = (2n+1) | P, (cos PP’) o, dw, 


as we find on multiplying both sides by o, and integrating. Now, 
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by a known theorem, since o, is a complete surface harmonic of 
order x, and the sphere is covered twice in the integration, 


| P,, (cos PP’) ¢,dw = 8ra;,/(2n +1), 


where o;, denotes the value of c, at P’. Hence 


/ 


a py 


9 =O: 


and P,, (cos PP’) = o,0,+0,0,+0,0,+... to 2n+1 terms. (30) 


Taking P’ to coincide with P, we have 
Geo. he, ae, 1h (31) 


We may call oy, 6, ..., 0, a canonical set of surface harmonics of 
order x, and thus it follows from (31) that two canonical sets are 
connected by an orthogonal substitution. The converse also holds 
that a set derived from a canonical one by an orthogonal sub- 
stitution is itself canonical. 

_ Now the products 6,, 6,, ..., :, form a canonical set, and thus it 
follows from (31) that no one of them can have a greater value 
than unity at any point of the surface. 


9. We can now conveniently fix the constant factor in Lamé’s 
function fu. The function will be taken positive for real values of w 
between O and y. Then f’» f*v is negative or positive according as 
fP does or does not vanish. Let j stand for —1 when f8 = 0, and 
for +1 when f8~0; then we shall suppose the constant factor * 
so chosen that 


[ f?v fPw dw = 8jr/(2n+1). (52) 


So then | fvfw| cannot exceed 1 at any point of the surface. 


10. The chief problem to be solved is that of finding ¢, a function 
of a, y, z, without singularity within, or else without, a given 
ellipsoid, say w,, which shall be a potential, that is, shall satisfy 
Laplace’s equation 4d =0, and which shall have assigned values 
on the surface of the ellipsoid 2). 

The first step is to express the assigned values by means of a series 
of the form kfufw. Let this value at a point (w%, v, w) be denoted 








* Prof. G. H. Darwin (Roy. Soe. Phil. Trans., Vol. cxevit.) has found another 
choice of this factor more convenient for purposes of computation. 'The factors 
could be compared by comparing the values of the integral in (32) in the two 
notations. 
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by F'(v, w); then we may consider it as belonging to the corre- 
sponding point on the unit sphere, that is, to the point 








(av aw bv bw Cv “) 
\aBay’ byba’ cac/’ 


and expand it in a series of spherical surface harmonics 
Yi+ Y44: Yoo. tole ee 


The term Y,, can then be expressed linearly in terms of the harmonics 
6, 9;, 9,, ..., 9,, and thus we have the expansion desired. 

For the present we shall assume that F'(v, w) is an analytical 
functjon of the Cartesian coordinates over the whole surface of the 
ellipsoid; then the same will hold over the surface of the sphere, 
and the series > Y,, will be convergent by ratio; thatis, the numerical 
value of Y, will everywhere be less than pq” where p, q are two 
positive quantities and q<1. (See Camb. Phil. Trans., Vol. x1x., 
Part 2, pp. 205-7.) 


let Yee i eee 

‘Then ( Yidw = 8a (K+hi +... +} y)/(Qn41). 
But \ido = Same rand wy Y, 9g" 
therefore ky ie eek, One yg 


Thus each of the coefficients k is numerically less than pg" V 2Qn-+1, 
and, if we write Y, for 3, er Gans the series Y,+Y,+... is con- 
vergent by ratio, since Y, does not exceed pq” (20+ 1)?.* The series 
whose z-th term is = | %,, | 1s also convergent by ratio. 


m= 


Since fufufw is a ieraen it is natural to suppose that the 
solution of our problem is given by the series 2h fu fv fw/fuy; for 
this is a series of terms each of which is a _ potential without 
singularity except at infinity, and when w=, it takes the form 
Sk fvfw, which is by hypothesis the expansion of f£(v,w). It is 
necessary, however, to prove (1) that the new series converges for 
all internal points, and that its sum is a potential; (2) that the limit 
of the sum when w approaches u, is the sum of the series Sk fu fw. 











* In using a result of this kind we may drop such a factor as (2”+1)? on con- 
dition of supposing g slightly increased, and possibly p increased also. 
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The expression not being a power series, the theorem of Abel’s that is 
generally applied cannot be used to prove (2). 


11. In dealing with series of this type we shall take the (n+1)-th 
term to mean the sum of the 2n+1 partial terms of order n. The 
products fufw are all numerically $1, and they may therefore be 
neglected in discussing absolute convergency. We need to prove 
that, if the series 3 | k fu, | is convergent by ratio, the same is true for 
each of the series 3|A ful, S| kf'w| for a continuous range of real 
values of w, including w, and y. 

More generally, if Aw is a function of w satisfying one of Lamé’s 


equations 
Nu = {n(n+1)eu+ Bir, 


and such that Az, or Nu, vanishes, where ~, is a fixed real quantity 
between O and 2y inclusive, and if either of the series =| hk Aw, |, 
=|kX'u,| is convergent by ratio, w, being a quantity between O and 
2y exclusive, then the two series =| kAw|, S| A’u| converge by ratio 





for a continuous range of values of w, including both u, and w,. 
Let » (6) denote Aw where w= u,+0(u,—u,), and take 6 in the 
first place to be between O and 1. Then 


pe (8) = (4-H)? fn (n+1) @u+ BY pu (8). 


Thus p’’(@), »(@) have the same sign, and the curve y= ,”(@) is 
always convex to the axis of # We may, without loss of generality, 
take «(@) and k to be positive. As @ increases (6) and »(@) in- 
crease. 

Now first let Sky (1) be convergent by ratio. Since (6) < u(1), 
the series Skp (@) is also convergent by ratio. 


1 
Also nih) av Cayee | u'(6) db > (1—6) ’(6), 
since »’(@) increases with 6. The series Sh fp (1)—p (0) ¢ is con- 
vergent by ratio; so therefore is Shp’ (6). 
Also Bh’ (8)/n (8) < (t—-%)?n(n+1) au, 


and thus Skp’’(@) also converges by ratio for values of 6 up to 
linclusive. Integrating this from @ to 1, we find that 


Sk fp" (1)—m" (8)} 
is convergent by ratio; and so therefore is Skp’(1) since Skpu'(A) 
has been proved to be. 
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Again, let Sku’ (1) be supposed convergent by ratio. The same is 
true of Skpu'(@), which is less term by term. Let 6 be a quantity 
between 6and 1. Then 

(up +6" (114 — Up) 


uw’ (6) —p’ (8) = (%— uy) | {n (n+1) au+Bi ru du 


Ug +8 (Uy — Ug) 


rae (uy —U) . 


> n (n+1)(u,—%) (A) cu du, 


« Up +4 (Uy — Up) 
since B>—n(n+1)a’y and Au>p(@) throughout the range. Now 
Sk fp’ (6')—p' (@)¢ is convergent by ratio; so then is Sku(@), and, 
since : . 
(Ln (6) =| (6a. 
sois Sky (1). 


12. The theorems are then proved for values of 6 between 0 and 1 
inclusive. We are to show that they hold for a wider range of 
values. Take 6> 1. 

Let u,, u,, us be in order of magnitude, and take a quantity 7 that 
is greater than aw for any value of w between w, and u;. Let v (8) 
stand for 


p(1) cosh § (2 +1) 9 (4—%) (6—1)} 





ee ; PA ela hw 
(Gale Crean sinh { (n+1) 9 (,—%)(8—1) }. 
Then Vv" (6) = (n4+1)? 7? (u,—4,)? v (9), 
while pe (0) — [ (n+ 1) aut B | (,—)? (0) 


thus p(0)”(6)—p" (6) (6) = 1 (6) v (0) Xa positive quantity, 
so long as uw is between w,, Us. 

Also, when @>1, v(@) is positive and increases with 6. By in- 
tegration we have then 
£4 (6) v’ (8) —n' (8) » (6) } —{u (1) QA) —p' (A) » (D)} 

= a positive quantity. 

Now (1) =n(1), YA) =4'(1); 
hence p(@) v’(6)—“u' (6) v(@) is positive, and v(@)/u(@) increases 
with 6. 


Thus p(6) < v(@), since we are taking 0< 1. Nowuw(1), w’(1) are 
both < pq" where p, q are independent of n and of g<1l. If we take 
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6>1, but <1—(log q)/n (%4~), the series ¥ kv (6) will be convergent 
by ratio, and therefore also the series Sku (0), Sky’(6). Inthe same 
way these series converge by ratio for negative values of 6 that are 
not too great. The proof does not apply to this case when wu, is 0 
or 2y; but, since Aw is then an even or odd function of u or w—2y, 
as the case may be, the theorem is otherwise evident. 


13. In the present case u= y and Aw is fu; the coefficient that 
has been called /& in §§ 11, 12 will now be called k/fau,, u, being put 
for w,. 

Now in Green’s equation 


| (pom —4, 2) dS =||| (pAd,—¢, Ad) da dy dz (33) 
Ov Ov J 


let o = fu fu fu, 


and let ¢, be the reciprocal of the distance of P or (uw, v, w) from an 
internal point (w’, v’, w’), the integration being over the surface of 
the ellipsoid u twice. We thus find 


nO Mellons tw | 
| (7 a ppt pp 


Multiply this by k/fu and sum, changing the notation to agree with 
that used in § 10; thus 





fu fw dw = 8r fu’ fu' fw’. (34) 


Sh fu fu ful fu, = s: | (3k fro fo mh a — Xk = fro fe ial dw, 
(35) 
an expression which from its form represents a potential for the 
point P, having no singularity within the ellipsoid w,. 

We conclude that, if, in the series § & fu fu fw/fuy, | k | does not exceed 
pg", where p,q are positive, q<1, and ~ is the order of Lamé’s 
function fu, then the series is convergent when y2u>wu, and re- 
presents a potential without singularity in the space enclosed by the 
ellipsoid u,.* | 

The series is also convergent by ratio in a region outside the 
ellipsoid «,. Take an ellipsoid uw in this region; in (34) write 





* [The integration on the right-hand side of (35) gives a definite result, since the 
infinite series in the subject of integration are uniformly convergent over the surface, 
and their sums are therefore continuous.—December 16th, 1902.] 
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u, v, w for w’, v’, w’, and uw, for uw, multiply by &/fu,, and sum. Thus 


fu, 0 1, f.%0 wo f., i 
UE ge | (34 Pos ° Ou, fe Rls fy J fay pm) 
which expression Tie a potential without singularity within 
the ellipsoid w;. ; 

Hence the series Sk fu fo fw/fu, is valid, and represents a potential 

without singularity, throughout the volume of an ellipsoid of the con- 
focal system outside the ellipsoid w,, and the surface w, is included in 
its region of continuity. The value of this potential when w = wu, is 
then Skfufw; that is, it fulfils the assigned boundary conditions, 
and the problem is completely solved. 


14. The value of / is easily found as a definite integral. Multiply 
the equation 
F(v, w) = Skfv fw 
by fu fw dw and integrate with the usual hmits; thus 
8xjk = (2n+1) { F(x, w) fr fw do. (36) 
The expansion is then 
Srl (v’, w’) = 3 (2n+1)jfe' fo’ | F(v, w) fof do. (37) 


This has been proved when F(v,w) is an analytical function of 
a,y,z all over the surface ; the difficulty im extending the solution 
to other cases is that one series 3 (2n+1)jfv' fu’ fufw is not con- 


vergent. 


15. With a view to this extension we shall next investigate Green’s 
function for the ellipsoid; tlt is, the potential that vanishes over 
the surface uw, and has no singularity but that of 1/PP, within this 
surface, P being the current point and P, a fixed internal point. To 
do this we must find the expansion of 1/PP,. Let (2, v4, w,) be the 
coordinates of P,, and suppose the expansion 


YPEe= Ss Ayo fu 


to hold when P les on the ellipsoid w,. It follows that 


lad 


SrA = (2n+ 1) | Pan fy fw, dey. Sud Gish 
eee 
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A is a function of %,, w,, 7, w,, and thus 
OA o/ ioe wa L 
Speen (one k ( ——— fy, fw, dw,. 39 
Ou, ( J Oug PP of Gia ( ) 


We have then 
Sr & fry Af] = ( 2h -foh) 9 | (me oP —f uy Pie) Fe fry dor, 
= (2n+1)j.8x fry fey fo, [by (34)]. 
Hence Ai= 9 6 guy ft4 fv, wr, (40) 
where gu is a function of wu such that | 
gu fa—gu fe = n+l, (41) 
and gQ0=0, since when P, is at infinity A=0. From (41), by 


differentiati 
lirerenti1ation gu fu—gu fu Le 0 : 
so that gulgu = f'ulfu, 


-and gu is the second solution of Lamé’s equation (13). Its value is 


(2n+1) fu} ee and when w is small it is approximately a constant 
nal! 


multiple of w”*'. Thus when u < u, we have 





| 1/PP, = Sj qufv fw fu, fr, fy. (42) 
Similarly, ~- __- may be expanded, and we find from (39) that 
OUy P,P, 
iB is the coefficient of fv, fw, in its expansion. Thus 
Uy 

0 1 
ee Ss TTT LO, PW: 43 
Ee jae JY us i f 1. eh 1 ( ) 


The higher derivatives and those with respect to wu, may be found 
similarly. 

Now let wo (P, P;) denote Sj guy fu fu fw fu, fr, fw,/fuy. This series 
is valid so long as P, P, are both within the ellipsoid ~, and 
also when one lies on the surface and the other within. It is a 
potential without singularity for either point, and when one point 
lies on the surface its value is 1/PP,. Hence 1/PP,—a(P, P,) is 
Green’s function, say, G(P, P,), and, substituting it for 4, in (35), we 
have the value of a potential ¢ at an internal point P, given in terms 
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of its values on the surface by the equation 


Srb(P,) = | HP) S GCP, Py) dw, (44) 


which agrees with our former result, since 


M G(P,P,) = 3i (q'u— ital #\ fo fw fu, fo, fur, 


u i% 


which becomes 3(2n+1)) fu fw fu, fo, fw, /fug when u = up. 


16. When uw, = up, GLP ae i=-10, 


and therefore oO GCP e210! 


Ou 

Our next step is to prove that the last result holds in the limit when 
u =u, and uw, approaches the limit uw. Let Q, Q, denote the limiting 
positions of P, P,, that is, the points (u,v, w) (%, 2, w,), and R, 
the image of P, in the tangent plane at Q,. Then PP, < PR,at every 
point of the surface except Q,, and thus 1/PP,—1/PR,—GC(P, P,) 
is a potential without singularity throughout the region and positive 
throughout, since it is positive on the boundary ; that is, 


G(P, P,) <j1/PP,—1/PR.. 


Now let a sphere be described about Q, of radius 7 less than QQ, ; 
let S be the region common to this sphere and the given ellipsoid, 
S, the hemisphere cut off by the tangent plane at Q and including S, 
S, the rest of the sphere. Let A be the potential which has no 
singularity within this sphere and is equal to —1 over the curved 
surface of S,, +1 that of S,. On the plane dividing S, from §S,, 

N 5) 
A 0 Sand, ab 4, Sy oF: 
normal. Let « be the greatest value of G(P, P,) on the spherical 
boundary of S. Then, on the whole boundary of S, «A—G(P, P,) is 
positive; this expression is also a potential without singularity 
within S and vanishing at @. Hence it is positive throughout, and 


dy being an element of the outward 


must increase as P travels inwards from Q; that is, £ SKA— Ciran 
Vv 


is negative at Q or | — & a Wet, P,) | < 3x/27, where « is less than 
in Ov U=Ug 
the greatest value taken by 1/PP,—1/PR, on the spherical boundary 


of S. 
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By taking 7,—wu, small enough, we can make x as small as we 


please, and thus the limit when w, approaches w, of [2 GCE. P,) | 
; UW 


is zero, unless r = O, that is, unless Q, Q, coincide. Thisisthe result 
desired.* We may write it 
lim & (2n+1) 7 fu fo fw fry foy/fuo = 9, (45) 


v= Uy 


which holds unless v = 4, w = w. 


17. Now let p(w, v, w, u%, v4, Wy) stand for 


= (2n+1) 7 fu fo fw fry fof. 
We have the following facts :— 
(a) \y (6, U, W, Up, Voy Wy) dw) = Br, 


(6) lim yr (u,; Ww, to, 2%, 1%) = 0; unless v= v,, w=, 


Ua Uy 


(c) wis always positive when wu > u, and > y; 


for G(P, P,) can have no minimum within the ellipsoid, and cannot 
therefore be negative; it must then increase when P or P, moves 
inwards from the surface. 


Let @ stand for ze |F (Up, Wo) Y (U, V, W, Uy, Up) Wy) dw,, / being one- 
T 


valued on the surface, but otherwise as little restricted as possible. 
We have 
1 


o—F(v, w) = | | Fv, m)—F(v, w) tw (a, v, W, Uy, Vp, Wo) Ley. 
Suppose that when wxw, and wxw, do not exceed e, then 
F'(v, wy.) ~ F' (v, w) does not exceed 7; then the part of this integral 
contributed by values of 1, wy between v + ve,w +e and by values 
between 23—v + te, 2(3—w + e lies between 


1 ' 
+n = UW (U,V, W, Up) Up) Wy) dw, 
DM fe 


since y is always positive; that is, it lies between + 7. The rest of 





* The method here used applies to any ordinary kind of bounding surface unle:s 
the tangent plane meets the surface again. In such a case we only need to descrite 
a sphere touching the surface externally and not meeting it in any other point, and 
then to invert from a point on the surface of this sphere. 


N 2 
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the integral vanishes in the limit when w= mw, since WW =O in the 
limit by (45). Hence, if # is continuous near v, w, so that 7 can be 
made as small as we please by diminishing e, we have 


lim ¢= F(a, w). 


ws Uo 


This result is not affected by a discontinuity in # elsewhere on the 
surface. Hence the following theorem :—If [(v, w) 1s a one-valued 
function of position on the surface #,, and is such that the integral 
| F (1, Wo) (U,V, W, Up, Vo» Wo) dwy has a definite value (u,v, w) and 
may be differentiated twice by the ordinary rule, then ¢ is a potential 
without singularity within the ellipsoid uw, and when uw approaches 
u, the limiting value of ¢@ is F'(v, w), provided that I'(v, w) is con- 
tinuous in the neighbourhood of the point (v, w) on the surface a). 


[ It is clearly necessary that the boundary values F’(v, w) should be 
integrable over the surface, and this condition is also sufficient to 
ensure the validity of the solution of the problem. 

For let the whole surface be divided into small elements of which 
gis any one, and let e be the difference between the greatest and 
least values of # at the points of o, and 7 the difference between the 
greatest and least values of another function G(v,w) at the points 
of o; let M, N be the superior limits of + 7, +G over the whole 
surface. Then the greatest and least values of the product FG, 
upon o, differ by less than My-+ Ne. 

Now, if F, G are integrable separately, Seo and Syo diminish 
indefinitely when all the elements o doso, and therefore & (Mn+ Ne) o 
diminishes indefinitely, and the product FG is also integrable.* If 
G is everywhere infinitesimal, the integral of WG will also be in- 
finitesimal. ’ 

From these results it follows that when G is, as here, an analytical 
function of w,v,w,v),w, and F is an integrable function of Uys Wo 
finite and one-valued everywhere, the function represented by 
|| #Gdv,dw, has a definite meaning, and can be differentiated any 


number of times with respect to 7, v,w by the ordinary rule, that is, 
by differentiating the factor G in the subject.—Feb. 20th, 1903. | 


The expansion of ¢ in Lamé’s functions is convergent by ratio 
within the ellipsoid; but the question whether this expansion is 
valid on the surface is not affected; this question amounts to 








* Compare du Bois Reymond, Math, Ann., Vol. xx., pp. 122-24. 
* 


a 2) gai lee ‘ - —- } 
=. 
y " 
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exactly the same as the corresponding one in the theory of spherical 
harmonics, and need not be treated here. 


18. In order to prove that 
{ {SF (vp, WH) —F (v, w) } by (a, ¥, W, Up, Vp, Wy) dwg 


was zero in the limit if (v,w) was outside the hmits of the inteera- 
tion, we proved that the limit of ~ was zero when w approached 4%. 
A somewhat different proof may be given. 

Let a sphere A be described touching the boundary at (1%, v, w) 
and having no other point in common with it. Let asphere B be 
described concentric with A and lying outside it, but not containing 
any of the points over which the integration extends. Let Q be any 
point on the sphere B, and let us write A(P) for the square of the 
tangent from P to A. Consider the potential without singularity 
within or on the boundary, whose value on the boundary is 
KA(P)/A(Q), where K is the greatest numerical value of 


F(v% w)—F(v, w). This potential at (u, v, w) is se of 
T 


{KA (Py) /A(Q) - b CY, v, W, Uo, Up, Wo) Burg ; 


every element in the integral is positive; and when P, is outside 
the sphere B the element at P, is numerically greater than the 
corresponding element in 


J {Fe iy) — Ht (wy, w)} v (u, U, Wy Uq Yo, Wo) Burge 


But, since K A(P)/A(Q) is analytical on the surface and (wp, v, w) 
lies on the sphere A, the former integral tends to the limit zero when 
wu approaches u,; the latter integral over the smaller range must 
then also vanish in the limit, since it is numerically less, element by 
element. 


19. If a one-valued potential is to be constructed with given 
boundary values and given singularities within the region, it is 
possible, by differentiating or integrating Green’s function, to form 
a potential vanishing along the boundary and having these singular- 
ities if they are such as a one-valued potential can have; adding 
to this a potential without singularities and with the given boundary 
values, we have the required result. 


20. A potential having given values on the ellipsoid “# and given 
singularities in the region outside may be found in like manner. 
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The typical term of the expansions is a multiple of gu fufw. Since 
gu vanishes with wu, we may use the results of §§ 11, 12, putting 0 
for wo and gw for Au. 

If the boundary values are denoted by /’(v, w), and there are no 
singularities, and the potential vanishes at infinity, its value is 

= | Fv, W) {37 (2n4+1) gu fo fw foo fo] guy} dw. 
T 

Green’s function G(P,P,) is 1/PP,—3j fu gu fv fw gu, fr, fo,/guo- 
The potential without singularities that has the value 1 at infinity 
and 0 at the bounding surface is 1—zw/dp. 


21. Lamé’s functions may also be used to solve the same problem 
for the region bounded by two confocal ellipsoids. Before discussing 
this I shall indicate a remarkable extension of which it is capable, 
and which may be illustrated by reference to an analogous problem 
in the theory of the logarithmic potential. Take a two-sheeted 
Riemann surface with two branch points. With the branch points 
as foci describe an ellipse in each sheet, and consider the boundary 
value problem (Randwerthaufgabe) for the part of the surface 
bounded by these ellipses. Taking the axes of the ellipses as axes of 
coordinates, we may put 


x=ccoshucosv, y=csinhusinv; 


so that the curves u = const. are ellipses of the confocal system and 
the curves v= const. hyperbolas of the same system. The points 
(u,v) and (—u, —v) are the same in position, but belong to different 
sheets. 

The functions corresponding to Lameé’s are cosh nu, sinh nw,* 
cos nv, sin nv, and the problem may be solved by using expansions in 
multiples of cosh nw cos nv, sinh nu sin nv, cosh nusinnv, sinh nu cos nv. 
In the simpler case when the potential is to be uniform over 
the area of an ellipse and there is only one sheet the products 
cosh nu sin nv and sinh nu cosnv do not come in, since they are not 
one-valued, but have opposite signs at (u,v), (—w, —v); but all four 
products are to be used in the case of the two-sheeted surface. 


22. In dealing with space of three dimensions we shall speak of 
a change of colour instead of a change of sheet, and conceive of two 








* Instead of 21+ 1 of the order » there are only two; whether we take cosh nw 
or sinh ww to correspond to fu, we have e~"“ as corresponding to gu. 
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infinite spaces, red and blue, coextensive and connected by one 
or more doors which will be surfaces bounded by curves. In 
the present case there will be one such door—namely, the plane 
area that is bounded by the focal ellipse, and a point passing 
through this door in either direction changes its colour. The two 
points (u,v, w), (2y—u, 2y—v, w) are the same in position, but differ 
in colour; for we may pass from the first to the second by travelling 
along the intersection of the hyperboloids v, w to the point 
(2y—u, v, w), passing through the door at (y,v,w), and then along 
the intersection of the surfaces 2y—u, w to (2y—w, 2y—v, w), passing 
round the edge of the door. 

Let two ellipsoids of the system be described, one in each colour ; 
then the problem is to find a potential for the space they enclose, 
having given boundary values and no singularity within the space 
except the branching: the potential will be an analytical function 
of x, y, 2 at all internal points except those on the focal ellipse, and 
even there it will be an analytical function of u,v, w, symmetrical as 


regards v, w. 


23. Take the two bounding ellipsoids to be w, wu, where 
Oe em ya Oy, 


The discussion will, for the most part, apply to the case of an 
ordinary shell where 2), u, are both between 0 and y. 

Let 1, #, denote the assigned values on the surfaces 1, 1, re- 
spectively, and assume for the solution the series & (kfu+l gu) fv fw. 
Of the two potentials fu fv fw, gufofw, the former is unaffected by a 
change of colour, but the latter is not; so that the whole expression 
is two-valued in ordinary space, but one-valued in the space we are 
considering. 

The values that must be given to k, J are easily found by sub- 
stituting %, , for w and integrating over the two ellipsoids 
respectively. Thus . 


Sar (k fu +l 9m) = (2n+1)7 [ Fy fu fw do, 
Sa (k fu,+lgu,) = (Q2n+1)7f Ff, fu fw do. 


Let us first assume that I, =0 and F, is an analytical function 
of x, y, z everywhere. Thus 


kfutlgu, = 0, 


J sii 
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and the series may be written Sku fv fw, where dw stands for 
fu—fuy gu/gu, the solution of Lamé’s equation which vanishes when 
u=u, Also the series }|/Au,| is convergent by ratio when the 
2n-+1 terms of the same order n are grouped together to make one 
term. The series SkAufufw, SkNufo fw, Yk rw fofw are therefore 
all convergent by ratio ($$ 11, 12). Thus, integrating this last series 
twice between wu and w,, we find 


ey k du fu fw = Skru fo fu, 
u 


cs Dh ru fv fw = Skr“u fo fw. 
Ow 
Again, the series 3 k Au fv fw and 3k du fu f’w are also convergent 
by ratio, since f’v/fv and f’w/fw lie between +n (n+1)(a’—c’). 
Integrate the first twice between the limits v, v. where v, is an 
arbitrary argument between B+2a. The result is 


Sk ru fw { fo—fry—(v—%) fr} ’ 


which is therefore aseries convergent by ratio. The series =k Au fu fw 
and = ku fr, fw converge separately by ratio, and therefore the same 
is true of (v—v,)SkAufv,fw and of SkrAufvfw, since vy, is as 
arbitrary as v. Thus 


3 Skhru fo fw = Shkrufvfw 
v 


2 
and & LkhAu fu fw = Shru fv fw. 

v 
Similarly for the derivatives with respect to w. Hence SkAuwfufw 
satisfies the equation (12), that is, it is a potential. Its value when 


u = U, 18 zero, and, since we may write it 
03 
| Sk X'u fo fw du, 
At) 
0 


it varies continuously with w from wu = to w= u, inclusive. The 
limit it approaches when w approaches u, is therefore % kAu, fu fw or 
Ff. It can be proved as in the former case that neither of the 
original bounding surfaces uw, uw, is a true boundary of the region 
within which this potential exists and is validly represented by the 
series, having no singularity except the branching. 

Let ¢, denote this potential; in like manner a potential ¢, could 


1902.] Hexpansions by means of Lamé’s Functions. 185 


be found having the value zero on the surface uw, and F,, if this is 
analytical, on the surface u,, and with no singularity except the 
‘branching. Then ¢,+¢, solves the original problem in which 
boundary values fF, F,, other than zero, were given on both surfaces. 


24. To complete the discussion we must find Green’s function, 
whose only singularity, besides the branching, which will not be 
counted a singularity in future, is that of 1/PP, at the point P, of a 
specified colour, and which vanishes over the whole boundary. 

The expression for this will vary according to the relative magni- 
tudes of u, wu, U,, u. Suppose first that 0 < u, < uy < 2y—u, < y. 
Then the point P, of the other colour is outside the region, and all 
we need to do is to find the coefficients k, /, so that = (k fu+l gu) fu fw 
shall have the value 1/PP, when u =u, or u,. This gives 


k fu, tl guy = J Jy furs fy furs, 
k fu +lgu, = J YUig fy fq fa, 








and Green’s function is = — > (kfu+l gu) fufw or 
2 
1 ; 
Pp — Xj fu fw fog fwe{ fu, gu (frig Jg—fulg 9Uq) 


+ guiy fu (ful Jy — fy Gua) } + (fly gt —Ftts Go). (47) 
\ When wu, > 2y—u, and 2y—, lies between them the expression for 
\ Green’s function is derived from (47) by putting 2y—u,, 2y—u,, 


2y—u., 2y—w for u,, u,, UW, w respectively, and using the relations 


4 
\ 


\ f(Qy-u) =+fu, 
g 2y—u) = F (gu—efu), 
oh 
where e = (2n+1) | du/f>u. 
' 0 


\ 

The\value of ¢ is finite and unambiguous even if fy = 0. 

25. When uw, is between u, and 2y—u, the matter is not so simple ; 
for 1/PP, has an infinity at each of the points P,, and both he within 
the region. We need to prove the existence of a potential with only 
one of these singularities. This can be done by means of the 
alternating method of combining volumes, adapted so as to avoid 
the usual infinite series of operations. 

Suppose, to fix the ideas, that 0 <u < 2y—-u <u<y< %. 
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Take u, between uw, and 2y—u,, wu; between u, and u, Then in 
(u,, u,), that is, the region bounded by the ellipsoids u,, w,, the 
expression 


tf ae 
?, (P)= PP. —3j fu fw fr, fy {gu uty fly fy— (fu guy + fla 91) YUly fig 
2 
t fu fity gity Grtg | = (fity Grt4— fits JU49) 


represents a potential vanishing on the boundary and having only 
the singularity of its first term ; for this is a case in which (47) may 
be used. 

The potential without singularity in the region (w;, “,) vanishing 
at the boundary uw, and having the same value as ¢,(P) at the 
boundary w, is 
BGP) es 2 fe fapute fu qu,—fu, gu " 

Ue Naess od sa ee 
. |g fus— JU Jy JUty fUg— ( feb Uy + fury Jy) Uy Fug fuly fg YU THe, 
iby GUg—F tty Mtg 
the first term in the bracket arising from the known expansion of 
1/PP,, since us > us. 

On the surface u, we have then, after reduction, 
py (P,) — 4, (P,) 
= 3 j fu, fw, fry fo, (fly 9ty— fury gts) (fly Jy — fla 90) (fits Jy — fg gus) 

(fus guy — fury gus) ( futy JUg— Fg 9M) 
Let us apply the same process to a potential x, (P), having no 


singularity in the region (w,, “,), vanishing on the surface w,, and 
having on the surface wu, values represented by Xp fufw. Thus 








U, gu—fu gu 
vi( Py aed 10 » fu fw. 
fuiy JUy— fu JU Jy 


The potential without singularity in (w, u;) vanishing on w, and 
equal to x, (P) on wu, is 





CP) = 3 fo Pats Gy FUG ft gt, ty tay 
A Suto Gey fly Gry ls Gf gust J 
and on the surface wu, we have, after reduction, 
(Pp P)=3 fUy Gy — fy GU Fs JU s—fUs 9M 
m ( 6) aR Aa) tos Uy JUz—fU, JUy furs Ju,—fuy Gage eel ee 
This series is the same as that for $, (P,) —¢, (£,) if 


p= — 7 fv, fw (fury JUg— fry 9M) (fg grr — fur 9%)/ (fry Gr — fry GM) 
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Let us assume for the moment that the series Spfvfw is convergent 
when this value is taken for p, and consider the potentials ¢,—x,, 
¢;—X: In the region (wv, u,) neither of these has any singularity, 
and on the boundaries of this region they have the same values. 
Hence throughout the region they are the same potential, say w. 
This potential therefore exists throughout (%, u,), and its only 
singularity is that of 1/PP, at the point (u,, v,, w,). There is no 
singularity at P, in the other colour, and, as ¢,, x, vanish on w, and 
$y, X2 On u,, the problem is solved, if we can prove the series 3 p fu fw 
convergent. 

Now from its formation the expansion of ¢,—4¢, is convergent in 
(uw, u,), and this is the same as the series for x,—y,. We therefore 
need to examine the fraction 





July Gtr — fey July ful GUbg— fly Us 
fu Guy— fury Guy jus guy, —fu, Jus = Rs say), 


with the view of finding an inferior limit to its value. We have 





1H kee, _ [uM Guz — furs Guy fr gu, —fuy PET 
fly YU — fg Gy fs guy— fry, guts 


Now, if Aw stands for fu, gu—fu gum, we have seen that Aw, A’wu increase 
numerically with w—u,, and thus Awu,/Auw, 1s positive but less than 
(tt3—Up)/(Uy—U%y), Since *%, < Us < wy. Now Au,/Ae, is the first factor 
in l—x; in the same way the second factor is positive, but 
< (u,—u,)/(u%4—Us), Since U, > U, > Us. Thus l—« is positive and 
Us lo Mh, ge < Land > 4 “6s 4 quantity independent 
U—U, Uy —Us U,—U, U,—Us 
of n. Now the series &|«p| is convergent by ratio, and the same is 
therefore true for }|p| and Spfufw. The solution w is accordingly 


valid. 





= 


26. The expression ¢,—x, thus found for the potential is exactly 
the same as (47). This holds in the region (2,, u,), and «#, may be as 
near as we please to 2y—wu,. Hence Green’s function is given by the 
expression (47) for values of w between u, and 2y—u, when wu, is be- 
tween uw, and y. 

If in (47) we write for 1/PP, the expansion 37 gu, fu fu fw fr, fw, 
which holds when wu > w,, we arrive at another expression for Green’s 
function, which agrees with ¢,— x, and holds when w is between u, 
and u,, that is, between w, and w,, since #,; may be as near u, as we 
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please. This expression is 


xj fv fw fr, fw, (fu gu,—fey gu) (fury Yu2— fla 9%) | fro GU — Jr 9%) 
(48) 


To pass to the case when uw, > y we need only write 2y—wu,, 2y—u, 
2y—Uy, 2y— Uy for Uo, U, Ug, My. 


27.* There is a difficulty in the case when u, = y, since we cannot 
take w,, w, between w, and 2y—w,. 


The expressions (47), (48) still represent potentials without 
singularity in the regions (wu, y), (y, %) respectively, but, as these 
regions have no part in common, we need to prove that the two 
potentials are the same and to find what singularities they have on 
the surface u = y. 

Let » (P, P,) denote the value of the function represented by (47), 
(48) so long as u,<y. Describe two spheres A, B with a common 
centre O lying within the focal ellipse. Let p, o be their radii and 
ao >p; suppose also that B does not reach to any point on the 
bounding ellipsoids or the focal ellipse or to the point P,. Then 
throughout B the potential w(P, P,) can be expressed by an ex- 


4 : ‘ : pee Aig 
pansion in spherical harmonics, say 3 a.24n Mes (e , where 


ras OP, m1, 2, ..., 2n-+1 and imies1, Macey tos ache pared, canonical 
system of surface harmonics of order n, the quantities a being con- 
stant coefficients, depending on P,. We shall examine the effect on 
a of gradually changing w, into w, where uw, < uw < y. 

Now, throughout the whole region w(P, P,) <1/PP,, for 
1/PP,—w(P, P,) is a potential whose values on the boundary are 
positive, and whose only singularity within the region is a positive 
infinity at Ps, the point at P, in the other colour. Hence 
1/PP,—w (P, P,) is positive throughout the region. It follows 
that over the surface B the value of w(P, P,) is less than h, the 
reciprocal of the least distance from P, in its different positions 
to B. 

Let us take y—w, <6 and describe the ellipsoid «= y—é. This 
will cut out from the surface of Ba belt B’. Now we have 





ep \"2n+1 
O12 4m = Cs - Ge P,) Mn2+m ds. 
B 


Co Ano? 





* Rewritten December, 1902. 


1902. | Hepansions by means of Lamé’s Functions. 189 


The contribution of B’ to the integral here is a quantity of the same 
order of magnitude as the area of B’, that is, as 6, since the subject 
of integration < h everywhere. Hence the change in value of this 
part of the integral is of the same order of magnitude as 4, or a lower 
order. 

Now consider the change in the contribution of B—B’. This 
depends on the change in w(P, P,). Let a sphere C’ of finite radius 
pe’ be described about P,, so as not to reach any point of B, and let 1/h’ 
be the least distance between 6 and the various positions of C. 
Then w(P, P,) is a potential for P,, without singularity within C, 
and its values on CU are less than h’. Hence its space derivative at 
P, in any direction cannot exceed the finite quantity 5h’/p’, so that 
the change in w(P, P,) does not exceed this quantity multiphed by 
the length of the path ; it is therefore of the same order of magnitude 
as the length of path, that is to say, as 0. The same is therefore 
true of the integral in the expression for a,:,,,, When taken over 
B—B’. Hence on the whole the change in a,.,,, is of the same order 
of magnitude as ¢. Diminishing 6 without limit, we see that a,:,,, 
approaches a definite limit when uw, approaches y. Let this limit be 


n 
Bega me chen.” 6, seg < (2) (2n+1)h, since a,,,, is always less than 
oO 


this quantity. Hence the series & Byeym Mnt+m ( ~) is convergent by 
p 


ratio throughout the sphere A, and represents a potential without 
singularity in that sphere. The sum of this series is the hmit of the 


Paya ee ! ° : 
Sum Of S apes Maem a , since this latter is uniformly convergent 
p 


up to the hmit. Hence limw (P, P,) is a potential without singu- 
larity within A. a 

The above proof holds good even if Pj les within the sphere 4, 
since it depends on the values of w (P, P,) on the surface of B, and a 
superior limit of these is still h. 

If P, itself lies within A, then w (P, P;) has no singularity within 
A, and, as 1/PP,—w (P, P,)—w (P, Ps) has no singularity within the 
whole region, it follows that w (P, P,) has none but that of 1/PP, 
at P,. 

If P, lies on the focal ellipse, it coincides with P;, and the difficulty 
of isolating the singularity does not arise. We have 

1 oN ead coy emma RG had 2 ie 
the function w (P, P,) vanishes on the surface and has the singularity 


eel ieP PL at Pe. 
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28. In all there are four expressions for Green’s function in the 
region (ut, u,), where uw, > %, namely: (47), valid for the region 
common to (%% , 2) and (%, 2y—w,.); (47) with w,, w,, Uw changed 
into 2y—%w, 2y—w, 2y—w,, BZy—u—this is valid for the region 
common to (%, 2%) and (2y—w,, #,); (48), valid for the region 
(u, 4%) ; (48) with uw, uw, interchanged, valid for the region (%,, u,). 
Of these the first, third, and fourth serve for an ordinary shell, in 
which %,, wu, are both < y. 

By combination of volumes we may pass to the extreme case 
u, =O, u, = 2y in which the region includes the whole of the two- 


coloured space. Writing again e for (2n+1) I du/f?u, we have the 
0 
following expressions for the potential which vanishes at infinity in 


each colour and has no singularity but that of 1/PP, at (uy, v,, wy) :— 
1/PP,—S je-' gu guy fo fw fv, fw, Cwhen u < 2y—w,), 
1/PP,— je" (qu—e fu) (gu,—e fuy) fv fw fr, fw, (when u>2y—u,), 
3 (fu-—e7* gu) guy fu fw fr. fw, (when u > u,), 
Sj (fu,—e7* guy) gu fv fw fr.fw, (when wu < u,). 


It is supposed of course that w, wu, le between Q and 2y. 


29. The problem for the shell in one or two colours, when the 
boundary values are not analytical, may be discussed exactly as in 
the simpler case, except in one point. We have to prove that 


0 


— G(P, P,) diminishes indefinitely when w=wu, or uw, and uw, 


Ou 


approaches either #, or u,, but P, does not coincide with P in the 
limit. The former proof fails when «= uw, and uw, approaches u,, if 
2y—u, lies between w, and w#,, but another is given by the combina- 
tion method. Let us use the former notation (§§ 25, 26), but suppose 
0 < 2y-—u SH < wy <U<u,< y <4, which will not affect the 
former work, and write w*, w', ... for the greatest numerical value of 


w on the surfaces w;, u, respectively. 


Wee 
The potential which has no singularity in (%, %,) vanishes when 
“u=u,and = 1 when wu= wy, is (u—u)/(u,—u,). The value of this 
when w= 2, iS (#,—U,)/(u%—%) ; hence, if a potential @ has no 
singularity in (%, %4), has the value zero on uw, and values not 
exceeding M on uw, its value on uw, cannot exceed M (u,—u,)/(u—u%), 
and 00/Ou on u, cannot exceed M/(uw,—u,). Similarly in other cases. 


We wish to find a limit to o*. 
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Now w© = by—X, 
in (Uy, #,), and thus wt b gtx). 
Also. 9; (%—M%)/(%—%y), that is, 9; (%,—%,)/(%4—%), 
and XB xy (%—%)/(%— 5), that is, x} (%—%4)/(%4—%), 
Xi PX (Ms —%)/(H4—M) or w* (4, —%,)/(H—%), 








since w = —y, 
be — Uo — Ub. Ue 
on uw, Thus OS ee a 
| U,—Usz U,—Uy U,—U, 
and after reduction 
Ui AU — 
x! Fo Uys cei he SOE 51 fal wad 


1 U,;—Uy Us—Us 


The greatest value on w of Ox,/Ow does not exceed 





of this, or 
U,—U,, 
bY (2, —U4)/(%— Uy) (U4—Uz), Which diminishes indefinitely when w, 


approaches w,, since ¢, is Green’s function for (w,, %,). Since then, 


in (U, %), Ow 09, Ox, 


Ou Ou Ou 


and each of the terms on the right in this equation tends to the limit 


O when w=, and uw, approaches ™, the limit of Qw/Ow is also 0, 


0? 
unless of course v= ¥v,, &, = U- 


30. This method fails if «= y, but in this case Green’s function 
may be put in a special form. Let G (P, P,, u, u,) denote Green’s 
function for the points P, P, in the region bounded by the ellipsoids 
U,, u,, and denote the point (2y—2,, v4, w,) by Ps’. Then, if P, lies in 
the region (y, “,), Ps’ does not, and hence 


G(P, P,, 2y—u,, u%4) —G4 (PB, Ps’, 2y—w, %) 


has only one singularity in (y, u,), namely, that at P,. This ex- 
pression vanishes when w = 2%, 2y—,, or y; the last follows since its 
sign changes when w is changed into 2y—w. Hence the expression 


is .G, CP, 2, y)44),. and. 


0 GCL, Pov Gale 
u 


0 G(P, P,, 2y—u, 4) — oe GP, Py, 2y—, 4) 
0 u Ou 


0 
— 0, 
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in limit when u = y and 7, approaches y, unless P, P, coincide in the 
limit. Here the continuation of Green’s function across the boundary 
is known, so that the usual difficulty does not arise. 


31.* Let us now discuss the problem of finding a potential without 
singularity within a given ellipsoid when the values at the boundary 
are given of its differential coefficient along the normal; that is, we 
are to find ¢ so that, when u = u, 


Og =e. 40); 
Ou 
a given function, and that within the ellipsoid 2, 
aay es il) 
It is necessary that the condition 
{Fr (v, w) dw = 0 

should be satisfied. 

There is no difficulty in proving, when the given function F' is 
analytical everywhere on the surface, that the solution of the 
problem is 


¢ = — 3 (2n+1) 3 ree fu fw | F' (v9, Wo) fUy fwo Ae. 


It is not so easy to prove this when F' is not everywhere analytical. 
The idea of the following proof is taken from C. Neumann (Unter- 
suchungen iiber das ... Potential, Leipzig, 1877). 

Take dv to be an. element of the outward normal to the ellips- 
oid wu), and suppose an electrical distribution of surface density 
—F'(v, w) upon this surface. The potential of the distribution at 

v 
an outside point (2%, v, w) is 


3 aj gu fv fw fuy i FE (vq, Wo) Fo fly deo, 


say 2Agufufw. This potential is continuous everywhere, even at 
the surface, if £'(v,w) 1s everywhere finite. Let us denote it by ¥ 
inside and by w’ outside. | 
In the expansion of w’ the term of order O is wanting, since by 
hypothesis 
| F (x, wo) dary = 0; 


hence, since ¥ is continuous over the surface, Neumann’s method of 
the ar aanessh te Means ay be nse to prove that the ellipsoid w, can 








* §§ 31 to end have been added to the paper as originally written.— Fed. 20th, 1903. 
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be considered as a magnetic shell of such strength that its potential at 
an outside point will be y’. Let the potential of this shell be denoted 
by x inside and x’ outside, so that x’ = W’. 

Since y, y’ are the internal and external potentials of the same 
electric distribution, we have at the surface 1, 





OY OY gare y ap) OH 
Ov Ov i (%, > oer 
ow ow 
&  —it=—4rh : 
# ween. ie 
Similarly ox — ox Saat), 


Ou Ou 


since x, x are the internal and external potentials of a magnetic 
shell. Since Vibe Te 


at all points outside, we have by subtraction 
0 
oe (x—-v) = 4rF'(v, w). 
U 


Hence the potential sought is = (x—w). It remains to expand this 
i Tv 


in terms of Lamé’s functions. The expansion will be absolutely 
convergent, and valid, everywhere inside the ellipsoid w, since the 
potential has no singularity inside this surface. 


32. We have Y= dA gu fu fu fw/fuy, 
while x = dv fufofu, 
where Srv fu = (2n+ bj 2X fo fw dw, 
u 


taken upon the ellipsoid uw (w>,). But 


8rd gu = (Qn+1) j | ox fu fw dw, 
> U 


ia, OKRA 

taken upon the ellipsoid ~ (w< wu), and the quantities aie % 

U U 

approach the same limit at the surface. Hence, passing to the limit 

in each case, we have 
a v7 Uy, = AG 
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ie Ape GM __ JU 
and Xx-wW = SA fu fr fw ( De a 
= 3 (2n+1) A fu fo fo/fuy fu, 


1 
Sr 








c (x—wW) =— 3 (2n4+1)9 os fv fw | Ps, Wy) fy Fwy Aur. 


The theorem is therefore proved, and the solution holds good if the 
function F'is integrable all over the surface and satisfies the condition 
| F (x, w) dw = 0. 

Hxactly the same method applies when the potential is to be found 
for external space. The expansion is 


a S(Qn+1) 57 fo fw \P (Vg) Wo) fUp fWy Aw; 
Sr q'Ug 


and the condition [ F(x, w) dw = 0 
is unnecessary. 
33. Lastly, take the case of a region bounded by the two ellipsoids 


Uy %, Whether this is a shell in the ordinary sense of the word or a 
two-coloured region. Let #,(v,w) and F,(v,w) represent the 


assigned values of <? on the two surfaces. Then it is necessary that 
u 


[By (x, w) dw = | F,(v, w) do. 


If this condition is satisfied and the value of each side of the equa- 
tion is 87A, we have 


o Aut oo+ 1, 


where 9), ¢, are potentials without singularity within the region, and, 


when wu = %p, Op = F,(v, w)—A, Oo, ts 
Ou Ou 
OM, Oo, er 

when v= %, 9-0, “=F (,w)—A. 
Ou Ou 


If these potentials 9, », can be found, the problem can be solved ; the 
same kind of process serves to find both. 
Now the expression for »), which is certainly valid when F(v, w) 
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is analytical, is 





1 . fugu,—gu fu a ) 
ge ROn tl) j SKE fof {Fulrm te) —A} afer dy 
Fy J My — J Ug f My 

We need to show that even when Ff, is not assumed to be analytical, 
but only integrable, the limit of 

, Pu gy 9 f toy 

fray gy — Gt ft 
when wu approaches 7 is Fy (v, w)—A. 


Suppose first that w< y and < wu,; then the limit of wis u+0, 
and we know that 3kf’u/f'u, approaches the desired limit. Now 


fugu—gufu fu _ fu (fu J Uy—f Uy 9%) 
FU ITU - GPU fy fuy fu (FU 9’ —G'Mof 4) 


= fuy ‘Uy —f ‘Up g ‘U | i ‘Uy guy ae Uy J Us de if Us | 
fu J Uy—f UM gf Ug L fu guy <7 g' Uy fu fUo4 











where uw, has any value. If now we take uw, > uw, but < u, and <y, 
and take w between uw and w,, each of the three fractions 


fuguy—f uu gu T Us gu,— fu, Gus) the 
fUly f Ug—fUy gy? fy go Uy fu? f’'% 





does not exceed py”, where p, g are certain positive constants and 
q <1. Hence the series 


I r gu, gu fu a Fe 


LU IFy—Y Uy fu f M% 





converges uniformly when w is between uw, and w,. Its limit when x 
approaches w, 1s therefore found by putting w = uw, and is zero, which 
was to be proved. 

This method applies when uj—y and u,—w, have the same sign. 
When wu, < % < y the series to be used for comparison is 2k g’u/gq up, 
and when u,>%>y it is Skg’ (2y—u)/g 2y—u). When w= y 
the method fails, but the gap may be filled up as follows. 


34. In any region (w,, w,) bounded by the ellipsoids w, vu, we have 
constructed a potential w (§ 25), vanishing at the boundary and having 
no singularity except that of 1/PP, at the single point (w,, v,, wy). 

0 2 
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When uw < %, and both differ from y, we can construct a potential y 
without singularity within the region, and such that, 





. a 
when wu = Up, = ce — 1 
u u 
when u= %, oe _- i, 
U u 


the terms +4 are added on account of the condition to be satisfied by 


the values of a at the boundary. Then w—w is a potential with 
U 

the singularity at (w,, v, w,) and no other in the region, and its 

derivative with respect to w 1s constant over each of the bounding 

surfaces. Let this function be denoted by © (P, P,, u%, u,). Let P”, 

Py’ denote the points (2y—u, v, w), (2y—u, Vy, W,). We then have, 


if 
lt U, a Y Q (oe Pe Qy—1U,, Uy) — QO (Ese Ye 2y— Wy, aye 


Thus 29 CP, Ps, 2y—44,4,) = d Q(P", P., 2y—uU,, %4)- 
Ou Ou 
But, when u = y, P and P” coincide, and 
0 0 (P", P,, 2y—u, uy) = — 0 QO (P, P,, 2y—my, u). 
U Ou 


Thus £ {0.(P, Py, 2y—m, m4) +.Q2(P, Py, u,, 2y—w, uy) } = 0 
U 


when u=y. It is therefore possible to form the function 
0 (P, P,, u% u) even when uw = y, and its value is in fact 


Q (Es P,, 2y—U, ub) +0 Oe ine 2y Uy) u) +54. 


lis region of existence is certainly not bounded by the ellipsoid y 
even when uw, = y. 
Now consider the expression 


1 
ikea = oo {2 (P, Po, uo, U1) { F, (U%, w)—A} dr, 


in which P, is replaced by a point P, (up, vy wp) on the surface u%. As 
a function of the point P this is a potential without singularity 
within the region. If we take u = u,, we have, since the ellipsoid w, 
does not bound the region within which Q, ¢, are analytical, 


g) 1 
= = g | (-) ) F (vp, W) — A} du, = 0 
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for 2 = —4 at this surface, and by hypothesis 
u 


[ F (%, wo) doy = 87 A. 


If u=y, we have that Q—}u, and therefore also @,, is un- 
changed by putting 2y—w for w; so that the function 9, exists in 
both the regions (y,,) and (2y—%,y), and is continuous at the 
surface y. On the other hand, a is an odd function of y—w and is 

i 
discontinuous at this surface. There is no discontinuity in the part 
of the definite integral contributed by those regions of the surface 
which are at a finite distance from P or which are near it in position, 
but in the other colour. In considering the part of the surface 
which is near P we may write 


1 al i 
Os il) to + pop) {Fo(% w)—A} deg 


l 1 1 
eer (WA Cpe ae ae ees —Ald 
z-| { PP, ra TO i aS ves 


and the discontinuity is wholly due to the first term, since 





— as — PP, has no singularity at P). But the discontinuity in 
the first term of Gt is exactly 2F, (v, w)—24, that 1s, 
Ou 
(2) ~ (Ste) = 2F, (v, w)—24, 
Ou / v+0 Ou / v-0 
and, since 0, is an odd function of y—w, its two limiting values 
U 


when u=y+0 must be + F'(v, w) + A. 
The expression + =: | QPL ae eae Ons W))—A} dw, gives 
T 


then the desired value of ¢, when uw = y, and there is no difficulty in 
proving that this agrees in form with the general solution. The 
upper or lower sign is to be taken according as u, < or > y. 
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On a New Counewion of Bessel Functions with Legendre 
Functions. By HE. T. Wurtrraxer. Received and Read 
November 18th, 1902. 


1. Lntroduction. 


The object of this communication is to establish a new connexion 
between the Legendre functions P,(z) and @,(z) and the Bessel 
functions J,(z) and Y,,(z). Hitherto the functions have been known 
to be connected in two ways, namely, (1) by Heine’s expression of 
the Bessel functions of the first kind and integral order as lmiting 
cases of the associated Legendre functions of infinite order and finite 
degree, and (2) by a set of formule which express Legendre func- 
tions in terms of definite integrals involving Bessel functions. The 
most general form of these latter integrals was given by Schafheitlin 
(Math. Ann., Vol. xxx.). The integral 


n 2 vole —} 
P,,, (2) = (—1) Ge Jonay( %) COB ae. 05" da, 
0 


which is valid for a certain range of values of n, may be given as 
typical of this set of formule.* 

The new connexion developed in this paper between the Legendre 
functions P,,(z), Q,(z) and the Bessel functions J,(z), Y,(z) 1s not 
restricted to integer values of the order n of the functions, but can 
be expressed in various forms applicable to all real or complex 
values of ». The connexion is expressed by the results numbered 
(I.) to (V.) below. 

It may be noted here that a certain kind of reciprocity exists be- 
tween the theorems of Schafheitlin and those of this paper; this is 
in agreement with a remarkable theorem due to Retzval, namely, 
that, if two functions w (z) and v(z) are connected by a relation of 


i aetante w(z) = | e*v (t) dt, 
then they are also in general connected by a relation of the form 


v (z) = constant x [ e~*u (¢) dt. 





* An interesting family of integrals of this type is given by Steinthal, Quart. 
Jour., Vol, Xvi1I., pp. 380-345. 
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2. A Formula which embodies a Simple Case of the Connexion. 


We shall first recall a formula which is due to Lord Rayleigh,* 
namely, 
Coa he i'd \(smz 
oa ae =P, “\() ; 
Ge Ines (saz Zz 


this formula may be regarded as embodying the simplest special case 
of the connexion which is the subject of this paper. 

For the sake of completeness a short proof will be given of this 
formula. Itis true when n =O and n= 1, since it then reduces to 
the well known results 


J, (2) = (2) sin 





awl dz Zz 


and BE AE) Wee See (ey ie (= “). 


We shall now show by induction that it is true in general. For 
suppose it true for n=k—2 and n=k—1. Then, from the re- 
currence formula 


k Py (2) —(2k—1) 2Py-, (2) + (b—-D) Pi-s (2) = 0, 


we have 


HPs (5) (FF) 


. os Rie ad d 
a | Gk ip ( 


2 Nettie: ae 


and by hypothesis the right-hand member is equal to 





) (#22) 

JONES ANY 2 
( io) th 

(Zk—1) on (=) HN) =(k-1) (7) #3 @ 


| ea ele dS,-3(2) 4. cy, ; 
or ie Saye pV eE (2h a) eet, (Lee (2 
s e) ‘  & Ina @)—( ) dz + ( )u-3 (2) 


(z\+ { EDGE? Fy aye (OPeeL yay (2) (eT) Iea) ; 





* Theory of Sound, Vol. 11., p. 268. 
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(2) tei @+(Z) e@—D $ 


22 


eked 
z 





ha@thuO+ha® t, 


and the quantity in the last bracket is zero, in consequence of the 
recurrence-formule for the Bessel functions. We have therefore 


(of )(2) = (Z) ea 


and consequently the formula is true for n= if it is true for 





n=k—-landn=k—2. But it was shown to be true for 7 = 0 and 
nm=1. It is therefore true universally. 

It will be noticed that this result connects the case in which the 
Legendre function P,,(z) can be expressed in a finite form in terms 
of elementary functions (namely, the case of n = an integer) with 
the case in which the Bessel function J,,(z) can be expressed in a 
finite form in terms of elementary functions (namely, m equal to 
half an odd integer). 


3. Transition to a Definite-Integral form of the Connexion. 


It is obvious that Rayleigh’s equation has a meaning only when n 
is an integer. In order to extend it to the case in which n.is not an 
integer, we must therefore express the result in a form which is 
capable of this generalization. 

For this purpose we observe that, if r be a postive integer, we 


have 
1 ie Apal Yr - 
[ear = iy onan 9 2 (sine), 
ah az’ al 





de" \ 2 


Since, when ” is an integer, P,,(z) is a sum of positive integral powers 
of z, we have therefore 


cee ; d \ /sinz 
“P, (t) dt = 2P, (= (SE?) ; 
|. ©) ‘el 


Qe ra 


and therefore, by (1.), we have J pea ; 
ape 
Tra) =(—i(S) | oP. de 
' 20 = 


and on combining the two parts of the range of integration, namely, 
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from —1 to 0 and from 0 to 1, this becomes 
22\* (3 
OPER (z) — (=) | COS (t- om | P,, (é) déi 
w/ J, 2 
This equation has so far been proved for the case in which x is an 
integer. But each member of it has a meaning, even when 7 is not 


an integer, and we may therefore now inquire how far the result is 
still true when the restriction to integral values of n is removed. 


4. General Case in which n is unrestricted: a Family of Integrals 
which satisfy Bessel’s Differential Hquation. 


It will now appear that the integral last obtained is merely one 
member of a large family of definite integrals by which the Bessel 
functions can be represented for all values of z and of n, real or 
complex. ‘To show this, let « denote the integral 


Z | Ga Pera) dis 


where P,,_,(¢) is the Legendre function of order (n—¥%), and where 
the path of integration, y, is left for the present unspecified. 
Then, on performing the differentiations, we have 


du 1 du n 
a 
dz’ # z dz v ( om i 








= (4—) a Aaa e a+ 2ti| e"tP, _,(t) dé 


he 


+2 e* (1—#”) P,,_, (t) dt, — 


and, since P,,_, (¢) satisfies Legendre’s equation, namely, 
? 3 > ) 


d De ee te) 

ia L— 2 n—s Pia Ah —_ 
BAHASA} +O b Pail) =O 

it follows that the right-hand member can be ited in ‘he form 


a ertig { (1—#) ora (Z) } +204 | entP s(t) at 
+2 e (1—#) P,_,(t) de, 


pal | a ace (1—?) oP lt) —iz7 (1-2) eP,_, (t) } 
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This result is clearly equally true if the Legendre function of the 
second kind, Q,_,(¢), is used instead of P,_,(¢), since no property 
of P,.,(t) has been required beyond the fact that it satisfies 
Legendre’s equation. We have therefore the result 


The integrals a| e"P,_, (t) dt 


(1.) 
and | e**Q,,-, (4) dé 


satisfy Bessel’s differential equation of order n, namely, 


du, 1 du nv 

e+e 41-4 )ua 
ie ell yin) ia ee 

provided y is any path of integration (tt may be etther an open path or a 

closed circuit) which fulfils the condition that the quantity 


ei (1 #) (SO) Bier) Ee (t) ) 


[or, in the second case, the corresponding expression in Q,_, (t) | reswmes 
ats envtial value after describing y. 


Suitable contours y can be found in plenty to satisfy this con- 
dition. Thus it is evident that an arc joining the points ¢ = —1l and 
t= +1 is a possible path y for the integrals (II.), p. 203; that is, 
the expression 


1 
z | ew P,,_4 (4) dt 
a 
is a solution of Bessel’s differential equation of order x. 


). Determination of some Notable Members of the Family of Integrals 
found tn § 4. 


The theorem of § 4 enables us to express the connexion between 
the Legendre and Bessel functions in a variety of forms; for, if we 
write 


1 
iie= | e*P,,_, (6) dt, 
-1 


it has just been shown that the quantity Jis a solution of Bessel’s 
differential equation of order n, for all values of n, real or complex. 
To find its precise relation to the known solutions J,(z), we need 
only find the first term of the asymptotic expansion of J for large 
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positive values of z. This is obtained in the following way :—We 
have, integrating by parts, 


1 ati 1 
raf Sp.O]-k[ et @a. 
nt 


_1 2 UZ dt 


The first term of the asymptotic expansion of J is therefore 
I 20 — wt 
ae P,,_,)—e-“P,,(—D)} 


1 . 
or = eo? —e— 2 +(n=3) iT 
at js 


4 T 
or 2z-te""D!™ cog {2—(n+4) ry ‘ 


Since the first term of the asymptotic expansion of J, (2) is 


2\3 
Bef ens} 
it follows that dea a( ar )s et as, (2). 


Lez s -(n-}) hire ber: 
so LVAD) ee, entnt e’ P.,_, (¢) dé. 
co 


Combining the parts of the integral which arise from the ranges —1 
to 0 and 0 to I respectively, we have a connexion between the Bessel and 
Legendre functions expressed by the formula 


Men = eae pe | st—(n—4) 7 je eye) (ed) 


which ts valid for all values of z and of n, real or complex. This re- 
sult was previously (in §3) shown to be true for the particular case 
in which 2 is half an odd integer. 

The general theorem of § 4 enables us not only to express J,,(z) in 
terms of Legendre functions of the first kind, but also in terms of 
Legendre functions of the second kind—namely, the Q-functions 
which are defined by the equation 

+1 
Q(2) = ral (G-#y GA de 
For, in the plane of a complex variable s, let S denote a contour 
which encircles the part of the real axis between the points s = | 
and s = —1, and which begins and ends at infinity. The direction 
in which S tends to infinity will be supposed to be such as to make 
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the real part of szi negative. Then, if ¢ be a real quantity lying 
between 1 and —1, we have | 


| (s—t)~"-#e* ds — athe ( y7n-4 e’’ du, 
Ss V 


where v = z(s—t), and where V denotes a contour in the v-plane 
which encircles the origin and begins and ends at infinity in the 
v-plane. ee 

But, from Heine’s expression for the Gamma-function, we have 


1 ; — il e7 (mra) atm uv "te" du, 





and therefore 
-n-1 28% 2a -} 2ti i 
(s me t) n=2 er ds — gl E pti + (+4) nr) 
; TI (n+) 


If we substitute this result in Bessel’s integral 
che (z) = LER ERE ete’ [ en (1=—#)* at 
n Drah T (n +4) . ? 


which is valid when the real part of (n+4) is positive, we have 


ghe~ (m+4) aim 1 ; : 
J, (2) = —.— (1—#)""3 (s—t)-”"} e*' ds dt, 
Ont 1? 5 = 
and, on substituting the expression given above for the Legendre 
function of the second kind, we obtain the formula 


~ (m +23) 07 


Ji 2) = “ ne [ Q,-,(s) ds. (IIT.) 





This integral vs of the type found in § 4; tt connects the Bessel function 
J, (2) with the Legendre functions of the second kind. It is valid for all 
values of z, and for all values of m whose real part is greater 


than —4. 


6. The Second Solution Y,,(z) of Bessel’s Differential Equation ; and 
the General Solution. 
We now proceed to consider the second solution of Bessel’s 
differential equation. When the order x of the equation is not an 


integer, it is known that J,(z) and J_,(z) are two mdependent 
solutions; and therefore the second solution when x is not an integer 


is el EC 
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FO, sae fl 
or, by (II), (= | COs («t+ halo =) Pi () dt. 
Ty 4. 
But the Legendre function of the first kind satisfies the relation 


Py (@) = Pi. 2) 


for all values of k, real or complex ; and therefore we have 


PINES (2) | an {ete +4 tt Pay (t) dt. 


Since the general solution of Bessel’s equation ( being still supposed 
to be not an integer) consists of any linear combination of J, (z) and 
J_, (z), it follows that this general solution is represented by any 
hnear combination of 


1 
| cos zt P,,_, (¢) dt 
0 


1 
and ’ a| sin zt P,,., @) at. 
0 


Consider now the case in which vz is an integer. Inthis case we have 


J_, (2) = (-1) 4. ; 


and therefore the function J_,, (z) no longer provides an independent: 
second soluticn of the differential equation. We take therefore the 
second solution Y, (z) introduced by Hankel, which is defined to be 


€ 


limit, _» 


Substituting the values found above for J_,,_.)(¢) and Jj_.)(z), we 
have 


TAG — Unit; (=) {+ 





_ Tee Megha herr 
fH pei (+ dae =) 


0 





UE Us eT 
—cos (t+ eG + 9 } Pa dt 


ly We ae 
ae Q2\2 |} ie (< 2 BP 
sia ae Pe NaI stil Ce a tbat 
= hnitee, ( =) ( : sin | 26+ i 9 n-4(t) 


and therefore we have the fees 


“Ge “sin [t= (0-8) Ms i Pray (t) dt, (IV.) 


Vest) ee my 
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which expresses the Bessel function of the second kind in terms of the 
Legendre function. 

Since the most general solution of Bessel’s differential equation of 
order 7 consists of a linearcombination of J, (z) and Y,, (z), it follows 
that this can be expressed as a linear combination of 


1 
| cos 2t P,,_, (t) dt 
0 


1 
and a| sin zt P,,_, (¢) dt. 
0 


But this result, which is thus obtained for the case in which n is 
integral, is the same as the result already obtained for the case in 
which x is not integral ; and therefore we see that zn all cases the 
general solution of Bessel’s equation is a linear combination of 


1 
a cos zt P,,_, (t) dt 
‘ (V.) 
rat 
and Z | sin zt P,,_, (¢) dt 


0 


On Groups which are Innear and Homogeneous in both Variables 
and Parameters.* By W. Burnstpg. Received and Read 
November 13th, 1902. 


In this paper I propose to discuss the nature of the characteristic 
determinant, first of any simply transitive linear homogeneous group, 
and secondly of any transitive linear homogeneous group. The 
result of this discussion, leading to a quite general form for the 








* Prof. L. E. Dickson has called my attention to two errors in my paper ‘‘ On 
the Continuous Group defined by any given Group of Finite Order”’ (Proc. Lond. 
Math, Soc., Vol. Xx1x., pp. 546-565). These occur in $$ 5, 6, dealing with particular 
cases of the characteristic determinant of a simply transitive linear homogeneous 
group. The induction in § 5 is faulty; and, as Prof. Dickson has shown, itis not 
the case that, if the characteristic determinant is the power of a single linear factor, 
the group is necessarily Abelian. The error in §6 occurs in the third line from the 
bottom of p. 553. The correct inference from the previous reasoning, there, should 
obviously be not vy = p, but that y isa multiple of u. The results of §§ 5, 6 are used 
in § 10 in establishing one of the main results of the paper. In order that this 
should rest on a sound basis it is essential that these errors should be corrected, 
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determinant in each case, is given in the first two sections of the 
paper. A short third section is added to apply the results so 
obtained to giving a materially simpler and shorter proof of the 
main propositions contained in the second section of my paper “On 
the Continuous Group defined by any given Group of Finite Order” 
(Proc. Lond. Math. Soc., Vol. xx1x., pp. 546-565). 

The question considered in the first section of this paper has been 
dealt with at considerable length by Herr Molien in his memoir 
‘Ueber Systeme héherer complexer Zahlen” (Math. Ann., Vol. xut., 
pp. 83-156, 1892) ; and most of the results arrived at in that section 
are contained in, or may be deduced from, those given by Herr 
Molien. I do not think, however, that this is the case with all of 
them. For instance, Herr Molien nowhere shows that the character- 
istic determinants of two reciprocal simply transitive groups are 
identical. It is not, in fact, very easy to find exactly what is and 
what is not contained in Herr Molien’s memoir; for he treats the 
different parts of what is one subject from the point of view first 
of complex numbers, then of jlinear groups, and lastly of matrices. 
The methods used here are, in any case, quite distinct from those of 
Herr Molien: they depend solely (4) on the existence of the re- 
ciprocal group, and (ii) on the fact that the only self-conjugate sub- 
group of the general linear group is the cyclical group multiplying 
each variable by the same factor. 


I. 


By a linear homogeneous group in the following pages is meant a 
group whose finite equations are linear and homogeneous both in the 
parameters and in the variables. When, of the parameters entering 
in the equations, the number that are linearly independent is equal 
to the number of variables, the group is called simply transiti¥e. 
Corresponding to any simply transitive group there is always a 
second linear homogeneous group (identical with the first, if the first 
is Abelian, but not otherwise) simply transitive in the same variables, 
every one of whose operations is permutable with every operation of 
the first group. This is called the reciprocal group. 

Let G and G be reciprocal simply transitive groups in 7 variables. 
An arbitrarily chosen substitution of G’ may be reduced to the canonical 


form =MYp YoY tAYer oer Ye = pYp-r t+ MYps 


a 
2=b 


, y ™ 
ee Ye Birt Neves ithe) Gio Oy Sah ct Ages 


? 
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where A,, A,,..., ave the clifferent roots of the characteristic equation 
of the substitution and ,q,..., their multiplicities. Every sub- 
stitution which is permutable with this substitution, and therefore 
every substitution of G, must transform the y’s, z’s, ..., separately 
among themselves. Hence G is certainly reducible. The linear 
transformation of the y’s effected by G will constitute a group which, 
since G is transitive, is certainly transitive, but is not necessarily 
simply transitive. This may or may not be reducible. If it is so, 
similar considerations will apply to the transitive group of. trans- 
formations on the p’(< p) linear functions of the y’s which are trans- 
formed among themselves. Continuing thus, we must eventually 
arrive at a set of independent linear functions 


X15 Hy25 089 Viyy (72 1) 


of the original variables, which are transformed among thereoleee 
by every operation of G such that it is impossible to form 7’ (< 7) 
linear functions of them which are transformed among themselves. 
In other words, the group of transformations on the r functions is 
irreducible. 

Suppose now that some substitution S’ of the reciprocal group 


changes BA CAPA. uae LAn ae 
into Ho1y Voy veey Vom 


Since the first set are linearly independent among themselves, so also 
must the second set be; but the 27 symbols may possibly be con- 
nected by one or more linear equations. If the linear equation 


DH {Loi = — >a; yj 


holds, 8’ changes the linear function 3b;a,; of the first set into 
another linear function 3a;#,, of the first set. Now, S being any 


operation of G, SREO es 


Hence, if S changes 3a;a; into Sc,a,, and 3b;a, into Sd;a,,, then 
S’ changes 3d;a,; into Sc;a,;. Now G contains operations which 
severally change %6,x,, into r linearly independent functions of the 
first set. Hence, since S’ changes each of these into another function 
of the first set, S’ must transform the first set among themselves. 
Unless 8’ replaces each of the symbols a, %, ..., %, by the same 
multiple of itself, G, so far as it affects this set, srottid be reducible, 
which is contrary to the supposition made. Hence either 


Ho; = CX jy (@ = 1,-2, eee) r), 


at 
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where e is a constant multiplier, or the second set is independent of 
the first. Further, since S’ is permutable with every operation of G. 
every operation of G effects exactly the same transformation on 


Loi, VQ vee, Loyy 
as it does on it insite he 
If some other transformation 9” of G’ changes the first set into 
V31y V325 weeg Vay 
precisely similar reasoning shows that either these are linearly in- 
dependent of the first two sets, or else ; 
3; = et; +fa, (@=1, 2, ..., 1), 


where e and f are constant multipliers. Moreover, the third set are 
transformed among themselves by G in exactly the same way as the 
first and second sets. By considering further substitutions of G’ this 
process can be continued till.no new independent set can be formed. 
Suppose that just s sets thus arise 


> > ? 
Wsly Usd we0y Usps 


The symbols in each line are transformed among themselves by each 
substitution of G in exactly the same way, and the most general 
substitution of G’ changes x; into 


Oihestoe eet estine (a= 1) 2): 
Further, the substitutions S’~' and 8’"'S” of G’ change 
Me Aaa i od Ces 
into DT etary Oise 
and 31) Ug eee Lgry 
respectively. Hence the most general substitution of G changes 2; 
into fi®tuitfytat+ Sveet f cles (@ == 182; ore) Tye 


It follows thus that the symbols in each column of the preceding 
scheme are transformed among themselves by. every operation of 
G', and that any operation of G’ gives the same transformation for 
the set of symbols in each column. The groups of transformations 
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effected by Gand G’ on the sr symbols in the scheme must each be 
transitive, since G and G! are transitive; and, since G and G’ are 
reciprocal, the two groups must each be simply transitive. Hence, 
if p is the number of independent parameters in the group of trans- 


formations of Stes inp AEROS 


and o the number in that of 


V7115 Ho 5 aisie'9 Rss 


But, in any case, ES pe te St 
Hence y= 8s 
and i 7", 


Whatever the simply transitive group G in ” variables may be, it 
must therefore be possible to choose 7° (r 2 1) independent linear 
functions of the variables and an equal number of independent linear 
functions of the parameters, so that the first 7° of the finite equa- 
tions of the group take the form 


ker 


/ . os : 
Ae re ol Cries beg) canner ge | 
kel 
while those of the reciprocal group are 
kar ; 
/ . . 
Vij => oe Aah ae he ds, fey 


So far as it affects this set of variables G is simply isomorphic with 
the general linear homogeneous group in r variables. 


2. If, when G and G’ have been transformed so that the first 7? 
equations of each have the form arrived at in the preceding section, 
Wy1y Vig, voey Vey Ly Lv» ---) Ly are all made zero, the first 7” equations 
of each are satisfied identically, and the remaining »—7” equations of 
each are the equations of linear homogeneous groups in »—7” vari- 
ables. These groups must be transitive, or G and G’ themselves 
would be intransitive ; and, since G and G’ are reciprocal, they must 
be simply transitive. Hence the process of the preceding section 


may be applied to them, It is therefore possible to find r (7, 2 1) 


linear functions of the original variables, y; (7,7 =1, 2, ..., 7), 
linearly independent of each other and of the preceding 7° functions 
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such that when the #;’s are made zero the y’s undergo the sub- 
stitution 


Led §) . . 
Yij a Real Fie Yix (¢, J a 1k 2, tees 1)s 


corresponding to the general substitution of G, and 


k=r, 


/ / . ° 
Yi = Pe ik Yj Gy — 1 2, sey rD), 


corresponding to that of G’. The 7, symbols f, represent linearly 
independent functions of the original parameters ; but whether the 
fy 8 are independent of the e,’s requires further discussion. The 
general equations of the group, so far as these symbols are con- 
cerned, will contain for each yj; a linear function f(a) of 
the x,'s with linear functions of the original parameters as coef- 
ficients. 

The process already used may be repeated for the simply transitive 
group that arises on making all the a,’s and y,’s zero, leading to 
v, new variables independent of each other and of the a’s and the 
y's, whose transformations are given by 


k=re 
25 = gy (@)+Gy YY) + Pi Gjntin (0,7 =A, 2, ..., 75), 


where g;;(«) and G;(y) represent lnear functions of the a,’s and 
yy 8 with coefficients which are linear functions of the original 
parameters ; and the process may be continued till the whole of the 
original variables are accounted for. 


3. To discuss the question of the independence of the parameters 
€:;, Ji, ---, consider first the two sets of equations 


o 
il) 


, 7 — led 
ny; = Cin Vik Gj a 1, ee, r), 


>= 
i] 
= 


k 
/ — 
Vii 


1 


Fin Yar () = I 2, eee ia) 


1 


Mi 


k 


These constitute a group. Suppose first that 7 and 7, are not equal, 
and let 7, be greater than r. The totality of the substitutions which 
replace each x by the same multiple of itself form a self-conjugate 
sub-group. or this sub-group 


C1, = Cog = «.- = Oy 


Ce ear ises)} ; 
ie 
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The 7, f’s are linearly independent among themselves, and hence, 
even when there are as many linear relations as possible between 
them and the e’s, at least m—rt+l of them remain arbitrary when 
the e’s are subject to the above 7’—1 relations. The group in 
the y’s would therefore contain a self-conjugate sub-group of order 
m—7r?+1 at least. Now the general linear group has no self- 
conjugate sub-group except that which replaces every symbol by 
the same multiple of itself. Hence, if * and 7, are unequal, the e’s and 
the f’s are linearly independent. If7, = 7, andif the e’s and the f’s 
are not independent, suppose that there are s linear relations con- 
necting them. ‘Then when the e’s satisfy the preceding relations at 
least »?—s+1 of the f’s remain arbitrary. Hence the condition as 
regards the self-conjugate sub-group can only be satisfied if s = 7°, 
z.e., if the f’s are linearly independent functions of the e’s. But 
when this is the case to every operation of the group in the a’s will 
correspond a definite operation of the group in the y’s. Hence the 
group of the y’s can be so transformed that each f is equal to the 
corresponding e. 

Suppose next that r=7,=7,. If each f is equal to the corre- 
sponding e, then from the previous case either the g’s must be in- 
dependent of the e’s or the z’s can be so chosen that each g is 
equal to the corresponding e. If the e’s and the f’s are distinct, the 
possibility arises that the g’s may be functions of the e’s and f’s 
together. If this is so, consider the sub-group given by 


Cy = Cg = oe = Oy fr = ae = + = Ss 
Gane, ee) nl Geo) 


Of the g’s then just two would be independent, and the group of the 
z’s would have a self-conjugate sub-group of order 2, which is not 
the case. Hence the g’s must be independent, or each g must be 
equal to the corresponding e, or each g must be equal to the corre- 
sponding f. ‘The same method may be used to deal with any number 
of equalities among the v’s, each fresh set of parameters being shown 
to be either independent of the preceding ones or identical with one 
of the preceding sets. 


4, The linear functions denoted in the second section by fj (#), 
gi (@), Gi (y), -.., remain now to be discussed. or this purpose sup- 
pose again that all the variables except those of two sets, say the 
ys and the z’s (these are taken to preserve the notation, and not as 
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representing necessarily the second and the third sets), are made 
zero. Suppose also that the f’s and the g’s are independent. The 
equations of G for the y’s and 2’s then become a set of 7/+7,, equa- 
tions constituting a linear group, as also do those of G’. Since the 
f’s and the g’s give r,+7, parameters, these groups are transitive, 
and, since G and G’ are reciprocal, they must be simply transitive. 


The equations yo Shay) (hy ord ie Ae 
1 
ay = Gy (Y) +2 Gintix (% 7 =1, 2, ..., 75), 


in which the f’s and the q’s are linearly independent, constituting a 
simply transitive group, the coefficients of the y’s in G;(y) must be 
linear functions of the f’s and g’s. 

Now the values of the parameters 


ih Se oe ia 0 (a 7) 
Iu == 99 == 66 Dare == B, Gi as 0, 


constitute a sub-group of order 2, all of whose operations are self- 
conjugate. For these values the above equations become 


Yi = BYis5 
Zi; = agy (y) +Bhy (y) +2, 


where g,;(y) and h;; (y) represent certain linear functions of the y’s; 
and, unless all the functions 9; (y) and h, (y) are zero, these equations 
have not the group property. This is verified at once by combining 
the substitutions with a, 8 and a’, B’ as parameters. Hence the self- 
conjugate operations are 
Yis = Yi, 2% = Bay. 

Every operation of the group, being permutable with these opera- 
tions, must interchange the y’s and z’s separately among themselves. 
Hence all the functions denoted by G';(y) are identically zero. From 
this it follows that no two sets of the variables which occur in con- 
nection with distinct sets of parameters can appear in each other’s 
equations. 

To carry the discussion further than this would involve the dis- 
cussion and discrimination between particular cases, which it is not 
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proposed here to enter on. If the set of parameters 


C115 C395 eee Cirs 
C15 C995 eoeg Copy 
oce 


Cyrty C195 Re) Ci: 
occurs in connection with kr sets, of 7 variables each, 
9 i Wes 4 — 6 
Pad Oe ere ls aoe gue eri) 


the finite equations corresponding to these variables can, from the: 
preceding discussion, be written in the form 


f-1, 0 


ijt = if (a) +fi CAe rani: Cir a C jx Vint 
Civili SL ne Nie ies eel eee s 
where f;; (a,) represents a linear function of the symbols 
Di ts) —— eens) 


with coefficients depending on the original parameters. 


Corresponding to each distinct set of parameters, %.e., to each 
irreducible factor of the determinant of the original equations, there 
will be a similar system of equations; and the nature of the reduc- 
tion of the group is then determined, so far as it depends on the 
distinct factors of the determinant. How far the above equations, 
which correspond to a _ particular irreducible factor, may be 
further simplified or modified will depend on the value of k in each 
case, and will lead to a discussion similar to that I have undertaken, 
for the case r= 1 and the group Abelian, in a paper “On Linear 
Homogeneous Groups whose Operations are Permutable”’ (Proc. 
Lond. Math. Soc., Vol. xx1x., p. 325). 


5. The results obtained so far may be conveniently summarized 
here as follows :— 


(i) The determinant D, of the finite equations of a simply transi- 
tive linear homogeneous group in w variables with respect to the 
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variables is always of the form 








ker 
Crit» S12¢2 se Crt ‘ 
te8 | G5 e e at a 
gia, f29¢7° -29 "ar, t 
(Ij t a LPT aaa 
t=1 t=1 
rib) Cr 2t9 ) Cr r,t 
Gas 
where Pe PIS 
t=1 
C= 8.5 
and the yr, = 2; 


symbols e,;, are linear and independent functions of the n parameters 
entering in the equations of the group. 


(11) The variables may be chosen so that both G and the reciprocal 
eroup G interchange them among themselves in the same s sets, the 
number in the ¢-th set being kv; The finite equations for G as 
regards the ¢-th set are of the form given near the end of § 4; and 


their determinant with respect to the variables is # 1 the power of 


a single irreducible factor. 

Both G and G’ interchange among themselves the symbols of the 
t-th set, while the determinant of the equations of G for this set is 
the power of a single irreducible function Bae Now the determ- 
inants of any two reciprocal simply transitive groups differ only,if at 
all, in the power to which the different irreducible factors enter into 
them. Further, the determinant of G with respect to the parameters 
is obtained by writing variables for parameters in the determinant 
of G with respect to the variables. Hence-— 


(iui) D, and Dj, the determinants of the finite equations of G and 
G with respect to the variables, are identical with each other ; 
and D,, the determinant of G with respect to the variables, is 
obtained from D, by replacing each symbol e;,, by the a; defined 
in § 4. 

To these three general results the following special ones are added 
on account of their importance :— 

The determinant PD, is expressed as a function of v independent 
linear functions of the original parameters. If no linear relation 
connects the n differential coefficients of D, with respect to the 
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original parameters, vy must be equal to m and then each of the k’s 
must be unity. Hence— 


(iv) If D, cannot be expressed in terms of less than 2 linear 
functions of the original parameters, every irreducible factor of D, 
enters into D, to a power equal to its degree ; and Gis then the direct 
product of a number of groups each of which is simply isomorphic 
with a general linear group. 


(v) If D, cannot be expressed in terms of less than n linear func- 
tions of the parameters, and if D, is a power of one irreducible 
factor, then ~ must be a square, and G is simply isomorphic with 
the parameter group of the general linear group in ,/n variables. 


II. 


The preceding results may be applied to deal with the determinant 
of any transitive linear group, homogeneous both in the variables 
and in the parameters, and with the reduction of such a group. 

Let G be such a group in » variables and m (n*>>m>n) parameters. 
The parameter group of Gis a simply transitive linear homogeneous 
group in m variables. Denote its determinant with respect to the 
variables by D, and that of Gby A,. Since A,=O determines the 
systems of values of the parameters for which the finite equations of 
+ cannot be solved, while D,=0O gives all inadmissible systems 
of values of the parameters, the irreducible factors of A, must be some 
or all of the irreducible factors of D,. The form of A, is thus determ- 
ined from the previous sections as 


| k 
| 11» C195 eves aie 


i =— {1 Copy €g97 wey Cry 
| | 


| ens C12) wong Cre | 


where all the e’s in the different factors of the determinant are 
linearly independent linear functions of the original parameters. 
Hence 4, must have more than one irreducible factor; for, being 
of the n-th degree, it would, if irreducible, be a determinant of n rows 
and columns all of whose elements were independent; and this is 
impossible, m being less than 2”. Choose now new parameters, so 
that the set e,, ..., e,, occur among them. When we make 


Cy KH Og FS ee SE By QO, 
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the finite equations of the group cannot be solved for the original 
variables. Hence these values of the parameters must either make 
one at least of the original variables disappear from the equations, or 
must involve at least one linear relation among the transformed 
variables. If together with the original group we consider the 
“transposed” group that arises.on interchanging the rows and 
columns of coefficients in the finite equations, when of these two 
possibilities one holds for the original group, the other must hold for 
the “transposed.” It is therefore sufficient to consider one of 
them. Suppose then that the assumed conditions for the e’s lead to 
the relation 
Soa 
among the transformed variables. If 1iew variables are taken, of 


& = 24,2; 


which 


is the first, then & vanishes when 
C= ea Cee ae ey), 
whatever the other parameters may be. Moreover, since to the 
identical operation of the group there correspond the values 
Cte re Cee ee) (es), 
of the e’s, it follows that when 
(es ees A Sep 
€; must be equal to €,, Hence we may take 
f= Cy G& tei Sigt--. t+ eiré,, 


£,, &, ..., €& being linearly independent functions of the original 
variables. 

If now the transformations corresponding to accented and un- 
accented values of the e’s are carried out in succession, the resulting 
substitution is that for which 


4} / / / 
Ci, = C1, Cri A Op Cay 1 wee te Sly Cri > 


4} id y / 
Cig — 6), 019 1 Cyg€o2 T --- 1 Ci, O25 


a , / , 
Che = Cy, C1 HC yy Cor TH «++ + Cty Cry 
are the first r parameters; this being given directly by the parameter 
group. But 
as AA ‘ft ss / / / 
C14 Et+epe&t+ aoe +e1,.€, — €y1 & +ep&+ see — Cy 
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where &, &, ..., € are the transformed values of &, &, ..., & corre- 
sponding to accented values of the e’s. It follows that 


& =en&tengst+... ter€, 
es — ene teng&+ see + 6,€)., 


& = Cnr tenSst ».. $e,.&- > 


The first v variables are therefore transformed among themselves by 
every operation of G, and the group so far as it affects these variables 
is the general linear group in 7 symbols. 

If, in the equations of G, &, &, ..., & 1, ..., & are made zero, the 
remaining n—r equations give a transitive group in »—r variables, 
and this may be dealt with as G has been. Moreover, as in the case 
of the simply transitive group, this process may be continued till all 
the variables are accounted for. Further, exactly asin § 4 of the 
first section, it may be shown that, if 


ce ie aN | v9 


15 N25 a aay UE 


are two sets of variables thus arising in connection with two distinct 
sets of parameters (or, in other words, in connection with two distinct 
irreducible factors of A,), neither set can occur in the equations 
giving the transformed values of the other. The results thus ob- 
tained may be summarized in the following form :— 


(i) The determinant with respect to the variables, A,, of a transitive 
lnear homogeneous group in 7 variables, other than the general linear 
group, is never an irreducible function of the parameters. It can 
always be expressed in the form 








ue 
ly Clore; ae rs aii 
tes | @y € ane eae 
A, aa 21? 22t? ? art 
t=1 
Crlir Sr, 2t7 2229 Crerit 


where the symbols e;,, represent independent linear functions of the 
original parameters. 


(ii) The variables may be so chosen that they are transformed 
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among themselves in s distinct sets. The number in the ¢-th set is 
k,r,; and, if they are denoted by 

me eae a). mV ea a); 
the general operation of G, so far as it affects the symbols of this 


set, 18 ker, 
fai 
Vit = fpat Cint@ x jt 
=1 


(eae een Eee A). 
where /,;_; represents a linear function of the symbols 
en ie eee er OL ee fal). 
with coefficients linear in the parameters. 


Gui) Anirreducible homogeneous function of degree m in p vari- 
ables, between whose first different coefficients with respect to the 
variables no linearrelation with constant coefficients exists cannot be 
arelative invariant for a transitive group, linear both in the variables 
and in the parameters, unless w = m*; and the function must be of 


the form 
X15 Vi95 9 Lm | 
| 
| 
a 219 X95 ’ Lom _ 
| 
Lmly Lm +209 Umm | 


where the elements of the determinant are linearly independent 
linear functions of the variables which are transformed by the group. 


ET 


I wish to draw attention to the great simplification which the 
results of the first section of the present paper permit in proving the 
main propositions of the second section of my paper ‘On the Con- 
tinuous Group defined by any given Group of Finite Order” (Proc. 
Lond. Math. Soc., Vol. xxtx., p. 526) already referred to. 

If D, is the determinant with respect to the variables of the 


group Gr, ee 
Tim i eae Leh, heey I), 
Ce | 


220 Prof. A. W. Conway on the [Nov. 18, 


there considered, and if 
Yr Yas La Be Yn 


245 Yo ceey On 


are the values of the parameters corresponding to an arbitrary 
operation 7’ of G and to its inverse 7’, it may be shown, almost 
exactly as on pp. 556, 557, that 


— 


1 oD, 


2-1 ie 


nD, Oy; 
Now, if the y’s have arbitrary values, so also have the z’s; and there- 


fore the n differential coefficients oD, are linearly independent. 
Yi 

Hence, by (iv) of § 5, every irreducible factor of D, enters into D, to 

a power equal to its degree; and, if there are s such irreducible 

factors, G is the direct product of s general linear groups in 

My, My, ..., ms, variables, where 


2 2 2 
M,+M,+...+M, = nN. 


This being the case, the self-conjugate operations of G constitute a 
sub-group of order s. But it had previously been proved that this 
sub-group had r for its order. Hence s=~+7, and the variables may 
be chosen so that every operation of both G and G! interchange them © 
in the same 7 sets, the number in each set being a square. These are 
the main results on which the remainder of the discussion turns. 


i 


The Propagation of Light in a Uniaval Orystal.: By A. W. 
Conway. Received November 5th, 1902. Read November 
13th, 1902. 


Introduction. 


The following paper is an adaptation of the analysis used by 
Prof. A. H. H. Love (“ Integration of the Equations of Propagation 
of Electric Waves,” Phil. Trans., Series A, 1901) to the case of a 
uniaxal crystalline medium, together with some deductions from the 
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general equations and applications to physical optics. §§ 1, 2, and 3 
are occupied in integrating the equations of motion in terms of 
certain boundary conditions. §$ 4 and 5 treat of the direction of the 
vibration and the flow of energy. §§6, 7, and 8 are applications of 


the general integral obtained in $3 to Huygens’ principle for a 


crystalline medium with a plane face, and to the passage of parallel 
and divergent beams of light through a thin crystalline plate. <A 
note is added on Huygens’ principle, which was suggested by some 
of the results in § 6. 


1. Particular Solutions. 


If the medium be considered to be magnetically isotropic, but to 
possess an axis of electricsymmetry, and if the magnetic permeability 
be taken to be unity, the differential equations of wave propagation. 
on the basis of the electromagnetic theory of light are ? 





Ee Gye ORE 
fataratos | 
ay — Ga _ dy 
Pie acl 
ety Bik one 
Nt Spe aes LE ae 

: Oa x | 

ec Zoe (1) 
aac: 
TG raz: 
oh oe ae 
SP RONG Oe 
Faia ey 


where (X, Y, Z) and (a, 8, y) denote the electric and magnetic forces 
respectively in electromagnetic units. 
From these equations we can deduce 


Foes fee SEV. 
aE ie ee 
Og 708 Oye 
eee Siam 


wherever these functions have no singularities. For light waves it 
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is known that the constants a and ¢ vary with the wave-length. In 
what follows they will be taken to be constants, and the results ob- 
tained will then be applicable to the case of monochromatic light. 

If we put a@=c in equations (1), we get the case of an isotropic 
medium. In this case there are two classes of solutions which are 
infinite only at the origin. The simplest of these solutions, from 
which all the others can be derived, are (a) the case of a Hertzian 
oscillator or vibrating electric doublet, and (0) the case of a vibrating 
magnetic doublet. 

If F(t) and f (¢) are arbitrary functions which are uniform, finite, 
and continuous for all real values of ¢, and if we denote by x the 


function 


Vx + y? mq hee Teoven oo 
[ bis UNS Ba REEF) FB VOR FO? $8) 


+f(atV/N4+2—-t)—f (Vc + a-%?—4) }, 





we can show that'y has no infinity for real values of a?-+7? and z, 
and that near the z-axis it can be expanded in positive integral 


L+mt+n 
powers of #*+y’, and hence that expressions of the form 


Ox! dy” Oz” Xx 


have no singularity on the z-axis. We have also the relations 











Oixge OX - 0 ER rh a FLV cH(@+y) +a724+#] 


Ow Oy Ot Vet+y+2 C Vo (a@+y) +a-22 








farveity teat), a FLV Pty) +a] 
Jety+e Cc? Vom? (ey) +a-22 
es o—y, 


where @ denotes the part involving /Va?+y?+2 and J denotes the 











}@) 





part involving Wc? (a?+1?) +a—22, 




















Op Ob 0 0% 
Ox? Oy? i Oo . of? ©) 
er On, os yee Os) een ee OY 
a A ait afin aa C a? (4) 
Oy a eee ory C 
det het a aeeiaa me 


1902. ] Propagation of Light ina Uniaxal Crystal. 223 


Using the above notation, let us consider the following values for 
the components of magnetic force :— 


ae Paliiroty 
Bw MN Ses dyagel 
eG kas bre (6) 
Oz Ox? Oz | 
Bene s.C¢ 
(4 oe Oy 


Using the equations (1), we find for the electric force 
. . 


x,=—(%# aoe Ox 








Oy? | 02)" Gatdz 
Od of 
Vo oo x 
Oxdy  Oxdy dz? . SQ 
nat 28 8 (Oe 4 Oe) 
a Oxdz @ \dzdz Ox Oy?0z 


which take the simpler forms, on making use of equations (2), (3), 


and (5), 

















pags 2 Ow Oey 
X= — a p+, eg tox 
; a” Ox? Ox? 
2 Ow Or, 
Y= f Ay x @ 
: is Ox Oy Ox0y (8) 
2 2 
Gate eal 
a Ox Oz 


On taking the curl of (X,, Y,, 7,) in the above forms we find that it 
is identical with —(a,, B,, y;). Hence these expressions satisfy equa- 
tions (1). On examination of the terms it will be seen that they are 
of two kinds. The first kind involves arbitrary functions of 
at/2+y?+z2+t, which refer evidently to a radiation travelling 
with a velocity a. The second kind involves arbitrary functions of 





Vo? (e’+y")+a?z +t, which refer to a radiation travelling with a 
velocity [c?(? +m’) +a-?n?} in the direction J, m,n. Hence the 
wave surface corresponding to this disturbance consists of two sheets, 
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one being a sphere and the other a spheroid. To see the physical 
meaning of the expressions (6) and (7), we may let #’ and f be 
simply periodic functions with a long period, and we see that the 
disturbance is due to an electric doublet whose axis is along the axis 


of a. 


On letting a = ¢ the functions ¢ and J become identical and x 


vanishes, and we obtain the well known solution of Hertz. 
In a similar manner the electric and magnetic vectors for a doublet 
along the axis of y are given by the equations 


Ae 
2 


NG 


Py 


Y2 


the simpler forms 


e Ow Ns 














Sw eny' 
ae eee NG. tsar 
a Ox Oy Ow Oy 
ne 2-3 ae 
Se saya Ok ONAN ee ie (9) 
a” Oy" oy? 
_¢ oy 
a Oy Oz 
paren tenes =e od 2 ire Oy 
Oz Oy? Oz 
N° 
=a ; (10) 
a Oy Oz 
Siac? 
Ox 
For an electric doublet along the axis of z the components take 
aeee eo Oy 
1 a” Ox0z 
Agel 
= _ 3 
, a” Oydz ; Ca) 
Z sae es a + ey) 
; a \0e dy? 
papa se 
3 as ‘| 
8, pe” ow ; (12) 
; a’ a 
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Tt may be noticed that an electric doublet along the axis of z gives 
rise only to a single wave surface—a spheroid—and it will be seen 
from the forms below (15) that a magnetic doublet along the same 
axis gives rise only to a spherical wave surface. 

Besides electric doublets we can have magnetic doublets, which 
can also be regarded as currents flowing around small circuits. If 
the moment or the current varies with the time in any manner, a 
disturbance is propagated. We give below in (13), (14), and (15) 
the electric forces due to doublets of this kind having their axes 
along the axes of x, y, and z respectively, 





9 ox 
Eke — (ha * 
er once 
Od ox 
Nee ere Lene ie 
. Ai beune aC Or 
7 as, 
a Oy 
al an 
NG pide Sy eee 
‘ Oz Ox? Oz 
Cy. 
Y, = —a? ——*— 14. 
O04 OF ; G4) 
et 
a Ox 
Xone ha op 
oy 
VW 4-2 Ob (to) 
ef | 
YA NY 


Introducing a vector—the magnetic displacement—which is con- 
nected with the magnetic force, thus 


(11,0, ,) a (a, 2,7); 
(115 UW») = (a,8,72), 
(u303Ws) a (asBs 7s), 


we see that the expressions X,, Y,, Z,, %, v,, w, are identical with 
VOL. Xxxv.—no, 804. Q 
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X,, X,, X;, Xt, Xi, X3, respectively ; and that X,, Yo, Z,, us, U2, W, are 
identical with Y,, Y., Y;, Yi, Y:, Ys, respectively ; and that X;, Y;, Z;, 
gy Vg, Wy are identical with Z,, Z,, Z;,, Zi, Z, 43, respectively. 


2. The Reciprocal Theorem. 
It U and V satisfy the relations 
N° Ue Oe Ve ae 
it was shown by Green that 
OV OU 
{| {oo —vs— tas =0, 
provided that the surface neon: are taken over the boundary of a 


region not containing singularities of U and V. Similar theorems 
have been proved by Poisson and Kirchhoff for solutions of 


OU 
ot 
For the equations (1), if (X, Y, Z), (X’, Y, Z’) be two possible 


solutions of the same period, we can verify the theorem 


Ox: OX oY’ OY OZ’ AS 
{| {xix sky yz 9S 


—(UX+mY+nZ) ( + oY’ + ue 





oN 


Be ae ae 
HO +MY 407) (SE 4 oe + 2) as =0 (16) 


By taking =. V = { (a—a')?+ (y—y')? + (2-2)? 4, 


Green has shown that 


\\{ oY _y SU} ESS 4x U7, 


where U’ isthe value of U ata point 2’, y’, 2’ outside the boundary 
which encloses the singularities of U. This equation can be in- 
terpreted in the theory of electrostatics and of hydrodynamics, just 
as the theorems of Kirchhoff and Poisson have interpretations in the 
theory of sound. In like manner, by properly choosing X’, Y’, 2’, 
we might, by the aid of (16), obtain the value of the electric force 
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at an external point in terms of a surface integral. Such a theorem 
would be open to the objections urged by Prof, A. E. H. Love.* We 
shall therefore make use of the reciprocal theorem given by him. 

Let (X, Y, Z), (u, v, w) and (X’, Y’, Z’), (w’, v’, w’) be two solu- 
tions of equation (1). Then, if thesurface integration extends over 
the boundary of a region which is free from the singularities of 
these functions, 


h 
| dt {| {U(vZ' —v' Z—wY' +w'Y) +m (wX’—w X—uZ'4+vZ) 
fo 
+n (uY— wWY—vX’+v'X)i dS 


= ar | ar} x’ (ea aorta. } : 


to o 


- (17) 
But Ow _ Ov _ Oe, 

Aer 

Ls SNE ET ea 

REE i 


therefore the expression becomes, on changing the order of integration, 


. . . ° . . per ty 
= | dr | teu’ aur + yp’ — we’ paw — wo! | = 0 


to 


if we take w’, v’, w’ to be insensible at the times f¢), f,. 


3. The Integration of the Hquations and Huygens’ Principle. 


Let us take for (X’, Y’, 7), (u, v’, w’) the forms (X,, Y,, Z,), 
(uw, %;, W,) given in (6) and (7). We have at our disposal two 
arbitrary functions Fand f. Let f =0, and let 


OF («) _ i 
cal oo): 


Then we shall give (a) the following two properties. ¢(«#) is very 
nearly zero except in the interval from —n, to 7,, where y, and n, are 





* «<The Integration of the Equations of Propagation of Electric Waves,’’ Phii. 
Trans., Series A, 1901, from which this section and the next are adapted. 
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very small positive quantities, and 
m 
| O(a) daa; 
Ute 


If e is a small positive number, and 2, y, z refer to any point on the 
small spheroid 





a y ae 
a 2, 
an Spe Say =~ 2 see 8 
2 2 2 
C Cc a 


we can find ¢, such that 





Oa a tay ett And #4 0c4 (P+y?) +02 +t, ie 


and ¢, such that 





a /e+y+e+t, and vc” (x? +7) +a2 + ty > — mM. 


. 


th ee i 
Then Cia tVet+y+e274t) dt = \ Cy) daca 
= 4H) 


hy wea ye eee 
| Veit y+ 2 C(at/e+y+e2+t) dt 
t 


AGC EDR HG om aS a 
2S Vety+e C (a /e+ty?+2+t) Ob 0s 
Ae 
if /at+ y’+2 is sufficiently small, and similar relations hold for 
CLG (@+y")+a°*2+t}. Making use of this function £(_), it is 
clear that (17) is satisfied. An example of a function fulfilling these 
conditions 1s 





Nie eal — Px? 
¢ (x) ary yes € ? 
provided that pm is very large and e is small of order w*. The 
surface of integration in (17) is a surface (8,) surrounding the 
singularities of (X, Y, Z), (u,v, w), and a surface (S,) surrounding the 
origin which is the only singularity of (X,,X4,Z,), (u,%,w,). This 
latter surface we shall take to be the small spheroid 


x? 2 22 : 
2 ean 
C a 


+ 


.['S 


We shall proceed now to find the value of the integral on the left- 
hand side of (17) when taken over S,. Referring to (7) and (8), con- 
sider first the terms arising from differentiations of the function x. 
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They are 


: Ox mw —nv as ox 
[ae |] as fo ee nv)+a Seay ae, 


-2 2 oy 
amy) a2, (nX—12) } 





(mZ—nY)—a 





Oy 
da By de 


On integrating with respect to ¢ and letting € become very small, we 
find that the only term which does not vanish is 


at || dSa-tmx 2X 
(i {| or Ox? Oz 125 { 
which, from symmetry, 
| [Jorg Gate 
= —-— |ode lidsnx = ‘) 
PAA es mle Oy? 


rt 


=- fa (fosex (4%) 








i } Oz Oz 
¥; \ 1 1 
— Es {| aS za xX (— 2 ar oa) 
where ra=a+y+e 
and Pe Ge (2 ey) ae 


The contribution from the other terms of X,, Y,, Z,, %, v,, w, will, 
in like manner, be found to be 


1 xX 
\\ dS (— aaa (mw—nv) — a8 (nz+my) 


On expanding v and w near the origin in the form 


aes (<*), PF iveey 
we find —|| as Gum) — Saree (S2),} 
Air 
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We have also 


‘| | aan HESS: a, na} dS = —2na?X, 


and —4 \\ dS et =— ne Xi 
Hence the integration over S, gives altogether —47a~*>X), when 
See 

We have next to consider the integration over the surface S,. By 
making use of the following theorems we can integrate at once with 
respect tot. Let U be any function of ¢ which does not become 
infinite for any real value of ¢. 


h Yr Ur : 
Ut (= +t} dt =| (Tp etree aL neue 
e —No ; 


to 


In a similar manner, 


alee 

(2 ay u=-1(2) 
are (” 

eee". ae 


OL (ort) y — _ (OU 
[v ge a AGT a 


Thus of the terms in the surface integral, one set is formed at the 


time t= ——, whilst the other set is formed at the time ¢ = —p. 
a 


If the origin be outside the closed surface S,, it will be necessary to 
add a third boundary, an infinite sphere having its centre at the 
origin. Its contribution will vanish if we take the initial dis- 
turbance to be confined to the region 8,. 

Taking a new origin so that the old origin becomes 2”, y’, 2’, and 
reckoning ¢ from a different time, we can now write down the values 
of X, Y, Z at the point a’, y’, z’ and time ¢ in terms of a surface 
integral. The notation [| |;_,a, [ |, will be used to denote that 
the quantities inside the brackets are to be formed at the times 


i—— and t—p respectively ; we shall also use the symbol 
a 


ow = (w—a’)?+(y—y')’. 
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AnrZ =I dS { — (yy) C =o} e i £) [mZ—nY],_, 


ac 





4 w=’) (ee aa af [nX—1Z],. 
Gera: 


2 
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(@— a’) (z—z’) 1 =) 
- = an as mw—nv |t_, 
> Or he 
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(20) 


Thus we have expressed the value of X, Y, Z at a point a’,y',z in 
terms of a surface integral. This is the analytical expression of the 
principle of Huygens. The disturbance at any point at a time ¢ is 
expressed in terms of the values of the electric force and magnetic dis- 


. . te 
placement on any given surface at times t—-— and t—p. In other 
a 


words, each element of the surface can be regarded as a source of 
disturbance sending out two waves, one with velocity a and the 
other with velocity {(?+m’)c*+mn'a~*}-4. Let us consider, for 
example, the parts of (18), (19), and (20) which involve (mZ—nY) 
under the sign of integration. On examination they will be 
ound to differ only from the expression X,, Y,, Z, (7), by having 


[mZ—nY },-,j4and|mZ—nY |,_, inplace of £r(2 + t) and. £ F(p+t); 


so that these portions of the integral can be interpreted as the electric 
force due to a magnetic doublet of moment proportional to mZ—nY 
and having its axis along the axis of a. Taking the other terms in 
like manner, we shall find that tle electric force at any point can be 
regarded as due to a double system of sources situated on the 
surface, one system being electric doublets of moments proportional 
at each point to the vector mw—nv, nu—lw, lv—mu, and the other 
system being magnetic doublets of moments proportional to mZ—nY, 
nX —1Z, lY—mX. 
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4, The Direction of Vibration. 


If the components of electric force at any point due to a system of 
plane waves be denoted by X, f (a+ my +nz—kt), Y, f (la+my+nz—kt), 
Z,f (la+my+nz—kt) where ?+m’?+n*=1 and X, Y,, Z are inde- 
pendent of x, y, z, and ft, then on substituting in equations (1) we find 
either 

(L.) P=? (P+m’) +n 


or Gh Sa 


showing that the plane waves at any time ¢ touch ’ 


yy? gt : 
KER RHC Eee! 
C C a 


(1.) 


or (IL.) @+y4+2= a7. 


These are the extraordinary and ordinary wave surfaces respectively. 
It will also be found that the direction of electric vibration (or 
electric displacement) is the trace of the radius vector on the tangent 
to the wave surface at the point where the radius vector meets it. 
This is the well known construction of Huygens and Fresnel for 
plane wave trains. In questions dealing with a divergent disturb- 
ance it is usually assumed that this construction holds also for such 
cases. But we shall now examine if any solution of the equations (1) 
exists infinite only at one point and having the electric displacement 
obeying this law of Huygens and Fresnel. We shall consider first 
an extraordinary wave diverging from a point. Putting 


cf 2 
cor =£+Y; 


we have to determine U such that {es U7 ae U, - ut are possible 
coy @ 


2 


values for the components of electric force, and that they are infinite 
only at the origin. From these values, since 


we have a 





therefore Uie= f (er"e* Hane fl peay. 
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X=— {ff (pO +h (pt8) 
wp wi (P thr (e+8)$; 


Y=— 





= ‘f, (p—t) +h (p+) }. 


coy 


Hence the only solutions we can find obeying Huygens’ con- 
struction have X and Y infinite along the optic axis. These 
solutions, it may be seen, represent waves diverging from a source 
and running along a perfectly conducting wire extending along the 
axis of z in both directions or else the disturbance due to a con- 
tinuous stream of electrons being projected from the origin along 
the axis of z with velocity a.* We can find solutions for the 
ordinary wave, and they will also be infinite along the axis of z. 
It does not therefore seem legitimate to make any statement about 
the direction of vibration in a divergent beam close up.to the source. 
It may be seen, however, from the forms (8), (9), and (10) given for 
simple singular solutions that at a very great distance from the 
origin the vibration will satisfy the same laws as for plane waves. In 
§ 7 an attempt is made to treat a problem in convergent light with- 
out any assumption as to the direction of vibration. 


). The lay Direction. 


It is usually defined that the ray direction is the direction in 
which the energy of radiation, as defined by the Poynting flux, travels. 
We shall now consider if any solution exists which has a singularity 
only at the origin and in which the Poynting flux is radial in the 





* Of. Heaviside, Electromagnetic Theory, pp. 53 et seq. 
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immediate neighbourhood of the origin. Considering the case of 
frequency p, the most general solution is of the form 


X= (X,4+ pX,+p7X,.4+...) el?" + (Xo+pXi +p Xz+...) ee, 
a == (a,tpa,tpra,t+...) e? "94 (apt part...) ei? 
with similar forms for Y, Z, 8, y; Xo, Xo, ---5 Uo. @o, --- are functions of 
v,y,and z. Wecanassumethat the twelve terms X,, Xo, Yo, Yo, Z, Zo, 
A) 40, Poy 30) Yor yo aYe not simultaneously zero. If they were, we 
could, by integrating with respect to t, restore the above forms. 
Since the Poynting flux is assumed to be radial, 
eX +yY+2Z = 0, 
va +yP+zy ==), 


We have also peux 55) Ova O72 


Oa eG i 
4 B 
a= (0) 
: a, ue 3e 


With respect to these relations the portions multiplying e?-"” fand 


e-*) must separately vanish. For, since they must hold at any 
point for every value of ¢ on putting 


= 0, 


r wT 7 
(= —-+ = or = = 
PE 2 mage 


we can deduce the above result, and the results must also hold on 
putting p = 0, z.e., making the period infinitely long. 
Considering first a, 8), yo, we have 
oy _ 08 = (Se OB, 
Dinos hc 


=a quantity multiplied by p; 


Je ip ee eee ihe dt € 





therefore Oxy — OB, 
a) eee 
Hence we can put a, = ou Da ou ve ov 
ar ay x 
and we find Cay ys oU = 0; 
Oy Oz 









2 72 2 
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UV therefore is independent of +, and depends only on the direction 
angles 0, (cos i —; Sil Gssity p= ae ak Putting 

tan 36 cos ¢ = €, 

tan 40 sin ¢ = n, 


Gigad Ue 
of = On? 








we have 


and U is finite for all real values of € and 7. From this it follows 
that U is a constant. Hencea, = 0, 3, = 0, y, = 0, ...; in like manner 
ay = 0, Po = 0, ..., contrary to our hypothesis. Hence no solution 
exists in which the Poynting flux is radial and which has a 
singularity only as the origin. (The type of solution found in § 4 
can be shown to satisfy this condition.*) 


6. Application of Huygens’ Principle to a Crystalline Medium with 


a Plane Face. 


Let us take the plane of wy to be the surface of a crystalline 
medium, the positive direction of the z axis coinciding with the axis 
of the crystal, and let us suppose the face of the crystal to be dis- 
turbed by plane waves which travel in the outside medium with 
velocity V and fall on the face in the direction (0, sinz,cosz). If 
the values of electric force and magnetic displacement at the 
origin just inside the crystal be represented by the real parts of 
(X,e”, Y,e”, Ze”) and (we, vein, woe”) respectively, then the 
values at any other part of the face of the crystal will be X,e?% sno), 
Zerit -wsindi7], yi gielt-wsindi7] and y,e'rle-Wwainii7] pip it-(ysindi7), 
wy eiPlt-wsin ) V7 

With these values let us evaluate the integrals on the right-hand 
sides of (18), (19), and (20), the region of integration being an 
infinite rectangle on the plane xy with the origin as centre. We have 


P00 05 — lS ds = dx dy, 


[mZ—nY |,.,= —yer 2 warn), 





* It has been pointed out to me by one of the referees that the results of §§ 4 
and 5 amount to saying that the wave fronts (if defined as containing in the 
tangent plane both the electric displacement and magnetic force) near a source are 
not ellipsoidal. 
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it will be found that 9’, v’, x are connected by the same relations 
(2), (3), (4), and (5) as 9, y, and x, and we can write the expressions 
for the electric force at any point 2’, y’, 2’ in the crystal in the forms 
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We shall now show that the integrations depend on the two integrals 
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(| ee —(ipy sin i)/V dxdy eae be ee 


|| ry e~ (py sin Lae da dy —_ oP , 
or 
0g’ 08’ —(ipysini)/V 7, 
\| (— a, oe res) e7 Pe dx dy 


oy’ o8y’ (ipy sin #)/V OQ ; 
_ ; : Caw sin a ad es cr ge 
\) & Oz oad a ae Oe 


A 





so that the integrals become 
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Transform the variable a, thus 
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Making use of the theorem 
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(where « is real and positive), and putting € = 7’, we get 
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if a and # are real and positive. We get, finally, 
. (peu OSENe ea jy-@ sin? t 
P ee Qi a LALA E259 V a VE V2 ih 


ee , asin? ? ae 


We may notice that, if we integrate first with respect to #, we get 


Pp =| ray (222) ei (uate Pop) 
-o (a 








in the usual notation of Bessel functions. In fact we are replacing 
the point-sources by line-sources. In like manner, we find 


i yisiné_ 3t /; esis 
Qi ae a eee ae 
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The quantities X,, Y,, a, v%, caused by two trains of waves, one 
incident and the other reflected, are not independent. We can in 
this case find the relation between them by noticing that the above 
expressions for X and Y must be equal to X, and Y, at the origin. 
This leads to the following simplified expressions :— 
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The disturbance in the crystal thus consists of two parts, one 
refracted at an angle r given by 


. a . . 
sinv = —s1n2 
V b) 


the vibration (7.e., electric displacement) being perpendicular to the 
plane of incidence and travelling with a velocity a, the other re- 
fracted at an angle r’ given by 


ap | 
2 


Ce 
sin’ pad 


i =p sind} 14 
snr = > ip 








2 2 -3 
with velocity a \ tet 2 sint | , the vibration being in the plane 
of incidence. It is to be noticed that the electric doublets and the 
magnetic doublets which we imagine to be on the surface each con- 
tribute half the total amount of the disturbance. 


7. The Passage of Plane Waves through a Thin Crystalline Plate. 


If we consider any set of plane waves which fall on a plate of 
crystal with parallel sides, the axis of the crystal being normal to 
both faces, on reaching the crystal a reflected system is set up, whilst 
the remainder is divided into two plane-polarized beams, each of 
which gives rise to reflected beams on reaching the other face of the 
crystal, whilst we get finally an emergent beam travelling in the 
same direction as the incident beam. It is unnecessary to consider 
the effect of multiple reflections if the plate we are considering is 
taken to be much thicker than those which give rise to the phen- 
omena of interference analogous to Newton’s rings. The emergent 
beam consists of two parts in different phases. In fact, we may 
easily see from the equations above that the difference in phase is 


ga he} \/1- Cent yf. See 


where d is the thickness of the crystal; the amplitudes of the 

electric displacement in those two beams may be shown to be nearly 

proportional to the parts of the incident vibration resolved in and 

perpendicular to the plane of incidence (Preston’s Light, chap. xiii.). 

Making use of these considerations, we find that a train of plane 

waves travelling in the direction J, m,” and having the trace of the 
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vibration on the plane ay parallel to the axis of x will, after travers- 
ing the crystalline plate, yield components of electric force given by 
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where is independent of a, y, z, and ¢, and 
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8. The Passage of a Divergent Beam of Plane-polarized Inght through 
a Thin Orystalline Plate. 


It is an easy deduction from the fundamental electro-magnetic 
equations in free ether that no solution exists infinite at a point 
and having the electric force in a given direction. H. T. Whittaker 
(Brit. Assoc. Rep., 1902) has shown that any solution of these 
equations can be made up of a series of plane waves. We shall 
consider a plane-polarized divergent beam to consist of an infinite 
series of plane waves having their vibrations when resolved along 
the face of the crystal parallel to a fixed direction, which we may 
take to be the axis of a. ‘Taking the origin on the side from which 
the light is coming, and the axis of z parallel to the optic axis which 
is parallel to both faces, we get for the emergent beam | 


xX. as |=» = nitme e G ofp t- Cet my +n2)/7] dw), 


with similar values of Y and Z where, to secure generality, we 
take G=f(l,m,n) to be an arbitrary function of J, m,n, and dw is 
the element of solid angle. The region of integration is determined 








by the aperture of the incident beam, and does not depend on a, y; 
orz. Here 
is + m*e" 
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what 6 becomes when we put — — a for n, we get 
ee 
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To find J, let le+my+nz = r cos 6, 


and let » be the angle made by any plane through the direction 
* , 2, * a fixed plane, so that 
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If we now consider points at a considerable distance from the origin, 
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These are the expressions for the electric force due to a beam of 
divergent plane-polarized light which has passed through a thin 
plate. For directions near the axis of Z we can neglect Z, and, if 
we suppose an analyzer to be an instrument which allows to pass 
only vibrations in a certain plane, we can find an expression for the 
resultant analyzed vibration which will coincide with the usual ex- 
pression given in text-books of physical optics. For instance, if the 
principal planes of the analyzer and polarizer are at right angles, 
the resulting vibration is given by 
re (_1— 


staan AR 16 


and f (A, u, v) never vanishes, as the plate is taken of a certain thick- 
ness. We have then a black cross given by \=0,4=0, and a 
series of rings given by (1—e”*)7=0. 


Note on Huygens’ Principle. 


Prof. Love, in his paper already quoted, has discussed the question 
of the intensity at any point of the wave front of a secondary 
wavelet as used in Huygens’ principle. The question is inde- 
terminate, and in this note I propose to point out the relationship 
between the various solutions. 

In the case of an isotropic medium, putting a=c= V and taking 
the incident radiation to be given by 
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then the values of X, Y, Z at a point 2’, y’, 2’ on the positive side of 
the plane of xy are given by 
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The terms — and — are due to magnetic doublets, whilst the 
z v 
others are due to electric doublets. All these integrals vanish if 
2 
a’, y’, 2’ be on the negativeside of (x, y) and ob and o® 


Oz Ox Oz 


on crossing the plane ay; hence the electric and magnetic doublets 
each contribute half the total amount of the magnetic force. Putting 





change sign 
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we find that at a great distance the electric force contributed by a 
magnetic doublet is proportional to (—», 0, A), whilst the electric force 
contributed by an electric doublet is proportional to | —( pe+y?), Ap, Av}. 
If we take the sources as they stand in the integrals above, we find 
that the electric force contributed by an element of the surface 
varies asl+y. Thisis Prof. Love’s expression. If we took only the 
magnetic doublets, the force would vary as /y?-+)*. If we took only 
the electric doublets, we should get Lord Rayleigh’s form vp?-+»’. 
Since X, Y, Z are independent of a, y, z, then 





This means that a certain system of electric quadruplets distributed 
on the surface have a null effect. Combining these sources with the 
electric doublets, we find Sir G. Stokes’s expression J p+? (1+). 
The region of integration is supposed to be an infinite rectangle. 





Sets of Intervals on the Straight Line. By W. H. Youne. 
Received October 4th, 1902. Read November 138th, 1902. 


The consideration of the theory of linear sets of points leads, in a 
natural manner, to that of sets of intervals on a straight line. 
Indeed, in some respects it is more natural to begin with the latter 
than with the former. For example, every set of non-overlapping 
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intervals defines a set of points, (namely, those points which are 
not interior to the intervals) ; whereas the converse is not necessarily 
true unless the set of points be closed. 

A branch of the theory where this latter order seems the more 
natural, as well as the simpler, is that of the theory of content. We 
propose in the present paper to investigate certain fundamental 
theorems on sets of intervals, with the object of subsequently apply- 
ing our results to the general theory of closed sets of points. 

The sequence of thought here presented runs, to some extent, on 
parallel lines to that of Borel in his Legons;* but the mode of pre- 
sentation is different, and some of the results have, we believe, never 
been formally stated. The introduction of the explicit distinction 
between external and semi-external points and the avoidance of the 
Heine-Borel theorem,t (which is the key-stone of Borel’s account), 
may, perhaps, be said to characterize the present introductory 
account. The proof of this theorem given by Borel in the Legons, 
(Borel’s second proof), is very elegant in conception; but it can 
scarcely be said to give the reader an insight into the raison d’étre of 
the theorem. 


$1. We define the content I, of a finite number of intervals to be the 
sum of their lengths. With this definition we see at once that 


(1) the content J, is positive and less than or equal to the length / 
of the segment (A, B), (supposed finite), of the straight line in which 
the set lies. 


(2) lf the content J, be less than J, then there exists a comple- 
mentary set of intervals, whose content J, is equal to the excess of 
1 over the content of the given set, 7.e., 


I,+1, =1. 


(3) If the content I, be equal to J, then 


(i.) There are no complementary intervals ; 
(1.) There.are no points of (A, B) exterior to all the intervals ; 
(ii.) There are no end points (except, of course, A and B), which 
do not belong to two intervals. 





* Emile Borel, Lecons sur la Théorie des Fonctions, 1898. 
yp tas a footndte, | 
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§ 2. Next consider an infinite number or set of non-overlapping 
intervals in the segment (A,B). What are analogous theorems to 
(1), (2), and (3) of the previous article? Cantor has proved * that 
in this case the set of intervals is countable; they will therefore have 
a definite sum * less than or equal tol. This we define as the content 
I;. It then follows at once that (1) holds as it stands for any set of 
non-overlapping intervals. 

When J, =/ it follows from the meaning of this equation * that 
no complementary interval can exist. (2), however, falls en- 
tirely to the ground; for not only is it not necessary for the com- 
plementary points to fill up a set of intervals, but it may even 
happen that there is no single complementary interval, 7.e., no 
interval whatever of (A, B) free from ¢nterior points of the intervals 0. 
Indeed, given any quantity e, however small, it is possible to construct 
a set of non-overlapping intervals whose content J; is less than e, yet 
such that no complementary interval exists at all. 

Incredible as this at first sight appears, this is not the only para- 
doxical circumstance connected with such a set of intervals. 

In spite of the absence of even one complementary interval, the 
relation I, < 1 will be found sufficient to necessitate the existence of 
«a more than countable set of points exterzor to every interval d+; 
indeed, the potency { of the exterior points is that of the hnear con- 
tinuum, provided only /; < J, (whether or no there are complementary 
intervals). 

It is, perhaps, even more surprising that, whereas this must be 
true if I, < l, it may be true when J;=/. In this case, as already 
stated, no complementary interval exists; so that (8,1.) holds as it 
stands; but (8, 11.) falls to the ground, since not only may exterior 
points exist, but they may even be more than countable in number, 
(of potency c). This shows that the familiar relations between the 
interior, end, and exterior points of a finite set of non-overlapping 
intervals cannot be assumed in dealing with an infinite set. We 
proceed to investigate these relations in the most general case. 





* See §§ 3 and 4. ft § 22 and § 29. t Machtigheit. 
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§ 3. Cantor's Theorem.* 


Bevery set of intervals on a straight line is countable, provided no two 
overlap. 

For let ¢,, ,é,... be any sequence of numbers having zero as 
limit, and let us consider only the case when the intervals all lie 
in a finite segment (A, B) of length 7. There is in this way no loss 
of generality, since we can bring the whole infinite straight line into 
(1, 1)-correspondence with (A, B). The number of intervals of the 
given set whose magnitude lies between e, and e,,,; must be finite, 
since the intervals do not overlap. Let these, arranged in any order, 
be denoted by G,. Then G, is finite and the whole set can be 
arranged in the order G,, G,, ..., and “‘ counted ” as they stand; which 
proves the theorem. 


Cor.—From the above it is evident that the intervals can be 
arranged in order of magnitude 6,,6,,..., and that, if (A, B) be a 
finite segment, given any positive quantity «, we can assign an 


integer m so that, for all values of n = m, 0, < «. 


§ 4. Now the sum of any number of the intervals cannot be greater 
than J. There must therefore be an upper limit J,, less than or 
equal to J, such that the sum of any finite number of the intervals 
is always less than J,, but can be made as near as we please to I, by 
taking sufficient of the intervals when arranged in order of magni- 
tude. That is to say, given any e, we can find an integer m such 


that, for all values of n = m, I,—e < 34, < J. 
iL 


In the usual manner we express this fact in other words by saying 
that the series 


33 = 5,46,+... ad inf. 
1 


is convergent, and has I, for its sum. I, we call the content of the set 
of intervals. This evidently agrees with the definition of the con- 
tent in the case when the set consists of a finite number of intervals 
only. 

It now follows from the corollary of § 3 that, given any small positive 
quantity o, we can assign a small quantity e such that the sum of all the 





* Stated and proved in precisely this way by Cantor, ‘‘ Ueber unendliche 
lineare Punktmannigfaltigkeiten,’’? dun., Vol. xx., p. 117, 1882. 
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entervals of the set which are less thane is less than o. Denoting this sum 


by R(e), we have R(e) <a. 


§ 5. Having so defined the content, we can at once prove the follow- 
ing theorem :— 

The content I; of a set of intervals in a finite segment (A, B) vs equal 
to the sum of the contents in any set of segments inside (A, B) such that 
each one of the given intervals is interior to some one of the segments. 


For let any small quantity o be assigned ; then we determine « so 
that R(e) <o. Let the segments be denoted by D,, D,, ... in order 
of magnitude, and let us determine m so that, for all values of n > m, 
D, <«. Then every interval of the given set which is not less than e, 
hes in D,, D,, ...,.D,,, and the sum of these intervals is less than the 
content /,; by less than o. A fortiori the sum of the contents of al/ the 
intervals in D,, D,, ..., D,, is less than J; by less than o ; whichis what 
we wanted to prove.* 


§ 6. We proceed to discuss first the case when J,=J/. As already 
stated, (3,1.) holds universally. An example will best prove that 
(3, 11.) falls to the ground, and it will be seen that the possibility of the 
presence of external points is due to the fact that it is in the neigh- 
bourhood of certain points that the intervals 6 become smaller than 
any assignable quantity. 


Hw. 1.—In the interval (0,1) consider the intervals (0, 4), , 3), 


0 L 3 5 3 if 


4 8 8 4 





2?--1 2'—1 
( 938 2 94 
the point 4. Then we shall have a (countably) infinite set of intervals 
in the segment (0, 1), and the sum of them is 


2 (+o: +--) = 16 


IF ..., and all the intervals got by reflecting these in 


and yet the point 4 is exterior to every interval. 








* The most general form of this theorem, which can be immediately deduced 
from the results of this paper, is the following :— 


Is in (A, B) is equal to the sum of the contents in any set of segments contained 
in (A, B), provided the sum of those segments and parts of segments which le inside 
each interval 8 is equal to the content of that interval 6. 


In particular, by Theorem 3, this will be the case if there is no external point of 
the segments which is not exterior to the intervals. 
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In fact, if we consider the given set as the ‘limiting set”* G of 
the finite sets G,, G,, ..., where G, consists of the two intervals 
(0, +), G1); G, ... of the four intervals 


o 2 G.e 





and so on, the complementary set of G, always consists of one 
Lge! 
Ap Dea 


the complementary interval evanesces, leaving us, however, with the 





interval, of length successively : ‘ .; so that in the limit 


point 4, which is zntertor to the complementary interval of G,, for all 
values of 7. 


§7. Hx, 2.—Instead of reflecting all the intervals to the left of the 
point $ in that point, we might take as a new interval (4,1), the 
intervals to the left of $ being the same as before. In this case 
I, is still equal to 1; but the point 4 is no longer external to every 
interval. It is, in fact, the left-hand end point of one interval. On 
the left of it, however, there is no interval of which it is an end 
point ; so that, although (3, i1.) is not violated, (8, iii.) is so. 

We shall find it convenient to use a new term to denote that a 
point is an end point of one interval only of the set. 


DEFINITION.—A_ point, other than A or B, ts said to be semi-external 
to a set of non-overlapping intervals in a segment (A, B) when tt is an 
end point of one interval only of the set. A or B is, however, regarded 
as only semi-external when it is an end point of no interval ; other- 
wise A or B is an ordinary end point. This agrees with the de- 
finition if we consider the whole straight line exterior to (A, B) as_ 
being, like the intervals, black. 


§ 8. Since a semi-external point is an end point of one interval, it 
follows, by Cantor’s theorem, that the number of semi-external points 
of a set of non-overlapping intervals is at most countably infinite. 





* That is to say, any interval of G occurs as an interval of G,, for all values of x 
greater than a certain determinable integer m. 
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It is easy to construct examples where the number of semi-external 
points is actually countably infinite. For instance, as follows :— 


Hz. 3.—Take the set of intervals of Ex. 2, viz., oe 1), (0, ai) 


Ll 2-1] 
divide each of these intervals similarly to the division in Ex. 2 of 
the segment (0,1). Then in each of the above intervals the middle 


), ..., having the point 5 as semi-external point, and 


as 5 1 
8 16 2 
vant 1 @ @ i 2 eras i 


0 1 : 2 é 1 
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point will be a semi-external point, and there will be no external 
points. The semi-external points will be 3, 4, 4, 35, 24, ..., and will 
be countably infinite in number. 


§ 9. Similarly we might generalize Ex. 1, and obtain a set of con- 
tent J having a countably infinite set of external points. We content 
ourselves here with giving these simple examples illustrating the 
truth of the statement that when the content J, = / there may be an 
infinite number of external points, violating (3, 11.), and there may be 
a countably infinite number of semi-external points, violating (3, 111.). 
We defer the introduction of examples of a more complicated nature 
illustrating the other statements till after the enunciation and proof 
of some general theorems. 


§ 10. THroremM 1.—‘ Of Haternal and Semi-EHaternal Points.” 


| Tf we have a (countably) infinite set of non-overlapping intervals 
©}, Op, ..., lying in the segment (A, B) of length l, then, (even when 
I,=1), there must be at least one point external or semi-external to the 
set. 


If there be any complementary interval, the theorem is obvious. 
If not, let the 6’s be arranged as in §3 in order of descending 
magnitude. Mark the interval 6, black. There remain over two 
segments or one; in any case there remains over at least one 
segment such that in it there lie intervals 6, with index k higher 
than any assignable integer. Let (4,,.B,) be this segment if de- 
terminate, or the left-hand segment if there are two possessing this 
property. 

We treat (A,, B,) precisely as we did (A, B), marking black the 
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interval of lowest index in it, and passing on to that one of the 
segments left in (A,, B,) which contains intervals 6, with index k 
higher than any assignable integer, and taking, if both segments 
have this property, the left-hand one. 

Proceeding thus, we get an infinite series of segments (A, B), 
(A,, B,), (Ag, By), ..., each contained within the preceding and having 
with it one, and only one, end point common. These segments de- 
crease without limit in length, since there is no interval of (A, B) 
free of internal points of o's. They define, therefore, a definite 
limiting point L, which is either external to all the segments (A,, B,.), 
or, from and after a fixed integer m, is an end point of every segment 
(Ate), aan. 

This point L cannot be interior to any interval 6,; for, if it were, 
denoting by h the distance of I from the nearer end point of 6, 
(Ors lie =, if L lies in the middle), hk will be finite, and we can 
determine an integer m such that for all values of n = m the length 
of (4,, B,) is less than h. The interval (A,, B,), of which DZ is an 
interior or end point, will then lie entirely within 6,, which, since 
the 6's do not overlap, is contrary to the hypothesis that (A,, B,) 
contained 6’s with indices higher than k. 

Ii may, however, be an end point of a determinate 6,, while the o’s 
with indices as high as we please crowd themselves on the other 
side of L from 6,. L will then be an end point of every (A,, B,) for 


all values of » from and after a determinable one m. For instance, 


L might coincide with B,,n 2 m, and be the left-hand end point 
of 6,, as in the figure. 





dx 
——_——_—_. 
Ib, 
A nd ‘BS 4 


The point ZL is therefore either eaterior to all the black intervals 6 
or an end point of only one of them, i.e., semd-exterior ; which proves 
the theorem. 


§ 11. The above proof shows that the point ZL is such that, at least 
on one side of DL, the intervals 0 with indices higher than any assign- 
able quantity crowd themselves together. The lengths of these in- 
tervals become, as we saw (§3, Cor. 1), indefinitely small; so that 
the point Z is a limiting point of ends of black intervals 6, or, if we 
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please, of the right-hand end points of 6’s by themselves, or of the 
left-hand end points by themselves. 

If Lis a limiting point on both sides, it will certainly be external to 
all the black intervals. The two following theorems will show under 
what restrictions every point external to all the o’s is a limiting 
point on both sides of the end points. In the meanwhile we may 
enunciate the preceding theorem in the following more precise 
form :— * 

An infinite (countable) set of non-overlapping intervals 6,,6,, ... has 
always at least one limiting point of end points which is erther external 
or semi-eaternal to every black interval. If the limiting point be a 
limit on both sides, vt is certainly external to every black interval ; other- 
wise ut ts semi-external. 


§ 12. Tusorem 2.—‘ Of External Points.” 


Given a set of non-overlapping intervals, such that no complementary 
Aanitervals exist, in a segment (A, B), then, if there be any point O of 
(A, B) exterior to the set of intervals, C is a limiting point on both sides 
of intervals. 


For let e, be any small positive quantity, and construct on the left 
of C a segment of length e,. Then, since no complementary in- 
terval exists, there must be at least one point within this segment 


which is not exterior to every interval. Let P, be such a point. 
Then, since C is exterior to the interval ¢ containing P,, there must 
be in the segment (P,, C) the right-hand end point of the interval 6 
to which P, is not exterior. Let this point be Q,, where Q, is either 
identical with P, or lies between P, and (; then CQ, < e¢,. 





* This theorem takes the place of the so-called Heine-Borel theorem, the proof 
being of the type of Borel’s second proof, (Lecons sur la Théorie des Fonctions, p. 42), 
only direct instead of indirect. ‘he enunciation of the Heine-Borel theorem is as 
follows :— 


Given a countable set of intervals, (of course overlapping), such that each point of 
the closed segment (A, B) is an internal point of at least one interval, then it is 
possible to choose out a finite number N of these intervals having the same property. 


This theorem may be deduced easily from our theorem. For, if we arrange the 
Heine- Borel intervals in countable order, then omitting any interval or part of an 
interval which was contained in any of the preceding intervals, and omitting any 
parts exterior to (4, B), we get a set of intervals such that every internal point of 
(A, B) is an interior point of one interval, or an end point of two intervals, while 
A and # are end points each of one interval. By our theorem the number of these 
intervals cannot be infinite. But each of these is the whole or a part of a definite 
interval of the given set, and these have the required property. 
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Now let e, be smaller than the length of (C,Q,). We determine 
similarly a right-hand end point Q, such that CQ, < e,. Proceeding 
thus, we determine a sequence Q,, Q, ... of right-hand end points of 
intervals 6, lying on the left of C and having (C as limiting point. 

Similarly we construct a sequence of left-hand end points of in- 
tervals 6, lying on the right of C and having ( as limiting point. 
Thus C is a limiting point on both sides of end points of intervals. 


Q. HE. D. 
Cor.—lIf I; = 1, then, if there be any exterior point, tt is a linnting 
point on both sides of intervals. For in this case, (§ 4), no comple- 
mentary interval can exist. 


§ 13. In the case, then, when the complementary set of entervals does 
not exist, the whole continuum (A, B) is made up of the given set of 


non-overlapping intervals of content J; < L and the limiting points, 
Gif any), on both sides, (exterior points). As to these exterior points, 
since they are not, like the semi-exterior points, each bound to some 
particular interval, we cannot assert that they are not more than 
countably infinite. 

In fact, though there may be none at all, or only a finite or 
countably infinite number of them, they may be more than count- 
ably infinite, as we will now show by examples. 

The first of the following examples where, although J, = 1, (so that 
certainly no complementary interval exists), the exterior points have 
the potency of the linear continuum is of classic interest. 


§ 14. Consider the segment (0, 1), and let us take as right-hand end 
points of our intervals the point 1, and all those points whose numbers 
expressed as fractions in the ternary scale involve a finite number of 
0’s and 1’s, and do not involve the figure 2. 

The number corresponding to the left-hand end point of any 
interval is got from the number corresponding to the right-hand 
end point by changing the final one into 01. 

Thus, in order of magnitude, the first few intervals are (1, 1), 
(-O1,°1), (001,01), and (-10i,:11); or, which is the same thing, 


0 ob 


—) 


01] “1 ‘] 


~_ 


o 
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using the everyday notation, (4, 1), (4,4), (g, 3), and (4+ 74, +4). 
It is evident from the numbers that these intervals do not overlap 
nor abut anywhere, and that there are no complementary intervals, 
so that every end point is a semi-external point. These semi-external 
points correspond, therefore, by construction, to all the terminating 
ternary fractions, involving only 0’s and 1’s, (right-hand end points), 
and all the simple recurrers, involving only 0’s and 1’s and ending 
in 1, (left-hand end points). 

Also it is easy to show that all the interior points of black intervals 
correspond to ternary fractions involving at least one 2, anil vice versa. 
For, if N denote any combination of n figures, 0’s and 1’s only, and 
M any combination of 0’s, l’s, and 2’s, the ternary fraction -NO2M, 
as well as, (for all integral values of p), NO1’2M, lies, whatever M 
may be, between ‘NOi and*N1). These numbers correspond there- 
fore to internal points of a determinate black interval, (-NOi, N1). 
Vice versa, any number lying in this interval is expressible in one of 
the two given forms. 

The remaining (exterior) points consist therefore of all the non- 
terminating ternary fractions involving only O's and 1’s, other than the 
simple recurrers ending in i. Every such point is, as follows, easily 
shown to be a limiting point on both sides of the semi-external points. 

Given any such non-terminating fraction, we can form a sequence 
of semi-external points, (right-hand end points), having that fraction 
as limiting point, by stopping in succession at each 1 inclusive. <A 
similar sequence on the other side of the point in question is de- 
termined by stopping short of each O and appending a 1. 

It is easy to see that these external points are more than countably 
infinite in number; indeed, the potency is actually c, (that of the 
linear continuum). For we only have to interpret these ternary 
fractions in the binary scale and we have set up a (1, 1)-correspond- 
ence between these points and the whole continuum from 0 to 1, with 
the exception of a countable number of binary points, which do not, 
of course, affect the potency. 

We can, moreover, show that the swm of the black intervals is actually 
1. For, since N consists of n figures, 0’s and 1’s, the number of semi- 
external points ‘Nl, (for the same 7), is 2". Hach of these is the 
right-hand end point of an interval of length 4 Sc 


Hence the sum of all the intervals is 


4 (144 + 2,t 3 tes) =H (14> re) =1. 
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It has therefore been proved that in the segment (0,1) the points 
corresponding to all the ternary fractions involving the figure 2 fill up a 
set of intervals of content 1,* which do not overlap nor abut anywhere, 
so that the semi-external points are countably infinite in number. The 
external points are more than countably infinite, and yet are not dense 
in any interval, however small. 


§ 15. The mode in which we have treated this example was sug- 
gested by the context as throwing light on the preceding theorems 
and statements about external and semi-external points. Historic- 
ally this example—the first of its kind—must be referred to H. J. 8. 
Smith,t who, however, treated the subject purely geometrically 
and from a somewhat different point of view. H. J. S. Smith’s 
set of intervals are not in all essentials identical with those 
given above,{ since each of our black intervals is replaced in his 
treatment by an infinite set of abutting intervals exactly filling it 
up. Thus, a number of points which in our set were internal points 
become end points, and a number of semi-exterior points, (left- 
hand end points), become external points. 

The law of formation of these abutting intervals in ihe interval 
(NO1, N1) is that the ends of the abutting intervals consist of the 
sequence ‘N02, -NO12, NO112, ..., NOQ1’2, ..., (for all integral values 
of p), the limiting point of which is NOI. The intervals are plotted 
down by H. J. 8. Smith successively in order of magnitude. 

On account of its historical interest, and the light the method 
throws on the general lie of the set in its relation to the continuum, 
and also because the method lends itself easily to a form of general- 
ization which will be exceedingly valuable to us in the sequel, we 
shall now give a more detailed discussion of H. J. 8. Smith’s set of 
intervals from his point of view. 


§ 16. H. J. 8. Smith’s Ternary Set of Intervals of the First Kind. 


Divide first the segment (0,1) into three equal parts, and blacken 
the right-hand part. At the second division divide each of thetwo un- 
blackened parts into three equal parts and blacken the two right-hand 
parts. The two black intervals which abut, if amalgamated, would 





* So that certainly no complementary interval exists. 

t Proc. Lond. Math, Soc., Vol. v1., 1870. 

1 Of Wah ounga.: ‘On the Density of a Linear Set of Points,’’? Proc, Lond. 
Math. Soc., Vol. XXXIV. , p- 286, footnote. 
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form the germ of the first of the black intervals of the preceding section. 
At the third division divide each of the 2? unblackened segments, 


of length = , into three equal parts, and blacken the 2’ right-hand 
parts. Generally at the (n+1)-th division divide each of the 2” un- 


blackened segments, of length = , into three equal parts and blacken 


the 2" right-hand parts. (See G, in Fig.) 

That this set of intervals is dense everywhere is almost immedi- 
ately evident from the mode of construction, as are also the facts that 
there are a countably infinite set of simple end points, (left-hand) ,* 
and another countably infinite set of semi-external points, (right 
hand). It is not, however, easy to see geometrically that the ex- 
ternal points are more than countable. + 

These facts did not interest H. J. 8S. Smith at the moment; the 
question with him was one of content pure and simple. 

The sum of the intervals blackened in the first ” processes of 
division is ; Na an ; 

— 3 — 
Ub iat clot raise eines ol (=) 
If, therefore, we continue the division ad infinitum, we shall get a set 
of black intervals of content 1. 


§ 17. This method of H. J. 8S. Smith is capable of a natural modi- 
fication which does not suggest itself when we work numerically. 
We are furnished in this way with the following example, among 
others, given also by H. J. 8S. Smith, without use of number, loc. cit. 
This example serves to show the fallacy of the naive assumption 
that when J, is less than J at least one complementary interval must 
exist. ‘~ 








* Whose numbers all terminate with a 2, and involve otherwise (a finite number 
of) 0’s and 1’s only. 

t For instance, the reasoning in Borel, p. 44, is only valid when J; < /. 

VOL. XXXv.—No. 806, S 
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§ 18. A. J. 8S. Smith's Ternary Set of Intervals of the Second Kind. 

As in the former example, divide the segment (0,1) into three 
equal parts, and blacken the right-hand part (-2, 1), omitting it from 
further division. The origin together with the point of division ‘1, 
which lies outside the omitted segment, we shall denote by G,. 

At the second division we shall divide each of the two segments 
not blackened, (0,°1) and (‘1, ‘2), into 3’ equal parts, and blacken the 
right-hand segment. (See I in Fig. of p. 257.) 

Denoting by G, the set of points consisting of G, and all the four- 
teen points of division which lie outside the blackened parts, we see 
that the numbers of G, are completetely characterized as being all 
the numbers of the form ‘e,e,e,, where 

af fe e, is not 2, 
(2) e, and e, are not both 2. 

At the third division we divide each of the (83—1) (8’—1) seg- 
ments not already blackened into 3° parts and blacken the right-hand 
segment in each. 

Denoting by G, the set of points consisting of G, and all the 
(8—1)(3’—1)(3’—2) points of division which lie outside the black- 
ened parts, we see that the numbers G; are completely characterized 
as being all the numbers ‘e,e,€3€4€;€, Where 

(1) e, is not 2, 
(2) e, and e, are not both 2, 
(3) e, e,, and e, are not all 2; 


that is, where, in addition to the conditions A,, the condition A, (3) 
is satisfied ; and these conditions together are denoted by As. 

It is now obvious how in turn G, G;, ... will be constructed and 
will become in turn the right-hand end points of black intervals. At 
the n-th division we divide each of the (8—1)(3?—1) ... (8""1—1) 
segments not already blackened into 3" equal parts, and omit in each 
the right-hand segment. G, will then consist of G',_, and all the 
(3 —1)(3?—1)(8’—]) ... (8""'—1) (8"—2) points of division outside 
the blackened parts, and the numbers of G', are therefore completely 
characterized as being all the numbers ‘e,¢ ... €jrn~m+nj, Where, 
in addition to the conditions A,,_;, we have the condition A, (7), viz., 
Cy (m-1)n]419 Cd[n(n—1)] 429 -++) Catn(ner] are notallto be 2. These conditions 
we denote by A,. The limiting set * of G,, G,, we denote by G. 





* That is, that set G such that any assigned point of G has been a point of 
every G,, from and after an assignable index m. 
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§ 19. Each point of G is a right-hand end-point of a set of abutting 
black intervals. If we consider all abutting intervals asamalgamated, 
and continue these intervals up to their limiting points on the left, we 
obtain a set of intervals analogous to those of §14. Those limiting 
points, which were external and have now become semi-external, can 
be assigned as follows :— 

Suppose ‘P to be a point of G which belongs to G,,,* but not to 
G,»-1, and let ‘Q be the point of G,, immediately to the left of -P.f 
The left-hand end point of the interval of which ‘P is the right-hand 
end point is obtained by appending to ‘Q, if necessary, so many 0’s 


as to make the number of figures nth) , and then appending 
X,, where A, = 21221222122221... 
and. Agee a L222 ee? lee 


the number of 2’s between consecutive l’s increasing each time by 
one. 

Thus, for example, the black interval whose right-hand end point is 
‘0 12 001 02 has for left-hand end point ‘0 12 001 0122 2* 12° 12°1.... 
These numbers show us that the left-hand end points are, as was 
asserted, semi-external points, since, stopping at any figure in one of 
these numbers, we get a number obeying the conditions A, for a 
certain definite integer n, and therefore a sequence of numbers of G, 
having the given left-hand end point as limit on the right. The right- 
hand end points are also semi-external, since we can add on at the 
end of any one of these numbers any number of 0’s followed by a 1, 
and so get a sequence of points of G, having the desired right-hand 
end point as limit on the left. 

Both the left- and the right-hand end points being semi-external, it 
is evident that no complementary interval can exist. This could be 
deduced from the geometrical construction. 

The content of the set of intervals is, however, no longer 1. It is, 





* Given ‘P, it is quite easy practically to determine »: for instance, 
-P = *1 02 101 2121 00011 12 
belongs to Gs, but not to G;. 


+ °Q is known at once as soon as *P is given, since 


1 
Fee ok totes ii 
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in fact, evident from the geometrical construction that the content is 


1, G-),G-DE=-D),  , G@-YE=-)..@ =), 











3 R241 934241 Bites .an ’ 
which is 

b+ R03) +2 0-8) (1-8) + 
whence s<i,< = 


Any point which violates the condition A,,(n) for any value of n vs 
evidently an interior point of a black interval which we can at once 
assign. The right-hand end point of this black interval is obtained 


n(na— 


by stopping at the first 1) figures of the number in question: 


e.g., the points whose numbers begin with the figures 1 02 001 2222 ... 
are interior to the black interval (1 02 000 2°1 2*1 ..., .1:02 001). 

It was asserted that when J, < /, (that is, here < 1), there must be 
a more than countable set of exterior points. The only ternary 
fractions at present unaccounted for are all the infinite ternary 
fractions which do not violate the conditions A, for any value of n, 
(other than those ending in d,). These are the exterior points of the 
set. That they have the potency of the continuum is evident when 
we consider that all the non-terminating ternary fractions involving 
only 0’s and 1’s are among them (§ 14). 

Numerically we have proved the following theorem :— 

Let ey, 6,@3 ... Cxtn(n-1)41 Cd [n(n-1)]42 ++ C4tniney) Aenote any ternary 


fraction with niet) figures, and let A,, denote the conditions that for 


no positive integral value of r < n all the figures Cy ry—1)}415 «+3 Cd [rt] 
should be 2’s. Then all the ternary fractions which violate the conditions 
A,, for some value of n fill up a set of intervals of content I, where 


<<, 


which do not overlap nor abut anywhere, so that the semi-external 
points are countably infinite in number. The external points are more 


than countably infinite, (of potency c), and yet are not dense in any 
enterval, however small.* 








* The numbers corresponding to the simple end points of H. J. S. Smith’s 
ternary set of the second kind are evidently those terminating fractions which 
violate some condition 4,, but only in the final stage A, (7). 
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§ 20. H. J. S. Smith’s Sets with Base m. 


Instead of the base 3, we might take any base m = 3 and per- 
form the construction of § 16, or that of $18, mutatis mutandis. 
The former series of sets, in which at each division we divide the un- 
blackened parts of the straight line into m equal parts, gives us 
nothing particular of interest beyond the set form=3. But the 
latter series of sets, in which at the n-th division we divide the un- 
blackened parts into m” parts, presents this new and highly in- 


teresting feature, that 


a << Ey < ce) 
mM m—l1 


the other properties of the set being the same as in § 18. 


Hence we see how it ts possible to construct a set of intervals whose 
content ts less than any assigned magnitude, and having a more than 
countable set of extertor points, (of potency c), which, however, are not 
dense in any interval, however small, 


§21. Similarly by using any base m 2 3, we can, as in §§ 14 and 18, 
construct sets of non-abutting intervals, with contents ranging from 
TL, down to less than any assignable quantity, and yet dense everywhere. 

The numerical statements of these facts are interesting. 


(1) In the segment (O, 1), the points corresponding to all the m-ary 
fractions involving the figure (m—1) fill up a set of intervals of content 1, 
which do not overlap or abut anywhere; so that the semi-external points 
are countably infinite in number. The external points are more than 
countably infinite, (of potency c), and yet are not dense in any interval, 
however small, 

These semi-external points correspond to all the terminating 
fractions not involving the figure (m—1) and all the non-terminating 
fractions ending in “ (m—2) circulating.” The external points 
correspond to all the other non-terminating fractions not involving 
the figure(m—1). 

(2) Let *e, ees ... Cxtacn-1)] +1 «+» Caner Cenote any m-ary fraction, and let 
A,, denote the conditions that for.no positive integral value of r <n all 
the figures Cyepp-1] 41) -++9 Cyr(re1) Should be (m—1)’s. Then all the m-ary 
fractions which violate the conditions A, for some value of n fill up a set 
of intervals of content I,, where 


le 
m an—l 
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which do not overlap nor abut anywhere ; so that the semi-external points 
are countably infinite in number. The eaternal points are more than 
countably infinite, (of potency c), and yet are not dense in any interval, 
however small. 


§ 22. The properties of the sets which we have denoted as H. J. S. 
Smith’s sets of the second kind are of the most general character 
possible, as is indicated by the following theorem :— 


TurorEM 3.—If we have a set of non-overlapping intervals ¢,, 63, ..., 
whose content I, is less thanl, lying in a segment (A, B) of length 1, thenthe 
points of (A, B) which are external to all the intervals 6 form an infinite 
non-countable set.* (It will appear from the sequel that this set has 
the potency c¢ of the linear continuum.) 

If any complementary interval exists, the theorem is obvious. If 
not, every external or semi-external point C will be a limiting point 
of intervals 6, and there will be at least one such point. The number 
of semi-external points is at most countably infinite. 

This being the case, let us, if possible, arrange all the external and 
semi-external points in countable order (,, C,, ..... Round CO, describe 


an interval d, of length a with CO, as middle point, where 


e = 1—I,. 
Let C; be the next point of the series 0;, C,, ... which is exterior to d,, 


and describe similarly an interval of length si with O; as middle 


point. If this overlap or abut with d,, we amalgamate them into one 
interval; if not, we call it d,. 

Proceeding in order with the points C which are not already in- 
terior or end points of intervals d, we get a finite or countably infinite 
set of non-overlapping and non-abutting intervals d, whose content 
is not greater than 


fae) 
w )A8 
ad Ae 


ae 
9 ? 
containing all the points C. Adding to these such intervals 6, or parts 
of intervals ¢, as are external to the intervals d, and amalgamating 
them with the intervals d where they overlap with them, we get a set 


of non-overlapping intervals such that no point of (A, B) is exterior 
or semi-exterior to them. By Theorem 1, ‘‘ Of External and Semi- 





* Borel, Lecons, p. 41. 
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external Points,’ the number of these intervals can only be finite. 
A fortiori the number of intervals d is finite. Let them be denoted 
by df, danas da: 

Marking these black, we are left with a finite number ( < n—1) 


of segments (A, B) whose content also lies between /— er and 7. In 


each such unblackened segment there is no external or semi-external 
point of the intervals 6. Hence, by Theorem 1, in each, and there- 
fore in all, of these segments there is a finite number of intervals 6 
entirely filling them up, and whose content therefore also lies between 
J—-,- andl. But this is inconsistent with the fact that I= 1—e. 
Hence the assumption was false, and, by a reductio ad absurdum, 
we are obliged to deny the possibility of counting the points C. 


Q .E. D. 


§ 23. The Typical Ternary Set of Intervals. 


We have seen that, given any set of intervals, we have a perfectly 
determinate countable set of semi-external points, and that any end 
point of an interval where it does not abut on another interval is 
either (1) a semi-external point or (2) not a limiting point at all. In 
the latter case the set of intervals is not dense everywhere. 

_ The question of content is obviously unaffected if we amalgamate 
all abutting intervals, in which case the end points of the new 
intervals will consist entirely of the two classes of points above re- 
ferred to, and, if the original set of intervals be dense everywhere, will 
consist exclusively of semi-external points. 

This demonstrates the importance of considering in detail the 
properties of sets of intervals whose end points are all semi-external 
points, that is, sets of non-abutting intervals which are dense every- 
where. 

The sets considered in §§ 14 and 18 belong to this class; but we 
shall find it desirable to modify them and take another set* as typical 
of the class, its numerical equivalent being the most convenient, as 
giving us a system of indices for the o’s in the general case, by means 
of which any two sets of the class are arranged at once in (1, 1)- 
correspondence. 


* Cf. G. Cantor, Math. Ann., Vol. xx1., p. 590, and Schoenflies’s Bericht, p. 102. 
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§24, Take the segment (0, 1) of the # axis and divide it into three 
equal parts and blacken the middle one: this is (1, -2), or, as we 
prefer to write it, (-02,°2). This we denote by 0,. In each of the 
two unblackened segments repeat the process: we get two new black 
intervals, 


85, = (002, -02), 
by, = (208, -22). 


In each of the unblackened segments repeat the process, and 
SO on. 

Denoting by N any combination of m figures, 0’s and 1’s, and by 
(2N) the number got by multiplying N by 2, we see that any black 
interval obtained by our process may be denoted by ¢y,, and charac- 
terized by the symbolic equation 


dm = [:(2N) 03, -(2N) 2]. 


We notice that the order of the intervals is precisely that of the 
binary fractions ‘Nl. The internal points of the black intervals 
are characterized by the appearance of a proper 1, not 2, in their 
ternary factions. 

Given any ternary fraction with a proper 1 in it, we can at once 
assign the black interval to which it belongs. For example, the 
number ‘020022021 ..., (where the dots denote any subsequent figures), 
lies between ‘0200220202 and :020022022, and therefore is interior to 
the black interval opjooron: 

The only numbers unaccounted for are the non-terminating ternary 
fractions other than the simple recurrers ending in 2 involving only 
the figures 0 and 2. These must then represent the exterior points 
of our set of black intervals. Dividing each such number by 2, and 
interpreting in the scale of 2, we evidently get the whole continuum, 
with the exception of a countable set; so that the potency of this set 
of numbers is c. Hence the potency of the exterior points ts ¢. 


§ 25. If we are given any set of non-overlapping and non-abutting 
intervals, dense everywhere in an interval (A’, B’), then A’ and BD’ 
themselves may be ordinary end points or may be semi-external 
points. In the former case there are black intervals (A, A’), (B’, B) 
belonging to the set, and A’ and B’ are not semi-external points. Such 
intervals, if they exist, do not materially affect the character of 
the set; they may therefore be conveniently omitted from con- 
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sideration in the present section. We are working, then, in a seg- 
ment (A, B) where A and B are semi-external points of our set of 
intervals. We now propose to set up a (1, 1) correspondence, maintain- 
ing the order between the given set and the typical set of intervals, 


§ 24. 


§ 26. Divide (A, B) into three equal parts at Cand D. Then, since 
the set is dense everywhere, either (C,D) forms part of a determ- 
inate black interval or else there is a black interval inside (0, D), 
possibly coinciding with it. Let us then choose some particular black 
interval, for instance, the largest possible in (0, D), and denote it 
by 6,, and, in the first case, let ¢, be the black interval of which 
(C, D) forms a part. 

Since A and B, being semi-external points, are not the end points of 
any black interval, there will be two unblackened segments left after 
we have blackened é,. The end points of each of these two segments 
are semi-external points; hence we may repeat the process in each of 
these two segments and choose out two new intervals of our set, one 
in each of these segments, and these we may call 6, and 6,. The 
order of the three intervals ¢,, 6,, 0, is evidently the same as in the 
typical case, (§ 24), and the same as that of the binary fractions 
gO) Las bee Lae 

We are now Jeft with four segments, whose end points are all semi- 
external to our set of black intervals; sothat we can repeat our 
process in each of them, and choose in each a black interval of our 
set. These we denote by ooo, Gon, Sy, O11 19 Order from left to right ; 
so that the order of the binary fractions is maintained. 

Proceeding thus, we can evidently use the terminating binary 
fractions, (omitting the point), as a general system of indices, not 
merely proving the countableness of our set of intervals, but also 
indicating exactly their order in relation to the continuum. This 
sets up, zpso facto, a (1, 1)-correspondence, maintaining the order, 
between the general set of this class and the typical set of § 24, 
enabling us to solve many problems for the general set by meaus of 
the known properties of the typical set. 


§ 27. One consequence of the mode adopted for determining the 
indices is that, given any positive quantity e, we can determine an in- 
teger m such that, for all values of n > m, dy < € (” being, as always, 
the number of figures in N). For, by the construction, the two seg- 
ments left after the blackening of 6, are each less than 2 of (A, B), 
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and at each stage a similar statement can be made as to the length 
of each unblackened segment. Thus we have only to determine m so 
that (2)" (A, B) < e, and this m will certainly satisfy our require- 
ments. 


§ 28. Since the order has been maintained, it follows from the above 
that any sequence of intervals of the given set, defining a single 
limiting point, will correspond to a sequence of intervals of the 
typical set, defining a single limiting point, and wice versa. We can 
most easily express this correspondence between the limiting points 
by denoting the left- and right-hand end points of any black interval 
of dy, by Pyoi, and Py», and any exterior point by P, with, as index, 
the ternary number denoting the limiting point of the corresponding 
intervals of the typical set. 

We see that, the semi-external points being in (1, 1)-correspondence 
by themselves, the exterior points will be so also. Hence ct follows 
that the potency of the external points is c. 


§ 29. We have proved by our correspondence that the external points 
of a set of non-abutting intervals have the potency of the linear con- 
tinwum, it being unnecessary to postulate that the set should be 
dense everywhere, since, when at least one complementary interval 
exists, the theorem is obvious. The following can now be deduced :— 


THEOREM 3’.—Of the Potency of the External Points. 


If we have a set of non-overlapping intervals 6,, 8,, ..., whose content 
I,<l, lying in a segment of length 1, then the points which are 
external to all the intervals 6 form an infinite non-countable set of 
potency c. 


If the set is not dense everywhere, the theorem is obvious. We 
assume, therefore, that the set is dense everywhere. 

We shall, for reasons which will immediately be evident, denote 
as a point of arrest a point such that in any segment, however small, 
containing it as internal point, there is a more than countable set of 
external points. 

Let (A’, B’) be the segment in which the set exists. If A’ and B’ 
are not points of arrest, we will show how to replace (A’, B’) by a 
segment (A, B), lying within it, so that the potency of the external 
points is unaltered, while A and B are points of arrest. 

Let us bisect (A’, B’) at M. Then, since, by Theorem 3, there is a 
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more than countable set of external points in (4’, B’), this must be 
the case in one or both of (A’, M), (M, B’). We determine whether 
or no (A’, M) has this property. Next we bisect again, and deter- 
mine that segment which (i.) contains a more than countable set of 
external points, and (11.) lies nearest to A’. Continuing this process, 
since there is nothing to prevent our doing so, ad infinitum, we have 
a series of segments, each contained within the preceding, and of 
half its length. This determines a limiting point, which will 
evidently coincide with A’, if A’ be a point of arrest, and will other- 
wise be the first point of arrest on the right of A’, so that between it 
and A’ there is at most a countable set of external points. This 
point of arrest we denote by dA, and blacken the whole interval 
(A’, A). In amalgamating all the intervals between A’ and A in 
this way we have, at most, affected a countable set of external 
points. 

We notice, then, that the content of the amalgamated intervals 
is, by Theorem 3, equal to that of (A’, A). Similarly, working 
from right to left, we obtain B from BD’. 

Now, as in § 26, divide (A, B) into three equal parts and determine 
a black interval of the given set, which either coincides with the 
middle segment, or contains it, or is contained in it. This interval 
we subject to the already described process of amalgamation, 
blackening up to and including the first point of arrest on the right 
and left respectively. 

During our process of amalgamation we have, as before, affected 
at most a countable set of exterior points, and the content of the 
amalgamated intervals is the same as that of the new interval we 
have constructed and blackened. This new interval does not abut 
with (A’, A) nor (B’, B) nor with the remaining intervals of the given 
set, and, if we denote it by (4,, B,), each of the segments (A, A,) 
and (B,,B) has its end points points of arrest, and the length of 
either of them is less than 2 (A, B). 

We now proceed separately with (A, A,) and (B,, B), as we did 
with (A, B). Subsequently we repeat the same process separately 
with the 2? segments left after the amalgamation and blackening 
have been carried out in (A, A,) and (B,, B) ; and so on. 

After the n-th stage we shall have blackened 


fk a ie ee ahr eb er | 


distinct intervals, obtained by amalgamation, without affecting more 
than a countable set of external points. The 2” segments left over 
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are such that the length of each is less than (2)”(A, B), while the 
end points of each are points of arrest. 

Thus, after a countably infinite series of steps, we determine a 
definite new set of black intervals. By our mode of construction 
these black intervals are dense everywhere in (A, B) and abut 
nowhere ; while, with the possible exception of a finite or countably 
infinite set of points, our new set of black intervals has the same 
external points as the given set. By § 28 the potency of the external 
points is therefore c, as was asserted. 


§ 30. We notice, further, that in each of the 2”—1 new black in- 
tervals at the end of the n-th stage the content of the amalgamated 
intervals is equal to that of the new black interval in which they Lie ; 
while, since in the remaining segments there is no interval of the 
given set greater than (2)”(A, B), (which may be made as small as 
we please by choosing sufficiently large), the sum of the intervals 
of the given set in the remaining segments may be made as small as 
we please by choosing » sufficiently large; for the same reason the 
sum of all the intervals of the new set which lie in one of these 
segments can be made as small as we please. It follows, therefore, 
that the new set of black intervals has the same content as the given 
set.* Thus we have incidentally proved the following important 
theorem :— 


THeorEM 4.—Of the Ultimate Set. 


Any set of non-overlapping intervals determines uniquely, (after a finite 
or countably infinite series of steps of the type described), an ultimate 
set of non-abutting intervals having the same content and, (with the 
possible exception of a finite or countably infinite set of points), the same 
external points. 





* Of, $5. 
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On Closed Sets of Points defined as the Limit of a Sequence of 
Closed Sets of Points. By W. H. Youne. Received and 
Read February 13th, 1902. Received, in revised form, 
October 3rd, 1902. 


§1. Let G4, G,, ..., G,, ... be a countably infinite sequence of sets of 
points, each of which is closed and nowhere dense and is contained 
in all the succeeding sets. 

This sequence of sets defines a limiting set (, defined by the two 
properties: (1) Every point of G,, is a point of G for all values of n; 
(2) no point of G exists which does not belong to some definite G, of 
the sequence. This limiting set G may or may not be itself closed. 
Moreover, if we express it as the sum of sets of points thus, 


G — G+ (G,—G)+ (G,;— Ge) + see +(G,—Gr-i)+ seg ad inf., 
the terms of the series may or may not be closed sets. 
As regards the latter property, we make no assumption. We 
assume, however, in what follows that G is closed and nowhere dense. 
Notice the advantage of regarding G' as defined by a sequence instead 


of by aseries. We can in this way confine our attention to closed 
sets. 


§2. The theorem we propose to prove is the following :— 

Given any small posrtive quantity o, we can determine an integer m 
and a small positive quantity € so that, for all values of n >m, all the 
intervals e of G, are adentical with all the intervals & eof G; and 
the sum of the remaining intervals of G,<o. 


This result throws ight on the mode in which G, approaches its 
limit G. Moreover, it gives us as an immediate corollary Osgood’s 
covtent theorem that the content of G is the limit when n ts infinite 
of the content of G. 


§ 3. Since each set is closed and nowhere dense, the complementary 
points fill up a set of intervals, which, in the enunciation of the 
theorem, we have called the intervals of the set. We shall in what 
follows refer to them as the “black intervals” of the set, the points 
of the set being conceived as white on a black ground. These in- 
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tervals are ‘‘open,” or, in other words, the end points of the in- 
tervals are points of the set. 


§4. It is, perhaps, here the place to point out a confusion which 
is easily made in the case when G is open. Yok 
Suppose I to be the set got by closing G. Then * 


DS V(GSG), 
where G’ is the first derived of G. If I is perfect, 
G4 
We have by definition 
t.G.4 GF 
but we cannot deduce that 
te Ga 


when [is perfect. In fact, as G, is closed, G, will be contained 
in G,, and cannot, therefore, generate more than, at most, G. 
Also, since by hypothesis G is open, G’ contains points which are 
not contained in G. Thus LtG, cannot be G’ when G is open; 
while G' and [ are not identical unless I is perfect. 

It is probably this confusion which has led to the incorrect pre- 
sentation of the subject of this paper in Schoenflies’s Bericht tiber die 
Mengenlehre, p. 91. The following is a literal translation of the 
passage referred to :— 

“Tf [I be a closed set, and G,, a component set of I, andif G,, as n 
increases, becomes dense everywhere + in I, then the limit of the 
content of G, is the content of [. For the content of G,, is equal to 
that of G,, (the first derived of G,). And, if G,, as ~ increases, 
becomes dense everywhere in I’, then G, converges towards T itself, 
whence the theorem follows.” 

The fallacy in the proof is in the words in italics. We may add, it 
will appear from the sequel that the statement of the theorem given 
by Schoenflies is incorrect. 











* That is, the set consisting of all the elements of G and G@’, common elements 
being counted once only, Math. Ann., p. 355, Schoenflies, p. 6. 

t It is not quite clear in what sense the expression ‘‘ If G, is dense everywhere 
inf’? isused, On p. 80, Joc. cit., Schoenflies gives the definition : A component 
set U of a closed set Qis said to be dense everywhere in Q, if the first derived set U’ 
of U coincides with Q. This definition is clearly untenable, however, for, in the 
passage referred to, Schoenflies especially includes the consideration of closed sets 
which are not perfect ; now for such a set Q the definition could have no meaning, 
for no component set of it could possibly have Q for its derived set. In what follows 
we shall ourselves always say that the component set U of a closed set Q is dense 
everywhere in Q, if U coincides with Q when the remaining limiting points of U are 
added to U. In other words, when Q = Mt(U, UV’). 
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§5. A simple example has been given by Osgood, in which G is un- 
closed. Let G, stand for all the proper fractions with » as de- 
nominator. Then G consists of all the rational numbers between 
Oand 1. Evidently the content of G, is 0, however great n may be. 
Here I is the continuum from 0 to 1, and its content is therefore 
unity. 


§ 6. In the above ‘is dense everywhere. In the following example 
I’ is nowhere dense. We give it at some length, as it illustrates the 
essential features of the matter in hand and throws light on the 
mode of proof adopted in the sequel. 

It will be noted that (1) G’ may contain a more than countable set 
of points which are not points of any G,; (2) the content of (7 
may be different from the limit of the content of Gi, when n is made 
infinite. 


§ 7. Consider the following sequence of sets :— 

G, is H. J. S. Smith’s ternary closed set* of the first kind in 
the segment (0, 1). 

By means of repetitions of the processes by which G, was constructed 
in the segment (0, 1), we propose to construct a series of closed sets 
whose limit G, when closed by the addition of those limiting points 
not already included in it, is identical with H. J. 8. Smith’s ternary 
closed set of the second kind. This we denote by I. For this pur- 
pose the following should be noticed :— 


(1) If we divide the segment in which an H.J.8S. Smith’s set 
of the first kind is given into 3” equal parts, certain of them will be 
entirely black for the set, and in each of the others there is an 
H. J. 8S. Smith’s set of the first kind. 


(2) If we divide the segment in which an H. J. 8S. Smith’s set 
of the second kind is given into 3'"*” parts, certain of them 
will be entirely black for the set, and in each of the others the given 
set has precisely the same form, though this form is not an H. J. 8. 
Smith’s set of the second kind, because the largest black interval in 
each part is not 4 of that part. 





* Proc. Lond, Math. Soc., Vol. v1., p. 948; ef. Proc. Lond. Math. Soc., Vol. xxxiv.,. 
p- 286, footnote, for the reason of the insertion of the term ‘‘ closed,” i.e., the set 
in question is that got by adding to H. J. 8. Smith’s ternary set of the first kind its 
limiting points. See, for a full discussion of these sets, the preceding paper by the 
present author on ‘‘ Sets of Intervals.”’ 
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Having premised this, we proceed to the construction. (See 
Fig. 1.) The largest black interval of G, is the same as the largest 





Hie sd 


black interval of I’, and in each of the two remaining segments (0, ‘1) 
and (‘1 to ‘2) in the ternary notation, [ has the same form, and G, 
consists of an H. J. S. Smith’s set of the first kind. We need, there- 
fore only consider what modification is necessary in the segment 
(0,‘1), the same modification being supposed made in the segment 
(1,°2), and the segment (2, 1) being left unaltered. In the 
a 


the extreme right; in all the other segments of the same length, 





on. 


segment (0,1) T has its largest black interval of length 


G, 





Wiican 


(0, 071), &e., it has the same form, whereas G, has the form of an 
H. J. S. Smith’s set of the first kind in only some of these segments, 
(-0°2, 01), (012, 02), and (02,1) being entirely black. If, how- 
ever, in each of these three largest black intervals of G, we insert 
an H.J. 8. Smith’s set of the first kind, then the extreme right-hand 
seoment (‘022,°1) will be entirely black for the new set G,, and in 
each of the other eight segments G, will consist ofan H. J. 8. Smith’s 
set of the first kind. 
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We can, therefore, as before, consider what modifications are 
necessary in the segment (0, 071) only, the same modification being 
supposed made in the other seven segments, and the segment 
(022, ‘01) being left unaltered. 


“051 -O*] O31 f UG 


HIG: 





By a precisely similar argument as before, it is easily seen that, if 
we form G by inserting in each of the three largest intervals of G, an 
H. J. S. Smith’s set of the first kind, and G, by inserting in each of 
the 3° largest intervals of G, an H. J. S. Smith’s set of the first kind, 


0222, 071), will 


the extreme right-hand segment of length ec ( 


be entirely black, as it is for I’, and, in all the other segments of 


length will consist of an H. J. 8. Smith’s set of the first 


314243? G4 


kind. 

The general law is now obvious. We shall only have to con- 
sider the modifications necessary in G.149+34...n In the segment 
(0, ‘O'*?***"1), in which it consists of an H. J. S. Smith’s set of 
the first kind, the same modification being made in all the other 
segments of the same length except those which are by our con- 
struction already black for I. 

The modification will consist in inserting H. J. S. Smith’s sets of 
the first kind in the 3, 3’, 3°, ... 3"*' largest intervals in turn to form 
Gytninenj+% Gy tnrenj+3s UP tO Gypns1 (ne 41° 


8. Comparing this series of sets with H. J. S. Smith’s ternary 
closed set of the second kind, we see that, given any small quantity e, 
VOL. XXxv.—NO. 807. ie 
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we can assign a stage m in the series such that for all values of 
n pe m all the black intervals of G,, which are > e are identical with 
those eof H.J.S. Smith’s ternary closed set of the second kind. 
But the content of G, ¢s always zero ; while that of H. J. S. Smith’s 
ternary closed set of the second kind les between 2 and 3. 

The set G obviously consists of all the isolated points and limiting 
points on one side only of H. J. 8. Smith’s ternary set of the second 
kind, together with some of its limiting points on both sides. The 
set got by closing (7s therefore H. J. S. Smith’s ternary closed set 
of the second kind; that is, I. 

We will now prove that G does not contain all the points of TI, 
and is therefore unclosed. To do this it is sufficient to prove that 


the point . 
Bes 221 222 Lae 


(where the right-hand side of the symbolic equation represents a 
ternary fraction, the number of 2’s between consecutive 1’s increasing 
each time by one), which is a limiting point on both sides of I’ (and 
a limiting point on one side only of I”), is an ¢nternal point of a 
definite black interval of G, for every value n, and is therefore not 
a point of G. This interval is (12,°2) of G,, (1212,°122) of G,, 
(12122, -122) of Gy, (-1212212, -121222) of G,, (12122122, 12122) of 
G, (121221222, -121222) of Gy, (12122122212, -1212212222) of G,, 
and soon. ‘The general law is now evident, and hence the assertion 
is proved. Similarly it is evident that any ternary fraction of T 
which involves an infinite number of 2’s * cannot belong to any G,, 
since, apart from a finite number of figures at the beginning, the 
numbers of G,, involve only the figures 0 and 1. Hach such point 
is a limiting point on both sides of I and is interior to a black in- 
terval of G, whose length diminishes indefinitely as m increases 
indefinitely. 


Hence the set G which we have constructed as the limiting set of a 
sequence of closed sets, nowhere dense, is open, and the content of the set 
obtained by closing G is different from that of the limit of G, when n is 
made infinite. 


9. In the following sections we proceed to prove the theorem 
enunciated in § 2. To do this we shall first state and prove a series 
of simple facts about the sets of the sequence. 


* Other than 2, of course, 
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10. Any black interval (P, Q) of G or of G, “leads up” to a definite 
black interval (P', Q’) of Gn (m <n), which is either identical with 
(P,Q) or of which (P, Q) forms a part. 

This follows at once from the fact that no point of G,,, can lie 
between P and Q, since every point of G,, is a point of G, and of G. 


11. Hence the swm of any number of black intervals < the sum of 
the black intervals to which they lead up. 


12. To each positive quantity e there corresponds a perfectly definite 
finite integer m such that for all values of n >m all the black intervals of 
G,, which are > are identical with all those > e of G. 

For let (P, Q) be any black interval of G. Then, by the definition 
of G, there is a definite integer m, such that P and Q are points of 
Gy», but not both of G,,-;. The black interval (P,Q) will then 
belong to the set of black intervals of (, for all values of n 2 M,. 

Now the number of black intervals of G = e is finite, and hence it 
follows, by an immediate extension, that we can assign a definite 
finite integer m, such that all the black intervals (P,Q) >«of G 
belong to the set of black intervals of G, for all values of n >m,. 
But G,,, may have other black intervals > «. 

Let (P’, Q’) be such an interval. Then P’ and Q’ are both points 
of G; but (P’, Q’) is not a black interval of G, nor does there lie 
between P’ and Q’ any interval >e of G. Between P’ and Q! we 
can mark a finite number of points of G, say P,, P,, ..., Pi, 
such that no one of the distances between successive points 
P’P,, P,P, ..., P,Q is Se. Treating each such interval (P’, Q’) in 
the same way, we shall get a finite number of such points P,, P,, ..., 
since the number of all—a fortiort, of some—of the black intervals G,,, 
which are >e is finite. We can therefore determine a definite in- 
teger m, > m, such that G,,, contains all these points, and G,,, will 
therefore have no black interval >e other than those belonging to 
G. G,, will be the first of our sequence of sets having this property, 
or else there will be a definite first set between it and G,, (this in- 
clusive) having this property. Call this set G,,. Then m is evidently 
the integer sought. 


13. Toeach positive quantity «e we have shown to correspond adefinite 


integer m such that the black intervals of G,(n > m) and G differ only 
"2 
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in those intervals which are <e. It remains to show that we can 
choose € so that the sum of the black intervals which are < «is less 
than o. Denote these sums by f,,(e) and R(e) respectively. We 
have only to refer to the example constructed in § 7 to convince our- 
selves that, without restrictions of some kind on the nature of G, 
this will not be the case, even when, without G being closed, the 
theorem of § 12 holds. Examination of that example suggests that 
the validity of this second part of the whole theorem enunciated in 
§ 2 depends essentially on those points, which, without being end 
points of black intervals, are limiting points of G,and therefore 
limiting points on both sides. It is, in fact, evident that, provided 
contains all its limiting points on one side only, (end points of black 
intervals), the first part of the theorem (§ 12) will hold, as it does in 
the example of § 7, but not necessarily the second part. 


14. From the theorem of § 12 it follows immediately that, con- 
versely, to each integer n there corresponds uniquely a positive 
quantity ¢, such that all the black intervals of G, which are : €, are 
identical with all the black intervals of G which are >e,, and «, is 


the least quantity of which this is true. 


15. This being so, €,, >€n, (n > m), and the quantities ¢, decrease 
without lrmit as n ts increased indefinitely. For, n being > m, any 
black interval of G,, which is 2 e,, must lead up to a black interval 
of G,, which is >e,,; that is, to an interval which, being itself a 
black interval of G, contains no point of G except its end points ; 
hence any black interval of G, which is 2 e,, must be identical with 


the black interval of G,,, to which it leads up, and therefore is a black 
interval of G. On the other hand, any black interval of G which is 


>«, must lead up toa black interval >e,, of G, ($10), which is, 
therefore, identical with itself. Hence all the black intervals which 
are i e,, of G and of G, are identical, and therefore, by the definition | 
Olsen ene, 

That the quantities e, form a sequence with zero as limit follows 


from the fact that, however small e be taken, we can find a correspond- 
ing integer m, as in § 12, so that, by the definition of ¢,, and by what 


has just been proved, e,< ¢€,,<¢€ (m >m). 


16. Now, since every black interval of R, (e,) leads up to a black 
interval of R,,(e,,), we have R,,(e,) a Fin (Em); So that the quantities 
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R,,(e,) form a sequence whose limit is not greater than any one of 
them. If the limit of this sequence is zero, then it is evident that 
the theorem enunciated in § 2 is true, and we have a method of de- 
termining the integer m, while the quantity there denoted by e 
might be taken as no other than e,,, where we have determined m so 
that £,,(€,,) <o. 


17. Let us then, assuming that all that we have proved so far 
remains true, leave out the assumption that G is closed,* and assume 
that the limit of the sequence of quantities ff, (e,) 1s other than zero. 
We know, by the example of § 7, that there is no contradiction in 
these assumptions. 

We will now show that it is a consequence of the last assumption that 
‘+ 7s unclosed. By §16 this will complete the proof of the theorem 
of §2. 


18. Let the limit of the sequence RF, (e,,) be the positive quantity A. 
Then, assuming any small positive quantity 7 < & and any integer 1, 


we can determine an integer m,, such that, for all values of n > m,, 


LNG ace Be 

n(€,)—A < 3 

Now, taking, instead of the whole sequence f, (e,), the partial 
sequence R,, (€n,), Hn, (€m,), ---, and calling them for convenience 
Ri, (€,), Be (€,), ..-, Rn (€n), ..., we have, for all values of x, 


n Rh, (€n) —X = 5A ° (1) 
Now take any small positive quantity o < ~ . Wecan determine a 


finite number, k,,, of the intervals B,, (€,), say, dh, 77 = 1, 2, ..., k,), 
such that the sum of the remaining intervals of R, (e,) is less 


than be . It follows that the sum of the intervals d,, ,, being greater 





* The assumptions are, stated at length, as follows :—G, Go, ... are such that 
(1) each set is contained in all the preceding sets, (2) in any given segment, how- 
ever small, it is possible to specify a part of it which is entirely black for every 
set G, (so that G is nowhere dense), and (3), given any positive quantity e«, there 


corresponds a perfectly definite finite integer m, such that, for all values of » > m, 
all the black intervals of G,, which are > e¢, are identical with all those > e of G. 


— 
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than Ra (e2)— 


on is greater than 


A— 2. 2 
: on ( ) 
Now the intervals d,,,, being intervals of R,(e,), lead up to 


intervals of R, (e,); and the sum of those intervals of R, (€,) is, by 


(2), greater than \— a , and is therefore certainly greater than oy ; 
Hence some of these intervals of R,(e,) must be intervals d,,,, 
because the sum of the remaining intervals of R,(e,) was less 


than oe For the same reason the sum of those intervals, (if any), 


d,, which do not lead up to intervals d,,, is also less than my ; 
Hence, by (2), the swm of those intervals ds, which lead up to intervals 


— oa _ 5 ; and the same ts true of those intervals 
d,,, led up to by intervals dy, ,. (3) 


d,,, 2s greater than X 


Now let us proceed a step further. The sum of the intervals d;, 


oO 


is, as before, greater than A— oF The sum of those intervals of 


R, (€,) which are not intervals d,,,, or which, being intervals d,,, do 
not lead up to intervals d,,,, is, by (3), less than 


com o 
Ry (€) —A+ 9 + op? 


and therefore, by (1), is less than 
Tv oC oe 
92 at 2 oe 92 . 
Hence the sum of those intervals d; , which lead up to such intervals 


of R, (€,) is also less than 

ur Cc o 

Fi 2) eos 
Therefore the sum of those intervals d;,, which lead up to intervals dy, 
contained in intervals d,,, %s greater than 





which ts {54S 4 Sh SF 
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while the same 1s true of the intervals dz, or the intervals d,,, to which 
they lead up. 

Similarly, going a step further, the sum of the remaining intervals 
of R, (e,), being less than 


Ba NM (act pritae) a 





is, by (1), less than 





rr T ion oO oC 
Age lyce teeny cap 

It follows that the swum of those intervals dy, which lead up to 
intervals dz, which lead up to tervals d»,,, contained in intervals 
d,,,, vs greater than 


oC Tv us oC oC oC 
i a ne a ee 





Co oO Cc oC a0 UF 
Des hee Geese a tee aide 
while the same is true of the intervals dz, or d»,,, 07 dy,,, to which they 
lead up. 

In precisely the same manner it now follows by induction that 
there are a finite number of the intervals d,, which lead up in turn 
to intervals d,,, for all values of m <n, and that the sum of these 
intervals d,,, 1s greater than 

r—fS 4 Ser St i-fes ey. cal 
2 1 22 ahs 25 Qn 92 ats 93 Ay a Qr-l ? 
while the same is true of the intervals d,,,. (for any fixed m < n) to 
which the intervals d,,, lead up. <A fortvor’, any one of these sums is 
greater than A—o—z, where o and7 are as small as we please. 


19. During this process we have been weeding out in turn (1) those 
intervals d,,, which do not contain intervals d,,,; (2) those which, con- 
taining intervals d,,, do not contain intervals d,, inside those in- 
tervals d,,,; (3) those which, containing intervals d,, with intervals 
d,, inside them, do not contain intervals d,, inside those intervals 
ds,; and soon. The sum of the intervals d,,. which are not weeded 
out, however, is, and remains always, greater than A—o—r. Hence 
the weeding process cannot, as far as it affects the intervals d, ,, go 
on ad infinitum ; but, after a finite number of stages, it comes to an 
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end. Let those intervals d,, which are then left be denoted by 
Dy, (=I, 2, ..., 4; KA). 


Simultaneously we have been weeding out the intervals d,,. We 
have, firstly, weeded out intervals d,,, which are not contained in 
intervals D,,. But it may be that some of the intervals d,, which 
lead up to intervals D,, do not lead down to intervals d,,, for all 
values of n > 2. We have, however, weeded out from the intervals 
d,,, those which have not this property, just as we did the intervals 
d,,,, and, since the sum of the intervals left is always > \—o—7, it 
follows, as before, that the weeding process, as far as it affects the 
intervals d,,, must also come to an end after a finite number of 
stages. Let us denote the intervals d,,, left at the end of the weed- 
ing process by 

DR a dea, 

Similarly we determine sets 

Des. (Perle ee Mekal) 


for each successive value of n. The characteristics of these sets D,, , 
are (1) each interval D,,, leads up to intervals D,,,. for all values of 
m <n; (2) each interval D,,,,is led up to by intervals D,,, for all 
values of n > m; (3) the sum of all the intervals D,,,. for given m is 
always > A—o—r; (4) the upper limit of the length of the intervals 
Dn», for given n, being Len, decreases without limit as ~ is inde- 
finitely increased. Hence, if we choose one of these intervals for 
each successive value of 1 so that each of the chosen intervals lies 
within the preceding, they will define a limiting potnt P which will 
not be extertor to any one of the defining intervals. The end points 
of these defining intervals being points of G, P will certainly be a 
limiting point of G, (that is, a point of T), so that, unless P is an 
end point of each of the defining intervals after a definite stage, P, 
being interior to a black interval of every G,, will belong to no G,, 
and therefore not to G, so that G will be unclosed. 

Since, however, the sum of the intervals D,,,. for any assigned n 
is greater than A—o—r, it is easy to show that there must be limit- 
ing points which are not end points of the defining intervals. This 
is a consequence of a theorem which, being of general application, 
is stated and proved in the following section. 


20. THEOREM.--If we have a finite number of non-overlapping in- 
tervals D,, ,,(r = 1, 2, ..., k,), for every integral value of n such that all the 
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intervals D,,,, for given n, lie inside the intervals D,,,,, for every value of 
m<n, and contain intervals D,,, for all values of p> n, then, if the 
sum 8, of all the intervals D,,,, for every n, ts greater than some 
assignable positive quantity A, there are points such that each is interior 
to an interval D,,,. for every value of n. 


Let p be any assigned small positive quantity. From each end of 


each interval D,,,. let us cut off a fraction san < - of its length. The 


sum of the pieces cut off is less than an and that of the curtailed 


intervals is greater than S,,— a 


Now inside the curtailed intervals D,,,,, (whose sum is <V,,— = 


there will fall parts of some, but not necessarily all, of the uncurtailed 
intervals D,,.;,,. But, since the sum of the parts cut off from the D 


my, r 


was less than oa it follows that the sum of the uncurtailed intervals 


and parts of intervals D,,,;,, imside the curtailed intervals D,,,, is 
see 
ot 
and parts of intervals D,,,;,,1n the same is greater than 


greater than S,,,.:— Hence the sum of the curtailed intervals 


be 


Boca A ee Sa 
Saat Qm Qms1* 


The sum of the remaining intervals and part of intervals D,,,,,, 


(uncurtailed) is less than Baier Hence the sum of the un- 


curtailed intervals and parts of intervals 1,5, which fall inside 
those curtailed intervals D,,,;,, which lhe in curtailed intervals 


D,,,, 18 greater than Sirse— = — Shei ; and the sum of the curtazled 


intervals and parts of intervals D,,,., in the same is greater than 
C00 eae it Poked ee 
Dmne2 gm Qme+l Qin+?2 

In this way it appears that the sum of the curtailed intervals D,,, 
which fall inside curtailed intervals D, ,,,, which themselves fall 
inside curtailed intervals D,,_.,, and so on back to D,,,,is greater than 


S,— = — ie — os and is therefore certainly greater than 


S,—p; a fortiort, than A—p. 
Considering then the new sets of curtailed intervals, and leaving 
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out all such as do not lie in the preceding and contain all the follow- 
ing sets, we get a new series of sets, which we may denote by D,,,, 
and which have precisely the same attributes as before, except that 
A\—vp 1s substituted for X. 

If we now choose one of these intervals for each successive value 
of n, so that each lies within the preceding, they will determine a 
limiting point P or a limiting interval 6. In either case they de- 
termine one or more points which, not being eaterior to any one of 
the defining intervals D;,,, is certainly interior to the corresponding 
uncurtailed intervals D,, ,.. OF. 


21. Applying this theorem to the results of the preceding article, 
we see that G will be unclosed ; that is to say, the hypothesis that the 
limit of the sequence of quantities R,,(€,) vs other than zero ts only com- 
patible with our other conditions if G is unclosed, which proves the 
theorem of § 2. 


22. It should be noticed that the discussion of §19 permits us to 
remove the restriction as to the finiteness of the number of intervals 
D,,,. The more general theorem is as follows :— 


If we have a set of non-overlapping intervals A, for every integral 
value of n such that all the intervals of A, for given n lie inside the in- 
tervals of A,, for every value of m <n, and contain all the intervals 
of A, for every value of p > n, then, if the sum 8S, of all the intervals 
A,, for every n is greater than some assignable positive quantity d, there 
are points such that each vs intervor to an interval of A, for every value 


of 1. 


23. It remains to deduce Osgood’s theorem.* Denote by I and J, 
the contents of G and G, respectively, and by L the length of the 
finite segment over which they extend; then the contents of the 
corresponding sets of black intervals are (L—TI) and (L—TI,). 

By the theorem of § 2, 


L—I,—(L—I) = B,(e)—R(e) < RB, (e) <o (n>m), 


which proves the theorem. 





* Amer. Jour. of Math., Vol. x1x., 1897. 
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A Note on Unclosed Sets of Points defined as the Limit of a 
Sequence of Closed Sets of Points. By W. H. Youne. 
Received October 4th, 1902. Read November 13th, 1902. 


1. The method pursued in the foregoing paper, ‘On Closed 
Sets of Points,” enables us, without difficulty, to determine the most 
general condition that the limit of the content of such a sequence of 
sets G, should be the content of the closed set IT in which they 
become dense everywhere. 


2. Let G, G,, ... be a countably infinite sequence of sets of points 
each of which is closed and nowhere dense and is contained in all 
the succeeding sets, and such that, given any segment, it is possible 
to specify a part of it which is entirely black for every set G,, and 
let G be the limiting set and T the set obtained by adding to G those 
points, if any, which, without being points of G, are limiting points 
of G. Gand T will then be dense nowhere. 'The following general 
theorem, of which the theorem of § 12 of the foregoing paper is a 
special case, viz., when G and T are identical, is the key to the whole 
matter. 


3. Given any two small positive quantities « and o, we can assign a 
definite integer m such that for all integers n > m the difference between 
the sums of all the black intervals of T and of Gn which are >e is less 
than o. 

The proof is precisely on the lines of that of the corresponding 
theorem of § 12, loc. cit. We have, however, to notice that, if (P, Q) 
be a black interval of T which is >e, and we lengthen (P, Q) at 


each end by a length a (where & is the number of black intervals 


of I which are >e), there must be a point P, of G in the little 
piece added on at P, though P is not necessarily a point of G, and 
similarly there must be a point (, of G in the little piece added on 
ator 

If we determine m, so that both P, and Q, are points of G,,, 
then, since (P, Q) is certainly entirely black for G,,,, either (P,, Q,) 
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is a black interval of G,, or else there is a black interval of G,,, 
whose end points lie in (P, P,) and (Q, Q,) respectively. 

Doing this with each black interval >e of T, we determine an 
integer m, such that the sum of those black intervals of G,,, which 


Mo 


are led up to by all the black intervals of I! which are > e differs from 
the sum of the latter black intervals by less than o. 

As in $12, loc. cit., however, G,, may have other black in- 
tervals >e; but these can be disposed of and the proof completed 
precisely as was done there for the closed (. 


4. Thus, if [and I, be the contents of T and G, respectively, and 
R(e) and &,,(e) be the sums of those black intervals of I and Gi, re- 
spectively which are < e, we have 


I—TI,—R,,(e)+R(e) <a. 


Now we can choose € so as to make f(e) as small as we please, so 
that it cs evidently necessary and sufficient for the equality of I and 
lim I, (n= ) that we may be able to choose € so that, for all integers n 


greater than a certain integer, R,,(e) may be less than any assigned small 
quantity. 





Summation of a certain Series. By A. C. Dixon. 


Received October 10th, 1902. Read November 13th, 1902.* 


The object of the present note is to find the sum of the infinite 





“ine 14. aby 4 a(at}) BB+) vy +1) 4 
de 218(6+1) e(e+1) vi 
in the case when B+é=yte=atl. 


The condition for convergency will be supposed satisfied; that is, the 
real part of d6+-e—a—P—y will be taken to be positive. 








* The original MS. was lost in transit, The paper has been rewritten by the 
author, January, 1903. 
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Let F(a; B, y, z) and F'(a, B, y, 5, «, x) stand for the two series 





14 28 a(at+l)B(B+l) 2, 
aan aS 2! y (y+1) i ae 


ya “PY 9 + a(atl)BB+1))y7+1) ,. 
€ 





Sumi cen lias st cet 


Let | denote integration round a closed path consisting of four 
(a, b) 


loops, each of which begins and ends at a certain point ¢ on the 
straight line between a and b, and which pass respectively round b 
positively, a positively, b negatively, a negatively; the subject of 
integration will contain powers of such factors as x, 1—# which are 
initially real and positive ; its initial value will be fixed by taking 
the logarithms of these factors to have their real values. 


Let | denote integration along a loop starting and ending at a, 
a (b) 
and passing positively round b, the initial value of the subject being 


fixed as before. Thus we have, when + is positive, 


| grm-l (l—2a")""? dx a | ght -1 (1—a")""" dx 
(0, 1) 


(1, 0) 
= ay a —ermn) (al —e"") B (m, n) 
” 


Aw 
= — — el"™*") © sin rma sin uz B(m, n), 
r 


and, if the real part of m is also positive, 


| gl (1—2t)"" da = i (1—e*"*) B(m, n) 
0 (1) E 
=— oh e"* sin nx B(m, 1). 
T 


Now F(a, B, y,4, ¢, ¢) | g-* (1—z)" dz 
1) 


(0, 
=| F(a, B, 8, t2) 27! (I—2)or de 
(0, 1) 


a atl Ag ). 


and F(a,a—8+1, 8,2) = (L+a)"F (4 Sach Cees 
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Hence 


F(a,a—8+41,a—e+l, d,«, H| z-*(l—z)*"* dz 
i (0, 1) 


=| rf a+] Atz 
(0, 1) aa! 2 } (1 +tz)? 





; (1 +tz)7* 24°*§ (l—2z)*-*-* dz 


= Ct gicet zen F(<, anh 5, 1—u') 
[(1-4)/(1+¢), 1] 2 


2Qera-2 
x (1-28) (uw =) ihe 


by the substitution u = (1—tz)/(1+7tz). 





Now 
F(S ; att, }, 1—u'] 








Pst (6—a—$) ae: F($ a+l 


P(e 2 \r (8— ale) amie a a—$+8, u) 











2 2 
4 Per (a +i—6) weet F (8 — Oe ne Geta. é—a+i u?) 
a a patl 9 p) 9 ’ 22 . 
2 2 


Let this substitution be made in the integral, and consider the two — 
parts separately. In the first the subject of integration has no 


singularity at 0, and thus the loop containing oat may be taken to 


1+é 
contain 0 as well, and we may put ¢=1 at once. The expression 
to be calculated is therefore 





| B(<, a4. a—$+8, u) (1 —u?)*"* u*-*-? du 
(0,1) 


or | | gpa! (1l—a#)**"°*3 (1—au?) 3+) (1—u?)*-* ye? da du 
(0, 1) J (0, 1) 


= ( ale] (1 —g) te? +4 dy, 
ma(Os 


In the double integral change the order of integration and use the 


substitution ub = y/(1—a-+ay?). 
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The expression thus becomes 
| | (1—y’)*"s yo a-2 (1l—2x)*" é- e+] gta - ' dy dx 
(0,1) J (0, 1) 


+| gie-1(]—g)ierh)-2 dat, 
(0, 1) 
thatis, —2e" sin (a—e) wsin (2e—a) + B (a—e+ Wee “3. 


x —4de@-?-) sin (a—d—e) sin au (5 5 a—d—e+2) 





+ dete sin (24 ) asi sin“ B (4 “¥2 9), 


2 a 
The coefficient of this in F' (a,a—d+1,a—e+l, 6, €, 1) is 
O2«-2a~1 Pol (¢—a—s) 


ieee) oerag) 


+ — 4e“" sin (a—e) 7 sin (2e—a) 7 B (a—e+1, 2e—a—1),. 





Hence the value of the term as a whole is, after reduction, 


eta 2 ldo) dee 13 De D(S—a +4) 0 (a—6+4)0 (e- att) 





PU oem en INT: (s— 4) pst? Ese ote eo) i (oe 


To find the other term we must evaluate 





5 ate GEL stp 1 
im | #2 S685 a+, u’) 


x 472-1 (] —u?)*-*§ (u—K)*-*-? du, 
where « has been written for (l—?#)/(1+4). 


Take « to be small and positive and let the loops start from the 


point “«. Then on the loops round 1 we have |w| 2 /x, and thus © 
(w—«)/w = 1 in the limit, so that we may put « = 0 at once inthe 
subject for this part of the path. The loop round « may be taken to 
be a circle having the points /« and $« as the ends of a diameter. 


U—aK 


On this circle we have < land >1— vk; the integral is then 











a quantity of the same order of magnitude as [| w¥**-**-°du| taken 
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round the same circle; that is, it vanishes in the limit if the real part 
of 264 2e—3a—2 is positive. Hence, under this condition, which we 
have already supposed fulfilled, we may replace the integral by 


1 earn | gr (s_ % 5_ att pa Be 
oo | ( 20 a at4, w) 


x (l—w’)*< ye t 2e-8a-8 du, 


since the subject of integration at the end of the second loop round 1 
has its original value multiplied by e?-*)*". 

The value of this integral may be found by means of the same 
substitutions as before, and the second term of the expression 
F(a,a—d+1, a—e+1, 6, e, 1) is the product of the coefficient 


oa -1 0 (a+4—6) 
po patl 
2 2 


aps 








+ — 4e** sin(a—e) rmsin (2e—a) 7B (a—e+1, 2e —a—1), 
by the value of the integral, namely, 
(1—e@-2)2) x —yole-et gin (a—e+1) 7B (a—e+ heer “ —1) 


x —Aeln--Dersin ( —<t) Sani Gethaie Dy 





x B (e-s, a—b—e +2) 


+ nde Pesin (8-84 *) asin (1 a\n 





pis atl ney 
xB(s—S-, 1 ). 


After reduction this product becomes 


2222-2 ole POTET (6—a +4) V(a—8 44) TL (d+e— —1) 








+T(6+e—a—1)P (3-4) pats r (a —e) Tse. 


and, adding this to the former result, we have as the sum of the 
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original series 


Toler (d+e- “t 1) G (e— “5 


Ee r(é— <) foe T (2e—a—1) Sie ea) 


2 





O2_-2a-2 = us 








cr elk (a+1) el ox 
ie 3a (saa) 
L r (s+e- 3 —1) r (ee +2) 


e(22-8-«) ir 


Ae SNES teeta ty a 
ai aR fs i 
Nee 
The expression in square brackets 
1 


tee lee 8 Les . fatl 
= — — ¢lflerD-el™ gin (= —s—e] m7 — e@e-9-9 1" sin (ae —«) T 
T 2 7 2 





= er (6—a +4) 7. 
T ‘ 


We also have 


5 aoe bn a ey ee ee ae 
T (2e—a 1) =T(c =) P(e 5) 2 wo, 


Hence, finally, 
F(a, a—é+1, a—e+l, 6, €, 1) 
—_ D-% ah TéTeD(d6+e—8a—1) 


P(s—$)T(e—S)r aD (6+e—a—1) | 


a 





if the real part of 6+e—3a—1 is positive. 

If in this we write 6 =e=1, we arrive at Prof. Morley’s result 
(Proceedings, Vol. xxxtv., p. 401). The present investigation was 
suggested by the reading of Prof. Morley’s paper. I learn from 
Prof. Morley that he had hoped to sum the series of this paper by 
his method. 
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Thursday, December 11th, 1902. 
Prof. H. LAMB, F.R.S., President, in the Chair. 


Highteen members present. 

Mr. J. H. Grace was admitted into the Society. 

The Auditor (Mr. J. H. Grace) having made his report, the 
President moved that the Treasurer’s report (read at the November 
meeting) be adopted, and that the thanks of the Society be given to 
the Treasurer and the Auditor. The motion was seconded by 
Mr. Sheppard, and carried nem. con. 


The following papers were communicated by their authors :— 


Dr. H. F. Baker: (1) On the Calculation of the Finite Equa- 
tions of a Continuous Group. (2) On the Integration of 
Linear Differential Equations. (8) Onsome cases of Matrices 
with Linear Invariant Factors. 

Mr. G. H. Hardy: The expression of the Double Zeta and 
Gamma Functions in terms of Elliptic Functions. 

Prof. M. J. M. Hill: The Continuation of the Power Series for 
arc sin 2. 

Mr. HK. T. Whittaker: The Functions associated with the 
Parabolic Cylinder in Harmonic Analysis. 


Lieut.-Col. Cunningham took the Chair while the President gave 
an account of his recent researches on ‘‘ Wave Motion in Two 
Dimensions.” 


The following papers were communicated from the Chair :— 

Prof. L. HK. Dickson: (1) The Abstract Group Simply Isomorphic 
with the Group of Linear Fractional Transformations in a 
Galois Field. (2) Generational Relations of an Abstract 
Simple Group of Order 4080. 

Mr. H. M. Macdonald: Some Applications of Fourier’s Theorem. 

Rev. F. H. Jackson: Series connected with the Enumeration of 
Partitions, 

Mr. W. H. Young: Sets of Intervals, Part II., Overlapping 
Intervals, 

Mr. J. H. Grace: Perpetuants. 
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The following presents were made to the Library :— 


‘¢ Educational Times,’’ Vol. tv., No. 500; 1902. 

‘* Indian Engineering,’’ Vol. xxx1,, Nos. 17-20; 1902. 

‘* L’ Enseignement Mathématique,’’ Année 1v., No. 6; Paris, 1902. 

** Société des Naturalistes de Varsovie, Comptes Rendus,’’ 1901. 

Martin, Emilie Norton.—‘‘ On the Imprimitive Substitution Groups of Degree 
15,’’ 4to; Baltimore, 1901. 

Mittag-Leffler, G.—‘‘Sur la représentation analytique d’une branche uniforme 
d’une fonction monogéne,”’ 4to ; 1902. 


The following exchanges were received :— 


‘“* Bulletin of the American Mathematical Society,’? Vol. 1x., No. 3; 
New York, 1902. 

‘+ Proceedings of the American Philosophical Society,’’ Vol. xu1., No. 170; 
Philadelphia, 1902. 

‘¢ Jornal de Sciencias Mathematicas,’’ Vol. xv., No. 1; Coimbra, 1902. 

‘‘Beiblatter zu den Annalen der Physik,” Bd. xxvi., Heft 11; Leipzig, 
1902. 

‘* Periodico di Matematica,’’ Anno xvui1., Fasc. 3 ; Livorno, 1902. 

‘¢ Supplemento al Periodico di Matematica,’’ Anno v1., Fasc. 1; Livorno, 1902. 

‘‘ Proceedings of the Physical Society,’’ Vol. xvu1., Pt. 3; London, 1902. 

‘* Bulletin des Sciences Mathématiques,’’ Tome xxvi., Oct., Nov., 1902; 
Paris. 

‘‘ Reale Accademia dei Lincei—Rendiconti,’’ Vol. x1., Sem. 2, Fasc. 9, 10; 
Roma, 1902. 

‘¢ Prace Matematyczno-Fizyczne,’’ Tome xu1.; Warsaw, 1902. 
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The Abstract Group Simply Isomorphic with the Group of Linear 
Fractional Transformations in a Galois Field. By L. E. 
Dicxson, Ph.D. Received November 13th, 1902. Read 
December 11th, 1902. 


1. The object of this paper is the determination of a simple set of 
generational relations for the abstract group Go. (91) simply 
isomorphic with the group of all linear fractional transformations on 
one variable with coefficients belonging to the GI’[ p”], p>2, and 
having determinant unity. The group is known to be simple, except 
LOL. a-— "eh. 

For n= 1, the group may be generated by two operators T and S, 


subject to the generational relations (§$ 20) 
P= S=l SMY=L STS’) =I, 


where rt = 3, 4, ...,4(p—l1). However, only one of the positive 
residues of t, 2/t, —2/t need be taken as a value of 7. Thus, for 
p = 3, or for p= 5, 7 takes no values, so that only the first three 
relations occur. For p=7,7=3; forp=11,7r =3, 4; for p = 13, 
7 aed, 4) ALOr spi= ols ree OO ad Oe ioe) aren err ar Or 
Dis 20))7 =i) Ae Oe. 

For general n, the group may be generated by the operators T and 
S, (where A runs through the series of p” marks of the field) subject 
to the generational relations 


(Vi) 02? = Soe en Nye ead laa eye 
(2) (8, 7)" = 1, 
(3) (Sr OSes Tcany mark.--10), 


Owing to redundancies in these relations, we may restrict A, p, 7 to 
a part of the marks of the field (compare §§ 20, 21). 

While the preceding statements are doubtless true for any prime 
p >2 and any positive integer 1, they are here proved only when 
p” <A9 ;-viz;, for-p"— 3,5, 7, 9, lon, Ly. 20, 20,01) ao, kee 
41, 43, 47. Hence they hold at least for the groups of orders 
< 58800. For the general case, the validity of the theorems is made 
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to depend upon a problem in the theory of numbers. While the 
latter is readily treated in any particular case, its general solution is 
not undertaken. Perhaps direct proofs of the above theorems may 
be given; for example, by showing that the order of the abstract 
group defined by (1), (2), and (3) is at most 2p" (p”"—1). 


2. The group G, may be generated by the operators 7' and 


py ("= 1) 
S, subject to the relations (1) and 


(4) STS, TSo -ra.-1) 28-1) P8y.-nya.-y T = IT, 


where and y are arbitrary marks such that \u#~1.* Relation (4) 
will be designated briefly by either of the symbols 


, eA I ae 
Fay irra: a. eae 6x ae eal 
(4) Dye], | # eeey: (Ap—1), wed 





3. For X = 0 or I, or for » = 0 or 1, relation (4) reduces to (2) in 
view of (1). One of these cases arises if any subscript in (4) equals 
Oro | 

If X and p each differs from both 0 and 1, the product of any two 
consecutive subscripts in (4) differs from 1 (the first subscript being 
regarded as consecutive with the last), so that the following symbols 
may be employed for (4) :— 


(5) 

Fr  6A-1 ] jp A—1 u—l p—l 
Fe yen =) eae 

[* Ap—1 yal BS ban Au—l Ap—1 ; 

Each relation (5) has the same five subscripts and in the same cyclic 

order as the five subscripts in [X, w|. Hence each follows from |[A, »| 

by simple transformation, upon applying (1). To prove the first 


statement, we need only verify that the operationt C which replaces 


A, mw by p, =) respectively, will replace the latter pair by 








* A more general theorem, valid for an arbitrary field, was established by 
Prof. E. H. Moore, and communicated (without proof) to me in 1899. I then con- 
structed the proof for finite fields given in my Linear Groups, § 278, Corollary. 


t Note that we have a birational transformation of period 5, 


oN = Uy nv a a) 
(0: 5 Kal (8 ett Oa Au 1) 
ote Au—L? pei k. 


Then C, C2, C3, C4 replace A by the remaining four subscripts in (4). 
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yt —Au+1; the latier in turn by —Ap +1. eee the latter 
| —_ 


byl i =, A; and the latter by A, ». Hence C produces a cyclic 





permutation of the subscripts in (4). Hence the relations (5) are 
derived from [A, »] by applying CO, C, 0°, O*, respectively. 


4. For » = —1, so that 4 — 1, relation (4) becomes 
(S41 T'Soja41) T)? = ib 


upon replacing 7'S_,T' by S,7'S,, as may be done by (2). Giving to 
d all possible values, we obtain relations (3). 

When any other subscript in (4) equals —1, the relation follows, 
as in §3, from that in which the second subscript is —1, upon 
applying (1). Such a case arises only for \ = —1 or for 


2 





2 Eee Zs “ 
nar ee 98 1 a 


+ 


5. The chief aim of the paper is to show that, for » ~ 2,* relations 
(4) all follow from relations (1), (2), (3). This statement has been 
proved in §§ 3, 4 for relations (4) in which any subscript equals 0, 
+1,or —1l. In particular, it is true for relations [A, «] im which 
one of the relations (6) holds. 

Henceforth, we say that a relation follows when it can be derived 
from (1), (2), and (3) ; that a relation follows from another when it 
can be derived from the latter and (1), (2), (3). 


6. THrorem.—Zither of the relations [d, | and lH, 2 | follows 
from the other.*+ pe 


Transforming both members of (4) by S,-», and replacing 
8,78, 7, the initial product in the resulting relation, by its inverse 
TS_,TS_»),, following from (3), we get 


TS - pS e- w—Ap)/Le (A#—-1)] DST TS (u-H ae TS) 2), emia f 





* For p = 2, relation (3) follows from (1). 
+ Note that here also we have a birational transformation 


x’ = My [v= 
| 9 ‘| A sg 


ren pees I 
M be ’ woi=Ad. 
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Taking the inverse of each member, we obtain relation E 2h —A|. 
p 


To denote briefly that the latter follows from [A, »], we write 
2 
(7) [Ae] ~ cE on 


7. Certain results, not used below, may be derived as corollaries to 
the preceding theorem. From (1), (2), (3) can be derived the 
following relations (A being an arbitrary mark) :— 


2 2 2 3—N 
Aa 5) A, — p) ’ | | peau 
L a I 5 ail E eee a 


oe +2 ] [ Maret Ne =] 
A; ——, Xr ’4, ——— |. 
Lorst Earse pared AE eA 
Three of these, given by (6), were established directly in §§ 4, 5. 


8. Before entering upon the technical discussion by means of 
which the computations are greatly simplified, I will show in a few 
examples how the two theorems of $$ 3 and 6 suffice to prove without 
device that relations (4) follow from (1), (2), (8). 

For p” = 5, the relations (4), with A40,1; » 0,1, are 


(22229), [24334], [33424], [34243], [42433], [43342]. 


Now [2, 2] follows from [2, 2—2] =[2, —1] by §6. The remaining 
five relations all have a subscript 4=—1 (mod 5). Hence all six 
follow from (1), (2), and (3). 


For p" = 7, the relations (4), with A#0,1; u #0, 1, are 
[22545], [33262], [44363], [55646], 


together with those given by permuting the subscripts cyclically. 
Now [2, 2] follows from [2, —1]; while 6=—1 (mod 7). Hence 
all follow from (1), (2), (8). 

For p" = 9, the field may be defined by 


7 =—1 (mod 3). 
The relations (4), with 40,1; «#0, 1, are 
[—1, +), F741, 4741, 7), [—-1, 4741, Fj-1, 47-1, F7 +1), 
eee —) | ee, hy, a en 
peeps) eter oe) ly eg li) 
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together with those arising by cyclic permutations. Since 


2 . 
deh I eat _ Lys 
: Gere) (4j+1) =), 


2 
+j+1 
[4j+1, +/] follows from [j, —1], and [+j+1, +j+1] follows 
from [+7+1, +/], by §6. Hence relations (4) follow from (1), 
@), @). 

For p"= 11, an elementary proof is given in the Bulletin of the 
American Mathematical Society, Vol. 1x., December, 1902. 

For p” = 13, the relations (4), with A#0,1; »~0, 1, are 


[—1, 2, 5, 8; 4], [—1, 3, 7, 4,6], [—1, 4,3, 5, 2], [—1, 5, 9, 6, 8], 
[—I,674,°7, 3° fb, 10, 85d anes, 6.80 eo |, 
f—1, 9, 8) -10, 715 | Oe i eee ae Oi. 
(2, 35:9, 8, 3) 12) 427676) a 22S al tee LO a ie Sas 
T2,.11, 5,5, 11), Beg OoaLOT Meio on ee om 
3, Lh 9 e756). Anedenocg lyr sen) ino .e/ serene 
(4.9.9, 40 Ll aon G BLOe tO Gt 
together with the cyclic permutations. By* § 6, 
Pees at), Encics Ewico ii oi (ey a, 
-[2,4] ~ [4,5] ~ [5, —1], [2,10] ~ [10, 6] ~ [6, —1], 
[10, 5] ~ [5, 6] ~ [6,4] ~ [4,1], [4,4] ~ [4, 3] ~ [8, 1], 
[3, 11] ~ [11, 9] ~ [9, 8] ~ [8, 1], 
[4, 9] ~ [9, 2] ~ [2, 5] ~ [5, 1]. 
But, by cyclic permutation of subscripts, [2, 8] follows from [8, 7], 
[3, 6] from [7,9], and [11,10] from [2,8]. Also [2,11] ~ [11, 10]. 
Hence all the relations follow from (1), (2), (8). 
For p" = 17, relations (4), with A40,1; »~ 0,1, are 
[—1, 2,12, 3,11], [—1, 38,9, 4,8], [—1, 4, 14, 5, 13], 
[—1, 5, 6, 6,5], [—1, 6,10, 7,9], [—1, 7, 18, 8, 12], 
[—l, 8, 4, 9,3], [—1, 9, 7,.10, 6], . [—1, 10, 11, 11, 10], 
[—r1,d1,.3,.12,.2]; . [—l, 12, 87.18, 745 [— 1 13.5, 1A a) 





" * We employ [3, 8] instead of [2, 3], in view of § 3, since 
[2, 3] ~ (8, 3] ~ (2, 11] ~ [11, 10] ~ £10, 10] ~ [10, 11] ~ [11, 2] ~ [2, 3). 
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ol el meses oe 1514 | 2) 22014. 6). (2,3, 7) 125,14, . 
fuel oie l2r5,2, 8 Sle (0.7, 4, 4, 71, 

[2, 10, 9, 15, 13], (2, 11, 18; 18, 111, <[2, 13, 15, 9,°207, 
fo iaeron7 3). (215,105) 4), (3, 3, 13:9, 13], 

po tell ee oils. 5 Ss l0h. 13.8.6, 11, 4], 
poise Olas 03, 15)00 7, 15 by of) 6.911, 154, 
POA 12 191) P45 011) 96], a)5. 8: 11,12, 154, 
f5,.9 14, 7, 11], - (5, 21, 7) 14,-91,. [512,.9, 9,12), 
ESAS 2 BLS 1s eG nS. 101 Sianl 612,13) 14) 15), 
Foalsal0s Se Al. f6a15 Jaan lot (8, OpSelAe 1A) 


together with those given by cyclic permutations. Relations arising 
by a cyclic permutation will be marked equal. Then 


[2,2]~[2,—l1], [2,3] ~ [38,10] ~[10, 4] ~ [4, —1], 
[2,4] ~ [4,71 ~ [7,6] ~ [6-1], [2,71 =[4 71, 
[2, 5] = [8, 8] ~[8, 5] ~ [5,6] ~ [6,1], [8,8] =[8, 2] ~[2, 10], 
Paella eae pla ns POR es Le lt 
[2, 18] ~ [18, 6] ~.[6, 10] ~ [10, 1], 
poet Od ele) a oy La a 2 Oe 14 
[3, 3] ~ [8, 9] ~ [9,1], [8,4] ~[4, 6] ~ [6,2] ~[2, 12] ~[12, 1], 
(3, 9] = [5,5] ~ [5,9] ~[9, —1], [8, 8] ~ [8, 10] ~ [10, —1], 
[8, 14] ~ (14, 2] = [2, 3], 
[3, 15] ~ [15, 13] ~ [13,10] ~ [10, 11] ~ [1], 1], 
[4,6] from [3, 4] above, 
[4, 10] = [10, 4] ~ [4,—1], [4,15] = [6, 4] ~ [4, 3] ~ [3, 8], 
[5, 8] ~ [8, 8] =[2, 5], [5,9] ~[9, —1], 
Poy eee joe ee, —179 [5 12} Slo 15] 15,4) = 74, 6); 
5 Looe toy GO | mo 1 6 La O|-— ( 8, 10] ~ (10, ih 
fo, 12) elope) 18.413] = [2, 11}, 
[6, 18] ~ [1352] == 72510). (6) 15) (15.10) = [2):15 4; 
[8, 9) ~, £9,135) == [3, 31. 

Hence all the relations (4) follow from (1), (2), (3). 
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9. Repeating the process indicated by (7), we get 


2 2 due Ho. essay 
r ~ [ OL —r| ~ [ 723 a) st | a, i | ooo e 





Let ¢,, denote the m-th symbol in this series. Then 
1-k k k —k SS 2 
te = [p “pw, PA], tan = [p'A, pt], =e 


These formule are evidently true for k=1 and k = 2, and, by 
simple induction, for general k. If p=0O, then N= and 


py 

[A, #] ~ [p, 0] follows from (1), (2). For p72, we have p# —1; 
while p~ +1, since Au 1. It follows that, if p belongs to one of 
the exponents p"—1, 4(p"—1), relation [A, »! is a consequence of a 
relation (4) with +1 as the second subscript, and hence a con- 
sequence of (1), (2),(3). Indeed, if p belongs to the exponent p"—1, 
we may determine i so that p*=yp; if p belongs to the exponent 
% (p"—1), we may determine k so that p* takes one of the two values 
at tg ; 

In view of § 3, the same result follows when A, » are replaced by 
the respective subscripts in any one of the pairs (5). Then 


p a —1 is replaced by 


Aptea—2 -1+A Itp Apta—z2 
Au—w > 1—A’ l—w’ Ap—A : 





We may apply the same argument to E = _y| that we applied 
fe 
to [A, w]. Then p and the preceding four expressions are replaced 


by respectively 


LL  2—Ap—dAp? l+tp p—Ap+2 Ap— ft 
p° (Ap) (pT) eA 28 ee 





9 
Proceeding similarly with | = —p, a], from which follows [A, ], 


we have p and the four expressions replaced by 


1 Ap—r A—Ap+2 14+A  2—Ap—Mu 
p’ Ap+A—2’ A+Au—2’ 1—A’ (2—Ap)(A—1) 7 
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THeoreM.—Relation [A, p] follows from (1), (2), (3) if any one of 
the following* expressions belongs to the exponent p"—1 or 4 (p"—1) :-— 


22 1+X , l+p 
=— —] —Sa —— 
Mee! bee Ne RO eg Ie a 
Au—r ? Au—u 
eee EcEe pi bot 2 
A+Ap—2’ a tAp—2’ 
2—Au—Aw —  2—Ap—Ay? 








"> @=m)A—T)? % ~ @=ap)(u—1)’ 


10. The preceding theorem suffices to prove readily that relations 
(4) all follow from (1), (2), (8), at least when p” < 49, p2. We 
have only to verify that for no values of A, u do the expressions 
p, ..., y all belong to exponents < 4(p"—1). We recall (see § 9) 
that the values p=-+1 are excluded. The theorem is therefore 
evident for p"= 3 or 5; likewise, for p” = 7, 9, 11, 28, 27, or 47, the 
only marks belonging to exponents < 4(p"—1) being +1. In 
general, it holds true when 4 (p”—1) is a prime number. 


11. For p" = 13, the only marks belonging to exponents < 6 are 
the solutions +1, +5; 1,3;9, of X*=1; X*=1 (mod 13). Let 
therefore p, 7, and 7’ each take the values 5, 8, 3,9. Then 

Ap =9,6,7,8; A=H5,8,7,6; w=5, 8, 7,6 (mod 13). 
Since A and u take only the values +5, £6, we have Au=9. Hence 


(A, p) = (5, —6), (—5, 6), (6, --5), (—6, 5). 
For these values, a’ =7, 0, 2, 3 (mod 13), respectively. It remains 
to consider only (A, u) = (—6, 5): for it, a=7; so that it also is 
excluded. 


12. For p*=17, the numbers belonging to exponents <8 are 
the solutions +1, +4 of X*=1(mod17). For p, r, 7’ equal to 
4, —4, we get 

Aw =—38,5; A=H4, -—4; w=4, —4 (mod 17). 


These congruences are contradictory ; so that the theorem follows. 








* Other expressions may be derived, but are not needed below. 
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13. For p" = 19, the numbers belonging to exponents < 9 are the 
solutions +1, +7, +8 of X°=1 (mod 19). Equating p, 7, r’ to 
7, 8, 11, 12, in turn, we get 


Ap =5, 15,-16,6; AHI15,5,4,14; w=H15, 5, 4, 14. 

For the values +4, +5 of A, », we find Au =6, or 16. Hence 
(A, Kt) mn (a, 4), (4, 4), (—5, =i) (5, 3). 
For these values, a’ = 10, 14,12, 9, respectively. Hence (A, ») = (4, 4) 
or (—5, —5). For these, 6'’=10, 9, respectively. Hence the 
theorem. 
14, For p” = 25, the GF'[ p"] will be defined by 
7? =2 (mod 5). 

The marks belonging to exponents <12 are the solutions 

(8) se) aah g Pete Sie ay pee ot) 
of X'=1 and X*=1. Giving these values (except £1) to7 or7r, 
we get the same values for A or p, in adifterent order. Giving them 
to p, we get 

Aw = 4,3, Y+3, B43, 444), HY+D, f+, Yt. 


The resulting pairs of values (A, “) are considered in five sets : 


(a) (—2, —2), (@j+2, 2), (—2j7-2, —2), (27-2, 2), (2), J), 
(—27, —j), (—i, —249-2), G —27-2), (J, 2742), 
), 2j—2), (j; —2j+2), Cae. 2j—2), (2), 27), (—2), — 25), 
(+2, —%—-2), Qj+2, 2), (—%-2, —2j+2), 
(—2j+2, 2j—2) ; 

(b) the pairs derived from those under (a) by interchanging the 
two marks of a pair; 

(d) the pairs derived from (c) by interchanging the two marks ; 

OM hah, (Gano: \ 

For the pairs (a), the function a has the respective values 
0, 47 +4, 3f+4, 4742, 4742, f4+2, (+4, Atl], 4742, 444, 742, 
+l, y+, B+l, 4+3, 24+, 7 +1, f+3, 
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none of which are in the set (8). But, for the pairs (6), the function 
a’ takes the same values in the same order. 
For the pairs (c), the function 6 has the respective values 


O, g+4, 4942, 7+2, 


none of which are in the set (8). For the pairs (d), the function /’ 
takes the same values. 
Finally, for (j, —j), y =j+2; for (—j,7), y =j+2. 


15. For p" = 29, the numbers belonging to exponents <14 are the 
roots of X*=1, X’=1. Excluding +1, these are 


(9) —4, —5, —6, 7, —9, 12, —12, 16. 

Giving these values to p and to 7, we find that 
Ap =9, 14, 17, 22, 7, 18, 18, 24; 
Nea lO elo Oreo anol ee 6, 
Hence we need examine only the values A, p =16, —6, 12, —12, and 
of these only the ones making Au = 14, 7, 28,18. Hence 
(A, uw) = (16, 16), (—6, —6), (16, 12), (12, 16), (—6, —12), 
(—12, —6). 


For the first three, 6’ =18, 11, 4, respectively, none of which are in 
the set (9). For (12, 16), @=4. For (—6, —12), a«’=0. For 
(—12, —6), a=0. Hence the theorém is true. 


16. For p"= 31, the numbers belonging to exponents <15 are the 
solutions of X?#=1, X°=1 (mod 31). Excluding +1, these are 


+2, +4, +5, +6, +8, +16. 
Giving these values to 7, we get for A the values 
+10, +3, +18, +12, +11, +14, 


no one of which is congruent ‘to one in the previous set. 


17. For p" = 387, the numbers belonging to exponents <18 are the 
solutions of X¥¥=1, X°=1. Excluding +1, these are 


C1) EEO Gee 14 db B19, 4, 10912107, 


Giving these values to 7, we find for A the respective values 
9, —7, —6, 16, 4, —10, 2, —14, 14, —16, —2, 10. 
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Hence A, p=9, —6, 16, —14, —10, or 10. Giving the values (10) 
to p, we find for Aw the respective values 
—8, 8, 7, —15, —3, 11, —1, 15, —18, 17, 3, —9. 

The resulting sets of values (A, «) fall into three groups : 

(a) (9,9), (9, —14), (—6, —6), (—6, 16), (16, 16), (—14, 10), 
(10, —10), (—14, —14) ; 
(b) those derived from the sets (a) by interchange of elements ; 
(c) (—14, —10), (—10, —14). 
For the pairs (a), the function a has the respective values 
—7, —12, 13, —12, 15, 3, 19, 22. 


For the pairs (b), the function a’ has the same respective values. 
For (—14, —10), 6 =0. For (—10, —14), B=0. 


18. For p” = 41, the numbers belonging to exponents <20 are the 
solutions of X®=1, X8=1. Excluding +1, these are 
(11) +3, 49, 414, +4, £10, +416, +18. 
Giving these values to 7, we find for \ the values 
21, 2, 9, —9, 20, —2, 17, —12, 12, —17, —16, —18, 16, 18. 


Hence 4, w= +9, £16, +18. Observing which of the products Ap 
of these numbers make p equal to one of the set (11), we get 


Ap =—1, 10, or 21. 
The resulting sets of values (A, «) fall into three groups : 
(a) (9,9), (—9, —9), (9,16), (—9, —16), (—16, —16), (16, —18); 
(b) those derived from (a) by interchange of elements ; 
(c) (16,16), (—16,18), (18, —16). 
For the pairs (a), the function a’ has the respective values 
24, 19, 7, 30, 6, 6. 


For the pairs (6), the function a has the same respective values. 
For (16, 16), 8B =14. For (—16, 18), B# =—15. For (18, —16), 

=-—15. Since none of these values occur in the set (11), the 
theorem follows. 
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19. For p” = 43, the numbers belonging to exponents <2] are the 
solutions of X*=1, X°=1. Excluding +1, these are 
(ier ee4ees be 7) epee TD AE 16.) OT 
Giving these values to 7, we find for A the values 
—14, 3, —8, 16, 13, 10, —10, —13, —4, —11, 8, —16, 11, 4, —3, 14. 


Heuce A, p=+4, +8, 411, £16. Observing which of the products 
Ap of these numbers make p equal to one of the set (12), we get 


Ap =11, —2, or 4. 
The resulting sets (A, «) fall into three groups : 
(a) (4, —8), (—4, 8), (—11, 8), (11, 16), (—11, —16), (16, 16) ; 
(b) those derived froin (a) by interchanging elements ; 
(c) (—8,11), (11, —8). 
For the pairs (a), the function a’ has the respective values 
—9, 20, —9, 20, —5, —15. 


For the pairs (b), the function a has the same respective values. 
For (—8, 11), B=—14. For (11, —8), B’=—14. Since none of 
these values occur in the set (12), the theorem follows. 


20. For = 1, the GF'[ p"] is the field of integers taken modulo p. 
We may then write S, = S*, where S=S,. Relations (1), (2), (3) 
then reduce to the following :— 


ieee a SL) ee) em ed jee 
where r= 1,...,p—1l. For 7 = 1 or 2, the last relation becomes 
Si Sehpio. — STS) on toe Ly a, 

For r = —1 or —2, the relation likewise reduces to (2). Hence, for 
p"=3 or 5, the group is generated by S and T' subject to the relations 
tS 8) Se amd 

The relation given by r =p—t follows from the inverse of that 
given by r=+¢; the relation given by 7 = 2/t follows from that 
given by r=t. Hence we may restrict 7 to the values 3, ..., p—3, 


retaining only one of the positive residues (necessarily in the set 
3, ....p—8) of each quadruple ¢, —t, 2/t, —2/t. Equalities occur 
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among the latter only when ?=2 or #? = —2 (mod p), the four 
reducing to two distinct residues in each case. For p= 8q+1, +2 
and —2 are both quadratic residues of p; for p= 8q¢+5, +2 and 
—2 are both non-residues ; for p = 8¢+3, +2 is a non-residue and 
—2 aresidue; for p= 8q+7, +2 1s a residue and —2 a non-residue. 
Hence, for p =8q+l1, there are + (p—5--4) +2 =1(p—1) values 
of 7; for p= 8q+5, there are 4 (p—S) values of 7; for p= 8q+3 
or 8qg+7, there are + (p—5—2)+1 = (p—3) values of. Hxamples 
occur in § 1. 

For n>1, analogous results are readily found by employing the 
theorem of § 62 of Linear Groups. 


21. For p” = 3°, the group G'g, is generated by T and S,, 
A=0, £1, +j, 4/+1, 47-1 [7 =—1 (mod 8)], 
subject to the relations (1), (2), and 
(13) 0 CS) 8) T)" — Fy CS eS, aL) al 


It is readily seen that G4, can be generated by three operators 7, 
S,, and S;, subject only to the relations 


a4) 13 JS a), aS ete oes Pano aor 
GSCI TAL GS CPUS Chee ELS af 


These relations evidently follow from the preceding. The inverse is 
proved to be true by defining 
Df — we Sus mS ae Se == De Sy41 — S; 8), (ess = Syne 
Pele a = iene. Damn = he ae 
Again, Gg can be generated by the operators H,, H,, H;, L,, sub- 
ject to the generational relations 
3 2 2 2 
Hi a te ed 
(15) (4, 4,)" = (B,B,)* = (HH,)* = J, 
(4, B;)* = (8, H,)° = (B,H,)’ = 1. 
Indeed, if we make the following definitions : 


#,=8, H,=T, H,=T7S_,TST, H,=S8,F,, 
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relations (15) all follow from (1), (2), and (13). This is evident 
except possibly in the following cases :— 
f= 6S5.0S;7S TS _,TST 
Sem Loa ls Ley = (S'S; 2) = TJ, 
CHE. )e = 8.3.18; US,.8; TS E.8_ 7S; f 
Sweet oe eho Lowen. (5, 06,0) =i, 
(EB, E,) = 8,TS_,TS,.T8,T.S_;TS,T | 
amie, Mob. fl ope rey of Mee MLTR p 
= §,TS_,T.TS,.,78 341.82 [by (13,)] 
== se BV ESTE 
ee, Oy gto hy Hi OR ep Nei, Hi, 
Inversely, relations (1), (2), (13) follow from (15) if 
Cys Ti NSS TOM See IORI jee ORM OPPO [erie BaD) aoF, 
ie Thy Sob, IS Sao. hy, Ope bie Ey ead pad 
By the earlier result, it suffices to verify relations (14). 
The isomorphism of G4) with the alternating group on six letters 


follows by noting that relations (1), (2), (13) are all satisfied by the 
substitutions 


op ee EF S = (456), Sj41 = (123) (456), 
pares bos), S_; = (465), S_j;.1 = (182) (465), 
T = (12)(34), S;., = (182)(456), 8_;.4 = (123) (465). 
It follows otherwise by noting that (15) are satisfied by 
HT (lS (12\(34)5 Hy (12) (45); Be (12) (56): 
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Generational Relations of an Abstract Simple Group of Order 
4080. By L. E. Dickson. Received and read December 
11th, 1902. 


Introduction. 


1. In an earlier paper in these Proceedings, Vol. xxxv., pp. 292-305, 
the writer investigated, for the case p>2, the abstract group C 
simply isomorphic with the group I of all Jinear fractional trans- 
formations of determinant unity in the GF'[p”]. The present paper 
deals with the case p = 2, when the group I is of order 2” (2"—1), 
and is simple ifx>1. Use is made of the transformations 


CT ands = eg eee 
z 


For p = 2, n = 2, the field is defined by the primitive irreducible 
congruence ?=i+1 (mod 2). 
The group T of order 60 is generated by 
A= 5,0) sande = 50s 
a complete set of generational relations for G is* 
(2) AR at Bae AB) 


Setting a = AB, B = B, whence A = af, B = #, we obtain a second 
set of generational relations for G: 


(259) wa 0) At er en eee 
For p = 2, n = 3, the tield is defined by the primitive irreducible 
eel Peres ##=%14+1 (mod 2). 
The group I of order 504 is generated by 
Al= S/T panies 





* Dickson, Linear Groups, § 281, A being replaced by its inverse. 
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a complete set of generational relations for G is* 
(oipyatel Bos (AR Row | (AS DAR) IJ, 


As generators of I may be taken a = 7'S,;,; and 8 = S;; the result 
ing complete set of generational relations for G ist 


ONY CI ee CTE al eri Cae Gosh ed aed 


Since the sets of relations (2) and (3) are simpler than the 
respective sets (2’) and (3’), it is natural to seek as generators of I, 
for the GF’ [2*], two operators A and B of respective periods 17 and 2, 
rather than two operators a and (3 of respective periods 15 and 2. 
Some general results bearing on this point are reserved for a later 
communication to the Society. | 


For p= 2, n= 4, the field is defined by the primitive irreducible 
Senos aes,” t#=7¢+1 (mod 2). 
It will be shown that the group I of order 4080 is generated by 
A = Pepad b and i Sis 


and that a complete set of generational relations for the isomorphic 
group Giygo 18 


(4) Aged B=, CAB) tea D 
Coy CA ASB a (A DAL) el CAB ALB) ar: 
From these follow at once the relations 
(5) ) (ASBAUBY = TJ, (48BAMB) = Ty) CAMBAYBY =I 
From (4) alone follow 
(hom abA'B) Tl CAS BRAYB ol. 


Interchanging the two exponents in any one of the eight relations 
(5), (5’), (5”), we obtain a relation equivalent to it in virtue of Gy: 
Hencef there exists a relation 


(AER AGB te) we 1Ore et Li cyerncy b Oz 





* Dickson, Bulletin Amer. Math. Soc., January, 1903. 

+ Dickson, idid.; Burnside and Fricke, Math. Ann., Vol. uit.; de Séguier, 
Journal de Mathématigques, 8. 5, t. vit. (1902), p. 267. 

t A like relation follows from (3), where now { = 1, ..., 8. 


6 
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By means of Lagrange’s interpolation formula, we find that 

n = 6€4+98 +2482 +924 15é" 4 126% +10E" (mod 17). 
In fact, this is the analytic representation of the substitution* 

(1 2)(3 7) (4 12)(5 18)(6 9)(8 11) (10 14)(15 16). 


The relation is thus less simple than in the case p > 2. 


First Set of Generational Relations of Gogo. 
2. The abstract Gye is generated by the operators 
DSN SSO PURE eee ten) ett 
subject only to the generational relations 
(0) 2 1 Se eo en Only mera), 
(7) STS, TSo-tas-n TS _a.—n T8in-njoe-y P= £ 
(A, » any marks such that Ap #1). 
Retation (7) will be designated by either of the symbols 


, A-1s 3 u—l 
(is) (A, ), (a, B, Ault Apt, aan 


If, in any particular relation (7), we permute the subscript cyclically, 
we obtain a relation, still of type (7), which follows at once from 


that particular relation and relations (6). The relations (7) with 
A = 0 or 1, or with » = 0 or 1, all reduce in virtue of (6) to 


(3) perl) aoe 
If, of relations (7) with A0,1; » 0,1, we retain only one of 


the set arising by cyclic permutation of the subscripts, we obtain 
the following :— 





* Annals of Math., Ser. 1, Vol. x1., p. 70. 

f #5041, ® S41, 86842, 7S B8+i41, BS P41, - P= B+i, 
M=P+itl, MHHeP +i, MH BE2¢i41, 1 = 84241, 
a4 = 341, oh Esa Be 


$ E. H. Moore. Cf. Dickson, Linear Groups, pp. 300-302. 
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“(tet ‘Tet Gt ‘T+2+22 ‘T +22) 

(a+ ote TH+ ete 24+ T+2+2 ‘T+.2) 
(att “Otte ‘THttete? “T+2+22 “2) 
Get e Otte? Ste T+ T+) 

(TL tet ‘Ttettet ‘THet+ et ttt? ‘T+2+22) 
ere tee el ett tg ete) 


(TA Tete? “T+2 THtt ttt ‘T+ itetts?) 
(gt THet ht ot “Otet “THltet ‘THete 
“Cttgt “ot Getet “THet+e? ‘T+2+¢2) 

“(L+et ‘Tt ‘THet ‘2+et 2+.62) 

“(2 “THe? @ “2 2) 

(CT tetgt ST tet ee “e St) 

(at ett et ‘Tet “t+ tee “ %2) 


(Lttt ett ett ot T+e ) 

“(2 “ee “TH ettet ‘T+2+22 ‘T+4) 

(gt “THat+gt “e+e +2 ‘T+2) 

(Ta etettet “Ttettet “etet “+2 “Y) 
(2+ d “T+et ‘tye ‘2 2) 

(tte ‘THis e+e ‘T+ 2) 


“(62 D462 60 “D+ greed “D+ghto2) 

“(gt “D+ grt gt {gt “hte “lt+e2) 

(THat ttt tte THetettet ‘T+et ‘T+e) 
“(Ttettet T+? ‘THettet ‘Ite T+) 
‘(LF othe ae 

(Ltt tet ‘Tat et ‘Ttet+e ‘T+e+e2 T+t+22) 
(age +2 “D4 e0 ‘I+gt “O+,2) 
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together with the twelve derived from the last twelve by reversing 
the order of the subscripts.* The new twelve relations may be 
dropped, since they may be derived by inverting the first twelve and 


applying (6). 
These relations may be separated into sets of three in various 
ways, such that from two of a set and relations (6) and (8) follows 


the third of that set. For example, (2?+1, 2?+1) may be written 
Sit T8241 TSi4 i241 TS; . Sh T Sis 241 {Moab 


We may replace T8js,4,7'S; by S;TS»T8.T, in view of (2, a), and 
thenreplace 7'S, T by 8, 7'S,, in view of (8). There results the relation 
(P+1,?+¢+1). Again, from (?+1, ?+1) and (¢+1,2’+1), we get 


He — SeiTSe.1TS8s.0.1-T8i41 TS 2.2.8) 7 
= eeaeg Sc cUS8 acs Sak TSal hl pare ce S, Tr 


Replacing TS,T by 8,78, and then transforming by S,, we get 
(?, 27+1). In this way we obtain the sets on the opposite page. 


Hence relations (7) all follow from (6), (8), and 
(9) (@¢+1), @41, 04+), (41 7+), @ +1), (+4749), 
(P+e+1, 2?+2+1). 


3. The final relations (6) all follow from + 
(10) ais ee TS iereaiy, oC SA pig Pt 
Si 8a Se. S78e=Seny 8 Sere ees ee be = Saee 
Indeed, inverting these relations, we get 
viqe ee —tMe pe uewrye mer yare Jey ley, maori Ty 
In particular, SiySe=\8s SiS ease 
Hence Do) = 0 peor 
D805 = Sit bas = Oi nie) (r = 2, 3, P42), 
8, 87.¢= 8, 8:8, = 85418; = Sposa 


* The number of relations is thirty-eight in agreement with Linear Groups, 
$279. It was verified that in them every mark A is followed directly by every 
mark « for which Au # 1, the first subscript being regarded as following the last. 


+ This section is not essential in the later parts of the paper. 
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CT tt+ et ‘T+e2) “(et etee TH+) ite +e 42) 
(T+2 ‘T+ 2) “Ct st) “(+2462 ST +22) 

Cltet ete) “(+242 T+e4) ‘(14+ 42) 
(+g V+ ete) (CT +2+e2 THe) (+2 T4+2 
(2+ +60) “(LT +2‘T+2) (t+92 ‘T+2) 

(r+ T+ 2) 4t24+2 T4+2) “(+2 ‘Tt 
ey eto (Ter beret | ee eee) 

ere by) (tery? 14.9 “Fe ) 

(ett gt ete) ‘(2 ‘2) “(at ‘2) 

(LA gt ‘et) “Ct 2) “(et “2) 

(Tet et +e) “Gt E+2) “G2 2) 

(1 +2+62 T+e2) ST F2+¢2 ‘1 4+2)-‘( ) 

(at ett “T+t+e2) “(i +et 2). ‘(et 2) 

(t+ tet C+ ptt et) “CT +At+ et 7) “(et 2) 


“(24t+2 TH+2+_2) “CT tetee ‘T+24+,2) (1 4+24+2 ‘T4+22) 


(Lt attet Ttettet) “Cetettet Tt2+2) (i t2+2 ) 
S(T +2t+ tt THtteett) “Ct ee) “+242 2 

S(t ate ot) +e t+) “+2 oY) 

(Tttte ttt) (i t+24+2 14+) $C +2 ‘1 +2) 
“(T+e2 ‘T+e2) “(i +e2 ot) “Et +e2 ‘T+2) 

(e+ etet ‘TH24+.2) “(it2+2 1+) (1+2 T+ 
(T+) “a t2+2 T+) “(i+ 

(+242 T4+2) “(+2 1+) (+e 

(tet Ite+2 ‘+e (Ate 


‘(Tt2+24+—2 Tt2+2+,2) ‘(G42 % 
“(i t.2 ‘T+2) ‘Ce %) 

Cates! To (ieee 1b) 

(2+,2 ‘T+2) ‘(g2 42) 

“(T+¢t %) ‘(2 ‘2) 


‘(1+2 
(1 +2 
‘1+? 
(T+2 
‘(itz 


‘v) 
“v) 
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Hence ieige— eh oar 
for every p. Then 
S20h1 = S38, 875 ei ees 
so that SS ese. 
for every p. The other cases follow similarly. | 


The group Gyg is generated by T and the S, subject to the relations 
== (S)s' (0), non (10). 
Second Set of Generational Relations of Glgo. 
4. The commutative group formed by the sixteen operators 
Sy Ae 00 eel), 
subject to the final relations (6), is generated by four operators* 
Ql) S; G=1, 141, ?+7, *), 
subject only to the generational relations 
(12) SP =, SSeS eye Ge — tl es 
Indeed, from (6), follow (12) and 
C13) Sf Le S87 ==) Si et = oe Dee art Sane eee 


which express every S, in terms of the generators (11). Inversely, 
from (12) and (13), the latter serving to define the S, other than 
(11), follow relations (6). 


The group Gg vs generated by T, 8;(j = 1, ¢+1, +2, 2°), subject to 
the relations T* = I, (8), (9) and (12), provided the operators S, in (9) 


are expressed in terms of the generators by means of relations (18). 


Third Set of Generational Relations of Gogo. 


5. From relation (¢, 7), we get 
Si CES, FS 0g eS ox 

But, from (2?+1, ?+7+1), we have 
TSs,2TS2,,T = Ss, FS e782 


+i+1° 





* For the sake of the later application, these are chosen instead of the more 
symmetrical generators S; (yj = 1, 7, 7”, 23). 
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Hence (TS;)* = S2.,7TSeTSe.ics, 

CES) Sai POatSe Sel Sain: 
But TS378;T = SaTS;TSe.an by (4%, 2°). 
Hence CUS) = SPE SoS alae: 


Writing the square of the second member and twice applying 
Pegi sary = Say Donte obs eri 
which follows from (¢, 2?+1), we get 
(T8,)* = S;S2T8 24:4; TS;TSe.¢4,TS82. 
The second member equals S;7' by (2, 2”). Hence* 
(Taye CSs Dye, 


6. Setting See = A, Sai =: B, 
we get Bee La BA Sel, 
from (6). Applying also (8) and (14), we obtain relations (4). 
For the concrete group I relations (5) hold, and 

(15) | Sus Ao BACB AS Ss 7 45h A*BAm 
Sj: = A BA®BA*BA, T = BA" BA'BA‘B. 

To show that A and B, subject only to the relations (4) and (5), 

generate the group G'ygo, it suffices to prove that the five operators T 


and S; (j = 1, ++1, 7?+12, #5), defined by (15) and S,;,,;=B, satisfy 
the relations given in the theorem of § 4. 


7. Applying (4) and (5,), the first relation (5), we get 
TA DAUR ACD ADA BAR — BAYTAS BAB. BA BAB = J, 
Hvidently S;,,, Sz,;, Sj are of period 2 by (4), while 
Si = A®. BA’ BA’. BA’ BA” 
ee D Aw AGH Aw fe | by? (5, ). |. 


* This may also be shown by means of the fractional group. 
424i) c+ 3+i41 B+itl)ctP+igl 
DB sf mw EFM thst e+it 8: T) 17 = (Britdet 
(8:2) (+641) c+ 84+i4) ( Ve (P+itlyc+B+i2ei ” 
Hence (S, 2)?" (6; 7) = 5. 
A third proof uses the canonical form of S; 7. 
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The condition for the identity BAT = 8, is’ 
BA. RAN BA BAMBI A’ BAS BAC =<), 


Replacing BA® BA’ by A“BA~*B. A, in view of (5,), and thrice re- 
placing BAB by A~'BA™’, in view of (4), the condition reduces to 


Ay BABA BAGB AG al 
a consequence of (5,). Hence 
BA a8 ae eee 
To show that Jain) S,B, 
it suffices to prove that sabe Savalas 
The condition is 
BA BAY BA BAB, BabA DAY GAD gee 
Replacing BAB by A-1BA™, and transforming by A’, 
A@BA™ RAUB A? BAS BAM BASBA = I. 
Replacing A~°*BA”B by BA’ BA’, and transforming by BAB, 
DAT Ba A pA bl Ae BA 
Replacing BA°BA® by A’SBA‘B, and BAB by A™'BA™, 
AIDA BABA BA VA] BAg—, 
Replacing BA*BA™ by A°BA®B, and then BA-~’BA™ by A®BA’B, and 
BA~'B by ABA, we obtain an identity. . 
To show that Japep fy, mV ier, vee 
we transform (BS;:,;)? by A~® and twice replace A®°BA*°B by its 
inverse, and get 
(BA’ BA‘ BA’)? = A*B (BA' BA’ ABA~*)? BAS 
te bad (abe Teper diitcbi puis be 
by (5), and BAT = An Abe 
Replacing BA-YBA~‘ by its inverse, we obtain J. 
To show that BSs= ed, 
we note that (BS)? = (ABA°BA*BA)* [by (4)] 
= ABA'B.S3,;.BA® BA = ABA’ S;,;A°BA 
= ABA*BA?BA* BA =I [by (4)]. 
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We next show that 
(16), SsSa.; = ABA’ BA’. 
The condition for this identity is 
A BAS BA BAY BABA BAS BA= = TI. 


Replacing BA*B by A~'BA~?BA™', in view of (4), and BA®BA*B by 
A~* BA®’ BA’ BA~’, in view of (BSz"*)? = I, we get 


Haba DA PAD Aw DA BAD AN — f, 
Replacing BA~*BA* by A” BA*B, and transforming by AY, 
ABA BABA BAY BAY =. 
Replacing A°BA‘°B and BA” BA‘ by their inverses, we get 
BAS BABAR DrA DAT ALA bo f. 


The second member of (16) is of period 2 in view of (5,). Hence 
S, is commutative with S,,; Next, 


S,S, = A BAS BAA? BA" BA’ BA” 
= A" BABA BASRA TATRA [by (5,) | 
=a DALBACR AM [by (45) |; 
(828,)? = ABA‘ BA BA’ A BA? BASB A’ A? 
— AeA ARASH ADA A DAT B.A 
= A'BA?BA “BABA ‘BA’ [by (45) | 
= AVBAT A BA BY BATRA 
= Ae Aya A. anh [by (4) ]. 
Hence S;s is commutative with S,. Next, 
Oreo 4A BA ALBA” 
—WANBAITA BABA. A BA” 
A BAG DAD Aas 
(Sao a A DAs BARA] BAS BAD 
= A®BA-*. A‘BAB. BAS BA” 
= ABABA BAY = A°A, AD = TI. 
Hence §;:,; is eamencuetie with S,. Hence relations (12) are all 


satisfied. Before considering relations (9), certain auxiliary results 
are derived. 
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8. Defining S,, Sz, ... by formule (13), we get 
Den = 9 esr = Da Dae 
ST = So.,8,T = ABABA”, 
S2,,TS; = BA* BA? BABA ?BA’ = BA°BA‘BA’, 
upon twice replacing BA~'B by ABA. Also 
Debs = (Sen Seine ate Aaa nae 


9. We may write (t+1, ¢+1) in the form 
eesti Me rorer every ane eSB TSE roll Se pes hays Ama th 
Supplying the values of the factors, the relation becomes 
BA’ BA’ BABA A’ BA’? BA® BAS BA® BABA = I. 
Twice replacing BABA by A7'B, we get 
BABA BAY BAABAT BA GAB — Tf. 
Since B is commutative with 
A°BA’ BA® = Sz,;, 
the relation reduces to an identity upon applying (4). 
The left number of (7, ¢+1) is 
S,T.8441.7S;.8,2.T82.8;,,.TS28sT 
= ABA’ BA’ BA’ BA®* BA? BA*B.TS:S8aT 
= ABABA BAB. S83.,B.TS 28 eT 
= ABA”BABAS3,;.T82.8eT 
= ABA’B A’ BA’. A’ BA’ BA. SsT 
— ABA BAVABAlBA Alb. 7 
= ABA”’B. BABA". A’SsT 
= ABA BABA BA’ BALT 
— ABABA BALBAQe— Ada T 
= /sfer ote = 1h. 
Relation (2, 2*+7) may be written 
S;T.82,:TS2.8s.T8,.S2.S2TS824,.Sa.S;T = I. 
Substituting, and transforming by A~’, it becomes 
AU BACB (ACB A BAC ee B Ale aoe 
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Replacing A” BA*B by its inverse, transforming by BA’, replacing 
the new front product A®*BA™B by its inverse, and transforming by 
BA‘, we get 

A*BA° A" BAS BAS BA BAS BA4*BAB =I. 


Replacing A~*B A’ BA’B by BA® BA? BA*, in view of 


(BSz,;)" — it 
and replacing A*BA°B by its inverse, and transforming by BA®B, 
ERY BA“ A5BA* BA® BA" BAY BA~* = J. 


Replacing A°BA™B by its inverse, and BA~'B by ABA, 
, ABA’ BA‘ BA" BA® BA~* = J, 
Transforming by A”, and replacing BA*®BA® by its inverse, 
A BAJAYM BA BA BASB = TJ, 
Replacing A”BA‘B by its inverse, and transforming by A", 
At DMAMtD eA ss Ans DAS BAY = fi 

Replacing the first and third products by their inverses, 

DASBAG DAmDA bth AlTA An — f, 

We may write (¢+1, 2?+1) thus: 
PS Hgid Merien sl ier d ihe el Oop ade raw 0 hae 
HAHA BAG DA Aq Cle Data BAY BAT BAY) = [ 

ABAgp Am LAAs BALL A BAY BAs BA®)* =. 7, 

In the expanded square occurs the factor 
Me DA BAB — BALBA.B A’. 
as remarked in the preceding paragraph. The relation becomes 
ABABA “BA BABA’ BABA BAY BA BA*BA® = I. 

Replacing BAB by A™’BA™', and then BA*°BA” by its inverse, and 
transforming by A, we get 

BATBAM BAS BAS BAY BABA BAY =, 
Replacing BAB by A~'BA~’, and BA~* BA” by its inverse, 

BABA SBA BA BABAR = Wi 

Transforming by BA*, replacing A°BA~*B and BA*BA’ by their 
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inverses, the relation becomes 
BACBAIDA DA). 4B Ag Ame eal 
Consider (27+ 7, +7), viz., 
(TiSes) wean 
Now (PSe,;) = US oe eee BAe BAS 
(L8a4:)t SA! BAG BAGB HA-TB AG 
=| VBA PABA RATA abe. 
The original condition thus becomes 1 
BA" BA’ BABA BABA AUBASBAIBA* BA’ — J, 
Replacing B'A°B by ABA, and transforming by BA~°, 
BA BATBA BAB AS BABA BA BAY’ — 7, 
Replacing. .BA*BA~° by its inverse, and transforming by BAB, 
BA“ BA’ BA’ BA’ BA? BABA’ = 7. 
Replacing BA*B by ABA, and transforming by ABA’, 
ABA BA'BA* BA BA‘BA' = I. 
Replacing BA?B by A*BA~* BA, we get 
ABABA BAS BAR BAY BAU 1. 
Replacing BA’ BA’ by its inverse, we get 
(45 BABA EAB ACB AS) agite== 1 aby GLO) |. 
Consider (27+7+41, ?+7¢+1), viz., 
Wik 
where W = Serie T, 
Wr= 18), 1. Se ESe OV Be BA SBA Be. 
Wi BA’ BA ABA aie BAG ABA = BA pA. 
W* = W'82,;,8;T = W*BA BA? BA* 
= BA’ BA“*BA'’ BA’ BA-*B A'BA’ BA“ BA”. 


Transforming both members of W° = J by A’, replacing A“*BASB by 
its inverse, and then transforming by AB, 


ABAY BAS ABA BA BAS BA BA BA* = Lc) 
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Replacing A*BA’B by its inverse, and BA~'B by ABA, 
ABA" fA-' AY BASBA-* BAT BA BA? — T, 
Replacing A” BA‘B by its inverse, then BA"'B by ABA, then BAB 
by A~*BA~’, then BA° BA® by its inverse, we get 
ABA" BATBA“BA"RA2 =i, 


Replacing A”BA‘B by its inverse, and BA*'B by ABA, we obtain an 
identity. Hence the theorem is proved. 


On Perpetuants. By J. H. Gracz. Communicated December 
llth, 1902. Received December 16th, 1902. Revised 
March 4th, 1903. 


1. Ina recent paper I proved that perpetuants of unit degree in 
each quantic involved are of the form 


(ab)* (ac)* ... (ak)? (ah)? (al)’, 
WHOErGAT tlw. oN pu Aa. 
It is easily seen by the methods there explained that the form 
(ab)* (bc)*... (kh)? (hl)’, 
with the same conditions imposed on the exponents, is equally suited 
to the expression of perpetuants. 

In the present paper I shall find the general form of a perpetuant 
when all the letters do not refer to different quantics. The results 
lead incidentally to the generating functions discovered by MacMahon 
and Stroh. ne | 


2. Statement of Results for one Quantic. 


The symbols a, a,, a5, ... all referring to the same quantic, the 
general form of a perpetuant is 


(a a4)" (ay 4g)? (gq) 05 06 (GQ) "5 
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wherein 
Pea «—4 
a, 2%, a Da,t2’*, a pata, 4,224,142, a, 24,41, 


a, > 0. 
Hence, writing 
a, = 1+¢,, 
a, = 2+€.+6,_1, 
a,_9 = 4+ € +6 1 +&-2, 


Oy Oe + er cei eve ct oss 
2a, = 2°'42 (€4¢..+...+&+4), 
all the é’s are zero or positive integers. 
The weight @ is given by 
@ = 2a,+a,+...+4a,_)+4, 
Loy Op Shy Sipirs fats au) abfessul bya 


and accordingly the number of perpetuants of weight w and degree 7 
is the coefficient of 27 in 


pyres 


(l—2*) l—#)... (1—2") 


3. Result for Two Quantics. 


If the letters a refer to one form and the letters b to the other, the 
general perpetuant of degree 7 in the coefficients of the first and j in 
the coefficients of the second is 


(a,,)"*! (0,5) ... (a;-1;)"-1 (a;b,)% (b, bg)... (B)-1B)) 9-1, 
with the conditions 
Bj > 0, Byes > Byatt ly, (By sip ys, Pai Bs 2 as 
B, zm B,+27>, 


ere 2 ? 
Gi> Pjt2 0% Gi > 2, Gis S a; i+2', @;_3 > a-2+2'*', 


as => hye ee, a, > a,+2/*'-4, a, zm Qo. 
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We may therefore write 
By-1 a 1+, 
B;-2 = 2464621, 


Bs = 2*4+G4Gi+...4+4%, 

B, = 2°4+G4...46446, 

Bi = 2P+G4+.464+4%, 

a = 274G4G4,4+..4+64+4, 
a;_) = 2+), 
a;2=W+E +85, 
a3 = WP+e +E. .4+8-, 


ag=2O+E 4 E 4.48, 
ag = WA te 4+ ..484+6, 
ay = 248 14...4+6464 8, 
2a, = 2? 4-22, 1 4...428,428 +26 + 28,. 
The total weight is then 
w= (211) + (26,4364... 4081) + (G+2G+... +58), 


and, all the é’s and @’s being zero or positive integers, the generating 
function is 


ped 


(—#)(1—2) ... 1-2‘) 1—z)(1—) ... 2’) 





The result for any number of quantities can now be written down at 
once. 


4. The proof of the foregoing statement will now be given. It 
depends on simple principles whieh can be best explained by the 
consideration of covariants of degrees 3 and 4. 

As in the previcus paper, I shall make frequent use of the fact that, 
¥ (ab) (be)* (cd)” ... 
be a covariant in » symbols, then 

(bc)* (cd)” ... 


is a covariant in (7—1) symbols, and to this apply methods of re- 
VoL. Xxxv.—no. 810. Y 
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duction that are found before the problem of covariants in n symbols 
is undertaken. 

_ It is, however, to be remarked that, if in the original covariant 
b and ¢ are equivalent symbols, they are not to be so considered in 


the form (bey cdigaee 


because the interchange of ) and would alter a factor we are leaving 
out of account in the subsidiary reduction. 
There are two methods of reduction— 


(i.) By means of identities of the type 
(bc) + (ca) + (ab) = 0. 

(11.) By interchange of two equivalent symbols. 

All reductions possible by the aid of (1.) were obtained in the 
previous paper; accordingly, if equivalent letters are interchanged 
as much as possible, and the results of the first paper taken into 
account, it would seem a fair inference that every possible reduction 
is obtained. However, I shall not insist on this point in the present 
paper. 

To facilitate such interchanging it is essential that all letters 
belonging to the same quantic should occur together in the sym- 
bolical forms considered, viz., 


(ab)* (he) ted) eae 
for example, in the discussion of covariants of degree 2 in the co- 
efficients of one quantic, and degree 1 in those of a second quantic, it 
would be inadvisable to take a and ¢ as the equivalent symbols in 


(ab)* (bc)*. 
The natural procedure is to take the equivalent symbols to be either 
a and 6 or b and c, and, in fact, both these cases will be considered. 


5. Covariants of Degree 3. 


Every covariant of degree 3 can be expressed as an aggregate of 


covariants (ab) (be)*, 


and various cases arise according as the letters belong to the same or 
different quantics. These cases will now be treated in order. 

(I.) a, b, c refer to different quantics, 7.e.,af7 bc. 

As was shown in the previous paper, one covariant of each weight 
is reducible in virtue of the fundamental identity ; it is convenient to 
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take that one to be that in which the exponent of (ab) is unity, so 
that the perpetuants are 


(ab)* (be)", 
wherein p>1, AS 


GaSb lear 

Here, in addition to using the identity, we have to interchange 
band c. Suppose that A+ =w; then we can express all covariants 
of weight w in terms of 

(ab)* (ac)*, 
(ac)* (ab)’, 
wherein -A > p. 

The case \ = » can only arise when w is even, and then we have 
an identity expressing (bc)” in terms of the above covariants ; so that 
(ab)*” (ac) can be expressed in terms of the forms 

(ab) (ae), 
(ac)* (ab)’, 
(bc)”, 
where X > pw. 

If w be odd, the identity we have used is useless for our present 
purpose, because, b and ¢ being equivalent symbols, (bc)” vanishes, and 
on the other side the terms cancel out two and two. In other words, 
when w is even we need a reducing identity and there is one at hand, 
while when w is odd we need no reduction and the reducing identity 
is nugatory—no opportunity of reduction is lost. 

Finally, since 6 and ¢ are equivalent, 


(ab)* (ac)* = (ac)* (ab)*, 


and hence the perpetuants are 


(ab)* (ac), 

when A>y. Then, replacing (ac) by (ab)+(bc), we can express 
(ab) (ac) 

in terms of the set (ab)* (be)*, 


and the inequality 1 > pw persists, for (bc) cannot arise to a greater 
power than (ac) originally occurred. 
Thus, when b =c the perpetuants are given by 


ee Tie Pay is pea 


324 Mr. J. H. Grace on Perpetuants. [Dec. 11, 


Chita eas byic: 
By interchanging a and b we can express 
(ab)* (bc)” 

when A is odd, in terms of forms for which X is even, and greater 
than its original value. 

Also by means of the identity we may reject the case in which 
A = 1, but this reduction is included in the former; hence the per- 
petuants are given by » > 1, A even and > 2. 


Gly ed — 0 
By means of Jordan’s lemma we can express all products of 
(bc), (ca), (ab) in terms of products | 


.(ab)* (bc)*, 
(bc)* (ca)*, 
(ca)* (ab)*, 
where A > 2p, and, since the symbols are equivalent, the forms 
(ab)* (bc)*, (be)* (ca)*, (ca)* (ab)* 
are identical. 
Hence all covariants except 


(ab)* (bc)* (AS 2) 
have been reduced. 


Again, by the usual method when A is odd, we can express 
(ab)* (bc)* 
in terms of products in which A is even and greater than its original 


value, so that for an irreducible form A is even and equal to or 
oreater than 2p. 


6. Covariants of Degree 4. 
The typical form is now 
(ab)* (be)* (ed)”, 
and we have to discuss seven cases, of which the first two contain the 
essential point of the present method. 


d,) a=b=c=d, 
We first reduce the form (bc)* (cd)’, 


in which ¢, d are equivalent to each other but not to b. Thus, by 
go UL), y>1, wert. 
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We shall now show that we may take A even and equal to or greater 
than 2u. For clearness of exposition it is advisable to consider the 
reduction of forms (ab)* (bc)* (cd)” 
‘in a definite order, viz., _(ab)* (bc)* (cd)” 
is taken before (ab)* (bc) (ed)”, 
when the first of the differences 
A—N, Ate)—-O' +e), Arete —A+pe' +r) 

which does not vanish is positive. 

When Xd is odd we can at once express the form in terms of forms 


previously considered ; so we may assume that A is even in what 
follows. 


Again, (ab)* (bc)* can be expressed linearly in terms of the sets 
(ab)* (be)’, 
(be)* (ed)’, 
(ca)* (ab)*, 
where a > 26. Hence (ab)* (be)F (ed)” 
is a linear combination of the sets 
(ab)* (be)* (ed)’, 
(be)* (ca)® (ca)*, 
(ca)* (ab)? (cd)”. 
In the second of these sets we replace (cd) by (ca) + (ad), and in the 


third we replace it by (cb) + (bd). 
The three sets are then expressed in terms of the sets 


(ab)* (be)* (ed)’, 

(be)* (ca)” (ad)’, 

(ca)* (ab)* (bd)’, 
and other forms. In these others, however, the sum of the exponent 
of factors involving a, b, c only is greater than a+ or (+p; so they 
have been previously considered by hypothesis. 


Further, the three sets just written are equivalent, since a= b=c, 
and hence for a perpetuant we must have 


y>l1, we>vtl, AS 2u and even. 


[If the relation » >v+1 were disturbed in the course of the 
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second reduction, we should reduce (bc)*(cd)’ again, which would 
lead to « being increased, and the resulting covariant would have 
appeared before. | 


Cor.-—The above considerations are sufficient to show that when- 
ever a, 0, c are equivalent and 
(ab) (be) P, 
where P involves other symbols, is a perpetuant then A is even and 
equal to or greater than 2u. 
IE. cy 
Just as in (I.), we must have 
yv>l1, poertl. 
It will now be shown that A >puetz2. 
In fact, if A-+p = w, the product 
(ab)? (be) 
can be expressed linearly in terms of the products 
(ab)? e{ab) ORPN aC). eee aD) eae). 
(ac) re (ac) a) (0) eee ee nC) comma ys 
(be) 25 2(b0) "ee ee oC) ame a) oe 
provided. 2(r+1)+p+1=w+l1 or w+2, (A) 


the alternative being settled by the fact that, w and p being given, 
ry must be a positive integer. 

In the first two of the three sets of products written above the 
difference between the exponents of (ab) and (ac), being at least 
equal to w—2r, is greater than p in all cases for w—2r > p by the 
relation (A). 

Now, in the form COC)" (Gc eco 
unless p > 1, the form (ac), (ea)” 
can be reduced in such a way that the exponent of (ac) becomes two 
at least—this follows from the results for the third degree—and thus 
the sum of the exponents of the factors involving a, b,c only has 
been increased ; so the covariants that arfse have been discussed 


already. 
Thus we can express the covariant 


(ab )* (be)* (ed)” 
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in terms of forms already discussed and the two sets 
(ab)* (ac)? (cd)”, 


(ac)* (ab)? (ed)”, 
where a > B+1. 


Next, the second set can be expressed by means of 


(ca)* (cb)* (ed)", 
where we have still a> 8+1, and, using (cd) = (cb) + (bd), this set 
in turn can be expressed in terms of the set 


(ca)* (cb)? (bd) 
and forms already considered. . 
Further, the set (ab)* (ac)® (cd)” 


can be expressed by means of 


(ab)* (be)* (ed)* 
where a >f+1 still. 


Hence the only forms we need retain are 
(ab)* (bc)* (cd)”, 
(ca)* (cb)® (ed), 

wherein y>1, B >ytl, a> B+2. 


Finally, these two sets are equivalent, since b and ¢ can be inter- 
changed ; so for the perpetuants of degree 4 in this case we have 


(ab)* (bc)* (cd)”, 
where vy > 1, un >v4+1, ADS pt 2. 


Cor.—By using just the same argument we can show that, if 
(ab)* (bc)* P 


be a perpetuant, and the symbols b, ¢ are equivalent, then we may 
take eon oa 
where « is the smallest possible exponent of (bc) in a perpetuant 
involving all the letters in 


(ab)* (be)* P 


except a, the letters b, c being now regarded as not equivalent, 
although this, as may be seen from the results, makes no difference 
to the minimum exponent. 
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CTD) 2740, cn 
In this case we must have 
y>1, pert, 


and a, b, c being all different, the only condition to be satisfied by 
is that for a perpetuant type, viz., A > 4. 

(UNIS eo == Pe Ci. 

Here y > 1, » > v+1, and, finally, A, in addition to being 4 at 


least, must be even. 


CV eyitaia=.05 C0. 

Here v > 1, ph > 2, X > 4 and even. 

ONDE ications Normans fo 4 

Here vy > 1, u > 2, and, by (I.) of this section, Cor., \ must be even 
and > 2u. 

OVALS) xs esa 

Here y >1, mw > 2, and, by Cor. (II.) of this section, A > w+2. 


7. We shall now complete the theory for a single form. 
If the covariant be (ab)* (bc)* (cd) P, 
then to reduce (bc)” (cd)’ P 


we have to use the result for one degree lower, and remember that 
in such reductions 6 is not equivalent to c, d,... . 
Thus, for example, consider the covariant 


(ab)* (be)* (ed)” (dey 
of degree 5, in whicha=b=c=d=e. 
In the reduction of (bc) (cd)” (de)?*, 
we have b,c=d=e. 
Thus p>1, ve>ptl, pov4+2. 


Finally, by § 6, (1.), Cor., A is even and at least equal to 2u, 
Hence the general type is 


(ab) (be) (ca) (de), 
wherein a, > 1, a, > o,41, o, > a,4+2, a, > a,. 
_ 8. Next consider (ab)* (bc)* (cd)” (de)? 


with Cabs ies 
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We have, as before, 
p2>l, v=ptl, pov+2, 
and, by §6, (II.), Cor., A—u > 4, 
for 4 is the least value of the first exponent in any perpetuant of 
degree 4. 
Hence the type is  (ab)* (bc)* (cd)* (de)%, 


wherein a, > 1, a, > a,+1, a, > a,+2, a, > a, +4. 


9. Take next (ab)* (bc)* (ed)” (de)? (ef)’, 
in which all the symbols are equivalent. 
We have first 


o2l, peoctl, vo pt+2, pevt4, 


and, by §6, (1.), Cor., A is even and > 2u. 
In the same case, if a were unlike the other symbols, the condition 
for \ would be replaced by 
AS pets. 


After this the general theorem for perpetuants of a single form 
and that for perpetuants of two forms, but unit degree in one, are 
self-evident. 


10. To develop the theory for two forms we proceed step by step 
with the parallel case of three forms. the degree in the extra form 
being unity throughout, and the symbol corresponding to that form 
coming’ first in the expression. 

The method will become evident on consideration of some examples 
of covariants of degree 5 of the type 


(ab)* (bc) (ed)” (de)?. 
(epee ial e, 
Here, from § 6, (VII.), 
p21, »z24, BE pvt2, 


and, by § 6, (I.) Cor., X is even and > 2u. 
Thus the general type of perpetuant is 
(ab)** (be) (od)* (de), 


where a, > l, a, > 2, a, > a,+2, ay > ay. 
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(EE) ea ating es 
Hence, by § 5, (IIT), 
| e2l, veptleee4, 
and, by § 6, (I.), Cor., A is even and > 2u. 

The type is therefore expressed by 

a, > 1, ca, ast, ase aia, Stay 
CU sb src. nes 
By the type reduction for degree 4, 
p>l, 22% wot. 
Finally, A is even and > 2u. 
The type is given by 


421, 422, ap4, a, > a. 


(IV.) a=b, c=d=e. 
Ney ee MO (MESS Gime co Sayisell, pyres Pare, 


Finally, A is even, and by the type reduction at least 8; thus 
we have as the general perpetuant 


(ab) (bc)? (cd)? (de), 

wherein a, >1, a, >a,+1, a, > 0,42, a, > 4. 

(WV. P0,00 =!0).d ae, 

By $6, (i), pp Sl re pal ee 
and, by §6, (II.), Cor., A—p > 4. 

Hence the complete conditions are 

rei A Se ie een ep ol. 

CUD in es i ee 

By § 6, (II.), pi Le yp eee atc, 
and, finally, A> pt+4. 

OMAR eka So a5 

By §6, (VIL.), pzl, vzz2, 


~ 


and X>pt 
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Pez pl eae A> OC. 


11. The complete theory for two forms now presents no difficulty. 
Consider, for example, 


(ab)* (be)* (cd)” (de)? (ef)’, 
wherein =A Cy eg 
By the reduction of 
(be)* (ed)” (de)? (ef)” (b,¢,d =e =f), 
wehave oS1, p=ot+l, vo>pe4+2, we8 (§9, VIII), 


and, by § 6, (1.), Cor., \ is even and equal to or greater than 2u. 
Thus the general form is 
(ab)" (be) (ed) (de) (ef), 
where a, > 1, a, > a,4+1, a, > a,+2, a, > 8, a, S ay. 

In general for two forms the conditions are like those for per- 
petuants of unit degree in the second form until we come to the first 
factor involving two letters belonging to the second form. The 
exponent of this is determined from the type theory, and then the 
remaining conditions are written down by the aid of § 6, (II.), Cor., 
until we come to the first exponent of all. 

It will be noticed that the simplest perpetuant of any given degree 
is of a form which is quite independent of the symbols being alike 
or different. 
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On the Calculation of the Finite EKquations of a Continuous 
Group. By H. F. Barer. Received and Read December 
11th, 1902. 


The following remark which was judged too symbolical to be 
included in a previous note (Proc. Lond. Math. Soc., Vol. xxxiv., 
p- 91) seems worth making. It obtains the solution of a system of 
equations, there shown to have unique solutions, by means of linear 
equations only. 

If H denote, as before, the matrix whose general element is 


Lee a 2 Corps (p, 0, i 1 Tere) ae 


and A denote the matrix 


4 Ly eae: 
A man Aun ayy aes Fh 
the series F= A—1—4(A—1)’?+4(A—-])*-... 
converges when @4,..., e, are small enough, since then the roots of the 
determinantal equation 
| A—l—¢d | mms IO) 
will be of modulus less than unity ; if D denote the operator 
O 0 
D=e,—+...+¢—, 
i Oe, Oe, 


we have DA = EA. 
and hence DF = HA—HA (A—1)+ HA (A—I1)?-... 
= HA[1+(4—1) ]"? 
= #, 
namely, D (F—F)=0; 
as then '—H is zero when ¢,,...,e, are all zero, it is always zero ; 
namely, for values of e,, ...,e, in the neighbourhood of zero, we have 
EH = A—1—3 (A—1)’+4 (A—1)*-.... 
Now, let os elena 1 Alea he us) 


be the finite equations of the group in question, with canonical 


Cia cae 
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variables e and e’’, and canonical parameters e’; then, by the so- 
called exponential theorem, 

Aer mia Ay 4., 
and hence H” = A,A,—1—4 (A, A,—1)?+4 (Ay A,—1)*—... . 


Here everything on the right side is directly calculable from the 
constants of structure. When the group has no special infinitesimal 
transformations, we know that among the 7’ linear forms in ey’, ..., ¢; 
which constitute the elements of the matrix H”, there are r linearly 
independent ; hence by solution of only linear equations we obtain 
the finite equations of the group. When there are r—m special 
infinitesimal transformations we do not in this way obtain more than 
m independent equations; but the solution can be completed by 
quadratures, as explained in the note referred to. 


The formula H = A—1—34(A—1)’+2 (A—1)*—... 


may be proved in another way, without differentiation, by using 
(1) the general formula for the sum of such a series of matrices, 
(2) the fact that, if 0,, 0,, ... be the roots of the determinantal equation 


| H—6| = 0, 
the roots of |A—¢|=0 
are given by ~=—e; 


in fact to every invariant factor of the first equation there is one of 
the latter of the same exponent. The formula is only an algebraical 
formula of inversion involving the roots of two related algebraical 
equations. 





On the Integration of Linear Differential Equations. 
By H. F. Baker. Received and Read December 11th, 1902. 


CONTENTS. 


Part I. Introductory.—Definition of a Matrizant.—{1. On Summing the 
Series.—§§ 2, 3. Formule of Transformation.—$4. Inverse of a Matrizant.— 
§§ 5, 6. Matrizant of a Sum.—§ 7. Cogredient and Contragredient Transformation 
of Linear Systems.— $8. Transformation of a Linear System to a Single Linear 
Equation.—$ 9. Transformation of a Linear Equation of Regular Type to a Linear 
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System.—§10. Of Uniform (or Automorphic) Variables for a Linear System.— 
§11. On the direct evaluation of Matrizants. 

Pant II. The Existence Theorem for the Characteristic Factor and the Unitary 
Factor of a Regular System about a particular Singularity.—$§ 12, 13. Statement 
of Form of Linear System to be considered, and of an assumed Theorem of Algebra. 
—§ 14. Preparation of the Linear System.—}15. Elementary Matrizants arising in 
the sequel to express the Characteristic Factor.—j 16. The Subsidiary Linear 
Equations for the Unitary Factor.—{17. Proof of a Formal Solution for the 
Subsidiary Equations. — $18. Proof of the Convergence of the Solution. — 
§ 19. Statement of the Result, with some Particular Cases.—§ 20. Case of a System 
not derived from a Single Linear Equation.—{§ 21. Of a System derived from a 
Single Linear Equation. . 

Part III.—Application to the Monodromy Group of a Linear System.— 
§ 22. Statement.—§ 23. The Individual Substitutions.—§ 24. Particular Cases.— 
§ 25. Conditions for a Finite Group in general. 

Part IV.—$ 26. Application to determine the Group and the Continuation Con- 
stants for the Hypergeometric Equation in which y = 1, 4+ = 1. 


Part I. 


Let w,, uw, ... each denote square matrices of the same number of 
rows and columns whose elements are analytic functions of the 
complex variable 7; let barriers be made joining the singularities of 
these functions to t=, so that within the star region bounded 
thereby each function is developable about every point in an ordinary 
power series ; let ¢, be an arbitrary fixed point in the region, and Qu; 
denote the matrix of which any element is obtained by integrating 
the corresponding element of uw; from ¢) to t along a path lying within 





the region; further, let a,, a, ... be such constants that the series 
at \'a,7° oer a 
l+at+ 2 4+ 3 +... ; 
2! 3! / ia 


converges for all finite values of ¢, however great, and let the symbols 
Qu, Que, Qu, Qu. Qus, ... denote Q (wu, Qus), Q [ ¥.Q (uy Qus) |, ., 580 
that each integration denoted by Q affects all that follow it in any 
symbol. f 

Then form the series of matrices , { 


V = l+a, Qu, +a, Qu, Qn als Qu, Qu, Qu, +... 


defining a single matrix of which an oe is the infinite series of 


corresponding elements, one from eaeh term of the series V. It can 
be shown, as in Proc. Lond. Math. Soc, Vol. xxx1v., 1902, pp. 354, 359, 
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that each of these infinite series converges over the whole of the 
infinite star region described. The matrix V thus exists, and is finite 
and developable over the whole of this region. 

Such a matrix as V may be called a matrizant; we shall restrict 
the term to the case when each of the matrices u,, u,, ... is the same 
matrix w, and each of the constants a,, a, ... is unity, and shall denote 
the matrizant in that case by Q (w), or sometimes, in more detail, by 
Q°' (wv). Its most fundamental property is that 


d = 
di OQ (wv) = uQ (uw), 


so that each of its columns furnishes a set of solutions of the system 
of linear differential equations 
da; 


FT ae Ue ti tae ii (Gee Ls vee a 


and, since for ¢= t, we have 
Or Gr )r=al; 


these sets of solutions are independent. 
There are various other properties, partly of a formal nature, which 
must be clearly stated. 


1. It is necessary to repeat the process for summing a series of 
matrices in order to show clearly how the infinite series of logarithms 
which may arise in the terms of a matrizant may disappear in the 
sum. If f(t) denote an integral function 
#2 


3 
Sin ae 


f()=1ltaa+a, 


and M be any matrix satisfying the equation 
M* =2+4+A,M+4+...4¢ A, 1M, 


and no equation of lower order, and the roots of the algebraic equa- 
tion in 6, Ga Nb et Are Oa} 
—say, 6,, 9, ..., 0,—be all different, the series 


ve 2 3 
V=1+4a, yi ta op £6 gy Ho 


wherein each term is to be reduced to a polynomial in M of order 
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u—1, will when rearranged in powers of M have for sum a form 
V=0O,40,M+..4-0,.,Me 4, 


in which the single quantities (), O,, ..., C._ 
obtained by expressing the identity 


f(@) = Q+0,0+..4+0,.,67! 
for all the roots 6,, ..., 6, of a supposed irreducible equation 
O = N4AOF +A, OS 
this gives at once (Proc. Lond. Math. Soc., Vol. xxxtv., pp. 114, 359) 


1, have the values 





DD D 
VYv= —- ae co -1 yye-! 
D a+ D M+...+- D , 
where cab 1 ieee 
6, 6, A tied Ok, 
i ORe. a Onin ne Oi: 
is the product of the differences of the roots 6,, ..., #,, and D;_, is the 


determinant obtained from D by replacing the elements of the 7-th 
row 01D by 7 (0,), <0) 7 (en: 

This formula yields at once the corresponding formula when the 
roots 6,, ..., 6, are not all different ; for instance, by subtracting the 
first two columns of every one of the determinants D, D,, ..., D,-1, 
dividing by 6,—6,, and proceeding to the limit, we obtain the case 
6,=6, The quantities C; = D,/D, which, in the case of unequal 
roots, are linear functions of f(6,), ..., f(@,), become in general 
linear functions of these quantities and their differential coefficients 
in regard to @,, ..., 6,; the coefficients in these linear functions are 
the same whatever be the form of the function f, and depend only 
on the matrix M; they may therefore be calculated from a suitably 
chosen simple form of f(¢), in particular (1—?#)"'. Thus we prove 
the formula of Frobenius and Stickelberger (references in Bromwich, 
Proc. Camb. Phil. Soc., Vol. x1., 1901, p. 79), that, if the inverse 
matrix (@—M)~* be arranged in the form 





N. Kes 
6—M) = § Meany 2 ele he pe 
os (0—6;)" (6—6;)% JS 
where M;, N;, ..., K; are matrices, then 


: : 6, 
V= 3 | #(8.) Mi+f (6) Nit tt : ae Ki]. 
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One of the simplest cases of Q(u) is when w has the form ¢7!M, 
where M is a matrix of constants; then 


Gare log dt, ue Qu = M'4O (Flor t/t.) = — * (log bt) habeas 
or, f \ = log t/t,, 
O(u) =149M+ 5 as + SM. 


thus, if the matrices of constants M;, N;, ... be determined from the 
matrix M, we have, putting f(¢) = e”, 


Q(t'M) = & \ M, ()" 4, (4)"' tog 
f=] bo 


to 


i 


a erie 


mE) chy ees) 


to 





the exponent e;—I1 of the highest power of the logarithm correspond- 
ing to the root 6; being one less than the multiplicity of this root 
in the equation satisfied by M, namely, than the exponent of the first 
invariant factor of the matrix M—4@ corresponding to this root. 


2. A second property to be remarked is that, if M be a matrix of 


constants, we have 
MQ (u) M-' =O (Mu MM). 


3. If s = ¢(t) be uniquely reversible, in a form ¢ = 9¢,(s), or we 
confine ¢ to a region about ¢, for which this is so, and if t= 9 (Ay), 


ae Oho (uO) =FO, 
then y F() = 0%} ufp(o] SO} 
If, for instance, 


Brg Na pig ee uty +b 


Bee dea) eam etd. 


at +b [ be (o+*)] 
cs Q ebay: 
aoe (en) = (ct+d) \ct+d 


it may happen that a matrix of constants, », can be found such that 


4 ad—be (at° 
ae eI (ct+d)2~ ene 





Chi(3¢ yess i (4) 


t+b Aa 
F (a )= avr iry 
then bad be (w) pM. 
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4. We clearly have 
"Oh % (uw) = 0645 (u) Ovo (uw); [4% (uw) ]-* = Or’ (uw). 
We have, however, 
[O%'(w)] 7? = O° %(—a), 

where % denotes the matrix obtained from w by interchange of rows 
and columns, and the same transposition is to be carried out after 
Q (—7) has been calculated. 

Horst e180) (7), 


he = — gis UN= — 14, 





and, if v= 0 (—2a),)$ W= Vy 


dsVilae eee dW i eteae, 
= av, aa Wu, 
and hence 
2 (WU) = 9 0+ We = — Wud + Wud = 0, 


while, for ¢ =). we Haves iV >—11)U ale 
thus, as stated, Une 
or (O(a) ] P= O(—4@) = 1—Qu4+ Q (Qu.u)—Q[Q(Qu.u) wu) +..., 


where each term is formed from the preceding by multiplying by u 
on the right and then integrating the product, or, if v, denote the 


eneral term 
8 Un41 aa Q (v,w). 


d. If u,h be arbitrary matrices of the same order, the latter of 
non-vanishing determinant, and a star region be constructed within 
which the elements of both the matrices 


, Wh as al s 
are everywhere developable, we have 
O (huh oh V) = WO (w) hy 


where /, is the value of h att =¢t,. For, if 


dh 
= hue de he 
a Uh Ler 
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Gy LO! (u) b-10 (wv) ] 


= — 27 (u) uh10 (v)—2-! (u) a h'Q (v) +Q7! (u) hw (1) 


===)" (w) ho} {huh Gao Ox as 0: 


and for t =#, we have 
0° (vu) h10 (v) = hg". 
Taking he AUGp eile =), 
we obtain QO (w+o) = QA(w) 2 [O-! (w) oO (w)). 


6. Two. particular cases of §5 seem worth remark. First, if 
W,, Wy, ..., w, be each single functions of ¢, and A,, ..., A, be matrices 
of constants of the same order of which any two are commutable, so 
that A,A,= A,A,, and the star region be suitably constructed, we 
have 


0 (w,A,+...+,A,) = 0 (w,A,) O Ge, A,) ... 2 (w,A,). 
For, if = WA, 41 wz, 
we have Q-* (w,A,) cQ (w,A,) = o. 
Second, if A, = 1, we have 
O (w, +4) = ce 0 (wu), 

u being an arbitrary matrix, a result obtainable by multiplying the 
series ONY 3 Qa) Qu Cue + 

e%@ = 1+ Qu,+Qu,Quit.... 


7. If € denote a matrix of which any column consists of the 
elements of one of linearly independent sets of solutions of the 


system of linear differential equations 





om = Uj + se) 'e me Uin Xn» 
so that a = uf, 
then, by the cogredient substitution, wherein / is an arbitrary matrix 
for which |h| 40 Say, 
< n = Né, 


z 2 


340 Dr. H. F. Baker on the [Dec. Ll, 
we obtain the system 


a one e i= huh 14 = 


and, by the contragredient substitution, wherein again | k | 4 0, 


C= k(é)", 


ho 


we obtain the linear system 


B 


ia wl, Tig et AES ag 


If the matrices uw, v, w be assigned beforehand, these equations give 
for the forms of the matrices h, k, by §§ 4, 5, the equations 


h=O(w)h OQ? (a), k=O (we) hk, O), 


where the constant matrices h,, ky) are arbitrary. 


8. Thus any two lnear systems can be transformed into one another 
either cogrediently or contragrediently. Nowa single linear equation 


dy aly 
A, > +A,-1 —! +...+Ay = 
Aa dt" AF n=1 dt} as oF oY 0 


can be reduced to a linear system in various ways ; taking here 


dy aly 
a se 5 eney Ly = en 
dt dt 


saat eI She 





for the elements of a column of a matrix €& whose » columns are 
obtained by putting y equal to the constituents of a fundamental 
system of integrals for the single linear equation, we have what we 
may for the present call the special linear system 


dees 
dit aa us, 


where in the first (n—1) rows of w every element is zero, except that 


one immediately to the right of the diagonal element, which is unity, 
while the 7-th row consists of the elements 


at Ny i, An al 


Ni se N 


ve 


Any linear system can then, by § 7, be reduced to a special linear 
system, and so to a single linear equation, arbitaarily given, either 
cogrediently or contragrediently, the necessary explicit form of the 
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matrix h or k used in the transformation requiring a knowledge of 
the solutions of the systems to be connected by the transformation. 
If, however, we be given a linear system, which may be special, 
and require to transform this to some single linear equation, say con- 
tragrediently, by suitable choice of a matrix k, the equation 
dk 
wk = —ki+ — 
1: ata 
wherein w has the form just explained, arising for a special linear 
system, shows that the elements of /: satisfy equations 


Kian, = an iki, Totes + Un Kin) 
Cpt lee Teds" eat) 


namely, that the (¢+1)-th row of & is determined from the i-th by 


the rule 7 ake 
dt. 


kot) = —uk™, 


Conversely, if we take the first row of k arbitrarily and determine 
the subsequent rows by this rule from the first row, it is easily seen 
that w has the form for a special linear system, namely, the elements 
of any column of the matrix ¢ satisfy equations 


dz dz dz & 
1 2 n-1 n 
—— le tO ea te et inka 


d. 
io 25 CEE ar 9 see gree ge) 
mee iii Awe dts\ yo lade 


In particular, if the original system (w) is special, derived from 


dx da 
Waa ra ae rN = 0, 
u at" an tent 1 Tact: ot = 
and Werth kaemcn 10 — it t= Petia ei ei, = = ; 


it can be shown that the (w), system belongs to the so-called 
Lagrange adjoint equation 


ve Hye) t Sua t t (-" Sue) = 0. 


dt? 
Obviously the most general contragredient transformation 


a a 


= kh(é)"' 
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may be obtaimed by first applying a particular contragredient 
transformation ¢, = ky, (€)', and then a cogredient transformation 
C= kk,*¢. For instance, when we are transforming from a special 
linear system we may take the special contragredient transformation 
to be that to Lagrange’s adjoint equation ; or we may take k, = 1, 
though in that case the intermediate system will not be a special 
system. Also, as the equations of a contragredient transformation 


wk+ku = = k= (w) k,Q (x), 





are equivalent to 
iy a of 
uk+kw = 7p? k=Q(u)k,Q (w), 
the inverse transformation, as applied to the new system to return 
to the original, is obtained by changing the rows of & into columns; 
in the case when we are transforming from a special system (w) to a 
special system (w), this gives the incidental result that, if the rows 
of a matrix k of non-vanishing determinant are determined from the 
first (arbitrary) row by the relation 
Pm aKaiean, 
Ror) — ae —uk, 
then the columns of this matrix are determined from the first 
column by the relation 
die | 
BERS) Re AII as oy SPUD 
dt 


the special matrices u, w being connected by the equation 


2) lak 
k k — Ree ae | 
WK+ ku di 


This explains the reciprocal relations of an equation, and its 
adjoint; for instance, for n = 3, the forms of the special matrices 
u, w and two forms of the matrix k are respectively 


0 0 0 
«isl oO pete te ky sie i . 
a Apa tes SB 
Xs Xs X3 Mg Ms Mg 
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0 0 ove 
Xs 
> oa dX 
LT Ay 203 AyAAEAS (Ap 25) (Ap—A3) 
Ste NS d; 
0 0 | a3 
Bs 
a 0 al Hy 2s 
ore Bs M, 
wr a hy Mo+ bs by Hs +uy’ cS ([ — 23) ties [3) 
Ms pe Ks BS 


Precisely similar remarks may be made as to cogredient trans- 
formations ; in fact the relation 


h = O(v) h,Q* (a) 
is the same as | h = Q(v) h,Q(—2@), 


and is a cogredient equation starting from equations in which w is 
replaced by —%, that is, from the system obtained from the original 


by the particular contragredient transformation ¢ = (€)7!. 


9. It has been remarked that there are various ways of reducing a 
single linear equation to a linear system. We explain now a way 
which is of great importance in the sequel of this paper. 

If the single linear equation be 


dy IB Anny 1. 2 q@-2 (pm . dq’ *y 

4 : J We eho gn 

dt” >, dia Pn - iPn dt"~ , - oy - id, digs } d, Daas He 

and we put, with y’ = dy/dt, &c., 

HY M= Hy, B=Hidy”, m= bibshsy' > 
had Py ia ee 


then day _ 2 dey _ i Patapel) ls — (4 SY 0,4 











Humor ad, ‘ dt -, ds pila 
Ay -1 poi. eae er) Ly, 
nt dt “9 (3 p, ae are ey 
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La, nl db; iP, Y a2 
d Malye te 
an di (= \ a Aes it ees iy ures 2 a.+.. Sate a Uy 5 
so that, if for brevity Je Be => e 
Cae 10) i 0 (gee a 
$1 
1 
Oo pulT. 50 0 
, | 
| 
GEM OO eH ie 0 0 
Hit == ps \ x. 
1 
O 0 O O H,,-» 
by -1 
P des de. ‘ee ies ee 
af ~ Sw, oe tS 4 A 
‘ hn dy, d,, p,, Pn $,, J 


Various eases of this formula to be referred to are— 


(a) When every one of the functions of ¢ denoted by P, P,, ..., Pay, 
$,, .... o, is an integral polynomial, and no one of q,, ...,¢, has a 
multiple factor, though any two or more of them may have common 
factors ; then each of the rational functions 








MRC BHEHO) 4 4, = Pisa P, (6n)/8% (Cn) 
47 c t—C, HE ter : sees = ee d,, ( ‘ i) pe t 


nM 


occurring in the matrix has only poles of the first order for finite 
values of t, and the linear system has a form 


Thee 


- = |4+4t+.. +40 +305 +], 


wherein A, d,, ..., 4,, CU are matrices of constants and the summation 
refers to all the poles c which arise. The value of » is zero and 
A = 0 when ¢, is of greater dimension than any of P, P,, ..., P,-4, 
and otherwise p is equal to the difference of the dimensions of ¢, and 
the highest dimension of any of these. 


(b) When each of the functions P, P,, ..., P,,_; is an integral poly- 
nomial and ¢, = ¢, =... = $, = ¢ is an integral polynomial without 
repeated roots. 


(c) When P, ..., P,; are again polynomials, ¢, is a polynomial 


1902. | Integration of Innear Differential Hquations. 345 


without repeated roots, and ¢, = ¢, =... = ¢,-1 =1. Then each of 
the functions H,, ..., H,_, is zero. And further simplification arises 
when the dimensions of P, P,, ..., P,_; are equal to or less than that 
of ¢,. 


(d) When P, P,, ..., P,-; are analytical functions for which ¢—c is 
not a singularity, and each of q,, ..., ¢, 1s either unity or t—c. In 
the ordinary case in which no one of P, P,, ..., Px; vanishes at 
t=c and ¢, is t—c, the polynomial with matrix coefficients, 
A+A,t+...+4,¢* does not enter at all in the resulting linear 
system. 


Of these (a), (b), (c) are intimately related, while (d) includes 
cases in which the coefficients in the linear differential equation are 
algebraical functions of ¢. 


As a particular example of (a) we may take the equation 
(¢+ 1) ty” —[ (a+ by) t+ ay] Py” —[ (a +) t+ a] ty’ 
~[(a-+b) t+a] y =0, 
which, with epee ==cts (i tecL) uge— ty | ==" Le, 


P=a(ttl)+bt, P,=a,(t+1)+),t, Py =a,(t+1) thot, 


P ry O2s! 0 l ) 040) MO 
leads to o = + (0 1 l ae ue) OQ 2. 
L 


t+1 
Gan ey het = Oey 20,7 


As an example of (b) we may take 


»  ACTB yy 


At+F C+ Di+ HE 
et (iE 1)" 


Agi * 


which, with 


d= o,—tt—1), P= 0?+Di+#, P,= At+B, 


leads to 
cae (Ye 2 al Id (ae='0 1) sete 
Tate we? ie Aaya llacyaten each Mie 


As an example of (c) we may take 


Gee Eo < Ae x Ke | 
A tt! [a+ 2 ape jet 3S t—c,1’ 
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which, with oe Ul (f—¢) a peel 





Pi = 9, [A+ 3 ar it P= [ut feat 


yal t —cr 


dz[/0O1 = 1 0 0 
oe dt C i Behr hs Gi ok ‘A 


As an example of (d) we may take the same equation, putting now 





u . 


ty 09s tg — (tc) Y ; 





then we find 
d 0 0 O20 \e eget Ome 
HT (. Fa _) +a) f ee (0 ah) 
1h ia sie 





ae 

raviE—C,.\ ,( 6p —C) Ag a 

which takes a simpler form in the case of an equation of common 

occurrence for which A=0, »= 0, and ss p, = 0; in that case the 
r=l 


equation is, in the usual phraseology, regular at infinity. 
As another example of (d), of the greatest importance for our 
purpose, we may take 


n n— +i = n= ] n-2 ad 1-2 n~2 tt) 
(n) — Pn-rttQ Ly a ae dn 2 y/ Spike asta Q 


4 Y, 
J t i” 2 


where p, ,, ...5 Pr—1 are constants, and Q, Q,, ..., Qr-; ave developable 
about ¢ = 0 in positive integral powers; putting 


Di Pet eee 1 a P; = p;+ tQ,, 
we obtain ie = (= +V x 
Ce se Caen) @) 
O io lee Oe 0 
where PAL 4A) ee () 0 eae 0) 


Pp Pi Pr» Ps aarie Pnrtn—l 


is a matrix of constants and V is a matrix of which all the elements 
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are zero, except those in the last row, which are 


Q, Q,, se 309 ets 


It will be seen below that the algebraic equation | A—p|= 0 is the 
so-called index equation at ¢ = 0. 


10. In connexion with these examples the obvious fact seems worth 
remarking at once that, if a new variable s can be found such that 
each of the logarithms 

log (¢—e¢,), log (t—ec,), ..., log (¢—c,) 
is a single-valued analytic function of s, for a certain range of the 
latter, then, for a suitable corresponding range of ¢, every integral of 
the linear system 


_ [4 CA er werd tenes (2, 0, | x 
dt i 


is a single-valued function of s; for, if 
log (t—c,) = y,(s), 
so that t = c,texp y,(s) = W(s), say; 


the system is 


ms = yi (s) [A+4,P+...+4, 9°] +3 Wr, (s) 0 Hi 


= ua, say, 


and each of the terms 


i | Us Qu iG = | uds|\ uds, 


So S89 w So 





in the matrizant solution 

a= O(wya, = (1+ Qut Qu Qu ...) x, 
is a single-valued analytic function of s about the properly chosen 
value 5). 

A very particular case of this is the well known theorem that the 
independent and dependent variables of a hypergeometric differential 
equation are single-valued functions of a variable s, which is the 
quotient of two integrals of a certain hypergeometric equation for 
which a = 4, B=4, y=1; in fact, if 


pa eae deters 6)-*. <= |" ao —G =n sin oy, 


0 0 
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the expressions for log?, log(1—t) unambiguously in terms of 
“™ are given in Jacobi’s Fundamenta Nova. But the 
suggestion above, into the utility of which this is not the place to 
enter, applies to a linear system 


da _ 
dt 


umTs 


qe =a F 


WH, 


in which w has poles of higher order, say 
w= A+... FA, +3[0,(6-6) 1+... +0, (t-0,) 7777; 
a very particular case is Bessel’s equation 


tie 1 , Alege 





Y, 
which, by 7, =y, %, = ty’, gives the system 
aan Bm) a0) Ley One Ma on 
@ 71 (10) +7 (a ol 1® 
solved by single-valued functions of s = logt. 


11. Some remarks should be made as to the direct evaluation of 
Q (aw+...+a,,) as a method for the integration of a linear system 


ue = (aw+a,0,+...+4,0,) x, 
dt 
in which o,, ..., w, are functions of ¢, and a, a,, ..., a, are matrices of 
constants of the same order, no two of which are commutable (§ 6). 
t 
If ye | ou e bal = | wdt| ede 
‘0 to to 


t rt t 
be =| wd | w,dt | oi dive + 
to to to 
we have ‘ 
O(aw+ ...+4,0,) = lfagyt ... $4,.6,+ (G7 by) + 4A, + 4,40 y+...) 4... 
a + (aa 26+ 900,.,11..) Hoes 


where the suffix of the ¢ in the general term is exactly similar to 
the exponents \,, A,, ... of the matrix product aa," .... Of the pro- 
ducts a... a,, a@*,aa,,4,a..., all are necessarily expressible linearly 
with numerical coefficients in terms of, say, N of them, where N is 
at most equal to the square of the order of any one of the matrices. 
Thus, when what we may call the multiplication table of the 
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matrices @, d,,... 1s known, namely, the law by which any product of 
powers of them can be expressed in terms of N of them, the linear 
system may be regarded as integrated in explicit terms, the problem 
of integration breaking up into the two problems of ascertaining this 
multiplication table and of finding the properties of the sums of the 
infinite series of functions of ¢ of the form ¢,... 9... which arise as 
the coefficients of the N fundamental matrices. 

In particular the last example but one of § 9 shows that for any 
single differential equation of the second order with rational co- 
efficients, which is regular at its singular points including t= ©, 
the solution cai be expressed by sums of series of elementary 
functions of the form 

% = Q(t—-c)", on = Vt—-c) 1 AE—-4)", 
$10 = VE—4) 'Q(t—-c), «-. 
Consider, for instance, a near system 
“ = (dw + a, 0) & 
wherein the matrices of any, the same, order satisfy the equations 


9 
Op OO = ne Oh 


which we represent by 


Cie 
eet ee Le ; 
ia at Oca CF 
Gretiies aie 4 





then we have 
OQ (aw +a,0,) =1+a[o)+ on t+%ut Yon t «| 
+a,[Qi+¢ut+entount---] 
=1+aQ[we®]+a,[e™—1], 


where Q denotes integration from /, to ¢ An example of such 


matrices 1s given by 


which arise by Creee st), (Wy 
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from the equation 


: 1 
d'y = foto, + “ a w(w+2,) y ; 


and an infinite number of such pairs of matrices can be derived by 
linear transformation of the dependent variables from the system in 


= (2): a=(0 9). 


c being an arbitrary constant. But the integration in finite terms 
applies to two matrices of any order having the same multiplication 


table. 
Another example is the linear system 


ae) w, Wy ‘| 


which 


—— (p) O — WW; Wy, 
dx 1 3 2 : : 
= x = (tw, +)0,+ kw) & 
alt — wy, Ws i) | 


where 7,7, k are matrices satisfying 

V=aPaPo—ly jka=—y St, hak =7, y= =k, 
and the solution is expressible by four series of functions ¢ in the 
form O (tw, +Jw,+ kw;,) = A+74,+jA,+ kA; 


where, for instance, A is 


A= 1—$1,— $22 — Ps3— Pigs + Pis2— Pasi + Pani — Pia + Piss + rats 

The systematic study of linear systems from this point of view 
breaks up into two independent problems: (1) the determination of 
all irreducible types of multiplication tables of sets of matrices of 
the same order, a problem akin to that of the enumeration of types 
of discontinuous groups; (2) the investigation of the properties of 
the functions represented by such series of repeated integrations as 
those denoted above by A, A,.... These series converge for all 
finite values of ¢ in the suitably chosen star region, and a first 
approximation to their investigation is the determination of their 
character near the corners of the region. It is to this determination 
for a wide class of cases that the second part of this paper is 
devoted. 
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Parr IT. 


12. It has been remarked in § 9 that the single linear equation 


n 1 oes i= La n-2 ‘ 
y' — : by 1) ae ag opal eo —y, 
is 
wherein P,...,P,,_; are.developable about ¢ = 0 in a series of positive 
integral powers of ¢, leads to a linear system of the n-th order 
dx ( A 
az _(A 7) 
Tip oie 
wherein A is a matrix of constants and V is a matrix capable of 
development for the neighbourhood of ¢ = 0 in a form 


A,+A,t+A,? 4+... 
wherein 4A,, A,, A;,... are matrices of constants. 
Independently now of whether the system is so derived from a 
single linear equation or not, we proceed to consider the character 
about ¢t = 0 of the matrizant 


(her) 
t 
wherein A, V are as in the description just given. 


13. We assume the following theorem of algebra :—Let M be any 
matrix of constants, say of m rows and columns, which may be of zero 
determinant; let @ be any root of the determinantal equation 
| Z—p|=0, of multiplicity /; let p—@ be of multiplicity J, in the 
highest common factor in regard to p of the first minors of the 
determinant | M—p|, of multiplicity 7, in the highest common factor 
of the minors of (w—2) rows and columns, and so on; let e, = /—d,, 
e, = 1,—l,, &c.; so that, if the minors of »—r rows and columns do 
not all vanish when p = 6, we have e, = J,_,; and 

(p—8)' = (p —0)*(p—8)*... (p—9)", 

the factors (p—@)", (ep—0)%, ... being what are called the invariant 
factors of the matrix M—p for the root 6. They are the same for 
this as for the matrix p'(M—p)p = p7'Mu—p, wherein p is any 
matrix of the same order as M of non-vanishing determinant; the 
exponents €,, €,, ... are non-vanishing positive integers known to satisfy 
the inequalities « >«>¢...2¢>0. If «, €,... be, like «, 
for 6, the first of these respectively for the other roots 6’, 6", ... of 
| M—p| = 0, the equation satisfied by MZ is of the form 


(M—6)" (M—6’)"(M—6")" ... = 0. 
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The important theorem is ——-rows, each of x elements, / rows in all, 
linearly independent of each other, to be denoted each row by a 
single letter such as 2, #, ..., can be found to satisfy the following 
1 sets each of n linear equations :— 


(M—6)27,=0, (M—-@)m%=%, ..., (M—-O@) a = %,.1, 


1 


(M— 6) Kies 0, (M—@) Ys = Yip seg (M—¢) Ye, = Ye,-1) 


(M6) 2) =.0, “(M—0) 2, = 2). (MOF 2, Sa 


and can be chosen in such a way that the most general solution of 
the set of m linear equations expressed by (M—6@)a = 0 is a linear 
function of the rows 2, ¥;, ..., 2,3 the most general solution of the set 
of equations (M—6)’?a =0 is a linear function of the rows a, ... 2, &... 29, 
and soon. Further, if l’ be the multiplicity of the root 6’, similar 
J LOWS a, @%, ..., Yi, --. can be chosen to satisfy the corresponding sets 
of linear equations for the root 6’, and similar rows for the remaining 
roots 0”, ..., and the whole number of 1 =/+4+/'+1"+... such rows 
can be chosen to be linearly independent of one another, so that the 
matrix of n rows and columns of which the elements of any column 
are constituted by the elements of these rows is of non-vanishing 
determinant. Let this matrix, when its columns in order are formed 
from: the TOws. 252s) 4) sacs Yaseen ee ely as eee eines DO TaeuGLed 
by w. It is then another way of stating the above equations to say 
that p-'Mp = m where m is a matrix, called the canonical form of M, 
constituted as follows :—It has zero everywhere, save in the diagonal 
and the 7—1 places immediately to the right of the diagonal. The 
diagonal consists, first, of the root 6, / times repeated ; then of the 
‘root 6’, ’ times repeated; and so on. The n—1 elements to the 
right of the diagonal, which we shall in future denote by a; ;,, for 
+= 1,...,(n—1), consist, first, of ¢,— 1 unities, then a zero, then ¢,—1 
unities, then a zero, and so on, there being a zero in the J/-th row, 
then e;—1 unities, and so on for the roots in turn. If we form the 
conditions for the equations Mu = wm, in fact, they will be seen to 
be the equations above. The matrix m has the same roots and in- 
variant factors as M, and the rows satisfying for it the equations 
corresponding to those above for M, viz., (M—#)#=0, ..., are in 
turn €é, = (1000...), & = (010...), ... ; so that the matrix » belonging 
to m is the matrix unity. 


i’ 
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14. Now let the roots of the determinantal equation | A—p|=0 
be arranged as follows :—Let 6; be the root, or one of them, whose real 
part is greater than for any other root; let 9,,6;, ...,0, be all the 
remaining roots which differ from 06, by integers, so chosen that their 
real parts are in descending order; thus we shall have 6,—6, = m, 
6,—0, = m,,..., these being positive integers or zero, and s,=1 
being supposed included. Now from the remaining roots of 
| A—p| = 0 choose that one of the largest real parts, or one of them, 
say 9, ,,, and let those follow this root which differ from 6,., by in- 
tegers, as before, in descending order of real parts down to 6,. If 
this rule be continued, it arranges all the roots. 

Now choose a matrix w as in § 13, such that 


6, dys 
=] = — 
Bb Ap = : 6, Ase Ge = a, Say, 
wherein @,,, 3, ... are either unity or zero, according to the invariant 
factors, but in particular @,,..41, %s,5,+1) --- are certainly zero, and let 


pw Vp = v, 80 that 
a A Jas J =] =) =I oe | a 
pO (S+V)p=O(H Ap.t +p Vp) = fs +v). 
We first investigate the character of the matrix 


S14) (= +0) = 0(u), say. 


15. Consider, to this end, a matrix of constants defined as fol- 
lows :— 


wherein y, is of s, rows and columns, its diagonal being the diagonal 
of y, all elements in the first s, rows and columns of y other than 
those belonging to y, being zero; and y, of (s,—s,) rows and 
columns, its diagonal being the diagonal of y, all elements in the 
(s,+1)-th, ..., s,-th rows and columns of y other than those of y, being 
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zero; and soon. Further, y, is of the form 
O PG NCCe te ec 
Yn Ome Ce 


where Cy, C13) Cos, «-. are constants to be further defined below, and 
Yo) Ys) --- have similar forms; thus in y all elements in and to the 
left of the diagonal are zero. 


It is manifest that, if m be a positive integer, 


m 


where Vv (=) aa ey Ae eee ee 


Since the only root of the determinantal equation | y,—p| = 0 is zero, 
there 1s a power ve which is identically zero, k, at most s,, and so for 


the others; thus Vv (%) contains only a finite number of powers of 


d, at most up to A*®"', .... In particular when in y, every one of the 
constants c;; other than Cj», cg, .... in which 7=72+1, is zero, so 
that y, is of the form 


Par 
II 
Ee 
e E\ a) . 


oe 
= 
S 
‘S 
ee 


we have y 


— bd 


0 
O O Cox Coy C45 . ai see eS 
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1 1 
1 yA 5) M13 CsA” 31 C1pCo5054r° 
Ord Cog o Cag Cgy 0° 
: 0 1 ah 
0 0 1 


We know, however, that a matrix of non-vanishing determinant o 
can be found to put o 'yo into a form 0 with constants ‘d;, in place 
of c,;, in which all but the elements d; ;,,; are zero, and each of these 
is either zero or unity ; this would give 


jo) 


rin(tjena(tj=} (a) 


where V (6,/¢), ..., are of the simple form above in terms of the con- 
BEATLES Cia eg ee | 


In addition to the matrix (=) consider now the matrix 


consisting only of the roots 6, 6,, ... of |4—p | =90, written in order 
in. the diagonal, so that ; 


. ft) 
o(2)=] . Wh) 


If we form the product 
o(2)a(2) 
t t 


it will be the same as Q (+). save that every element in the 7-th 
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row is multiplied by (¢/t,)°’. But we have the relation (§ 5) 
Q (hwh-+ - n~| = hQ (x) hs", 
giving, if h = (w), 


OQ (w) A(u) = O [ w+2(w) uO"? (w) | ; 
herein put w= O0/t, u = y/t; then 


0 Y 'S) 1 ‘s) asi] Ss) 
O12) (5) Pl ne ed aaa Ne 
7 r) ney ay t 
the general element of 
Q (8/t) yQ™ (8/t) 


is [9(OF) yO" (OF)],, = 3 [0 (OF) Jy [ 127 OF) Jo 
= (t/t,)? [yQ-(@t-)],, 
= (t/t) & ype [27 (OF) Te 


9» —6, 0,—9, 
= (¢/ to) (¢/ to) Ver = (t/ by) ? Yorn 


of which however, by the definition of the matrix y, the element y,, 
is zero when 6,—6, is not an integer, and is, in fact, zero when r < p; 
so that when y,, = c,,. 1s not zero 6,—6, is a positive integer or 
zero ; thus on the whole 


0(8)9 (7) = 


OF Cis (Che) eo eC Gta 


where aime ey) 6, Cog (t/ty)*-* «E> 


all places in the matrix, other than those in the diagonal, which were 
filled by zeros in the matrix y being here also filled by zeros, and 
each of the exponents 6,—6,, 0,—6,, .... which occur being either 
zero or a positive integer. 


16. Consider now the differential equation for a matrix 7 expressed 
SD mes { ian 
dt ( as :) je 


! se = 
ee \ 
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equivalent to a system of x? linear equations for the elements 


of n, of which, if a +v =u, the general one is 


dni; 
a =— Uanyt Pesartotlin nj (na $j agri es Nin Pnj) 


(i,j =1,2, «5 ); 
if g be any particular form of y satisfying this equation, the matrix 


gQ (@) 


satisfies 
d 
“(92 (4)] = $29 (0) + 992(y) = (ug—gp) 29) + 9929) 


= u[gQ (9) ] ; 
and is therefore of the form 
gQ.(¢) = Q(x) go, 


where g, is a matrix of constants, being the value at ¢, of the matrix 
g, or its continuation ; thus 


Q (+ +v) = gQ (9) 90". 


We proceed to show that when the constants ¢), C3, C3, ... In @ are 
suitably chosen there exists such a matrix g, reducing to unity when 
t = Q, and expressible about ¢ = O as an ordinary power series 


l+gt+g.0+..., 


wherein g,, g,, ... are matrices, which is convergent for sufficiently 
small values of ¢. Its continuation to all values in the star region is 
then given by the equation 


g=2(5 +0) 2°). 


For this purpose we write down the differential equations to be 
satisfied by the elements of the columns of the matrix 7 in greater 
detail; let the row of elements constituting the first column of 7 be 
called wz, those the second, third, ... columns respectively y, z, ... ; 
next, those constituting the (s,+1)-th column be called X, those 
the (s,+2)-th column be called Y, andso on; then, taking account of 
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the form of the matrix ¢, we have 


dee (= +v) x — = be, 


dt t 
/ 1 * 
ot ve +r] fata | O24 + cr9(t/t9) - ne 
/ ih = a 
a = lee +0) a err | O52 + Cog (t/t) "8 oy + Cy (t/ty)”™ Son, 


We proceed then to establish in turn (1) the existence of formal 
solutions of these in the form of power series in f, (2) the convergence 
of these series. 


17. First as to the formal solution. The equation for the row a, 


when we put 
v=a,ta,t+a,t?+..., 


where a,, a,, ... are matrices of constants, and assume 

= atta,t+ta,t..., 
where a, 2, %, ... denote rows of elements, gives 

tae, + 2t?a, + Bt x + ...-+ mt" an +... 

= (a—6,+a,t+a,?+...)(a+ta,+Pa,+...); 

hence, equating coefficients of the same powers of ¢, 
(a—06,)% =90, (a—6,—1)a,+4,a, = 0, 
(a-—8,—M) &n $A, Ly -y $Ay@mgt..e Fan = O, 


Of these the first is clearly satisfied by 
ye LOU Biase 


while, since there is no root of |a—p| = 0 exceeding 6, by a positive 
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integer, each of the following rows 2,, a, ... is given, without 
ambiguity, by the formula 
oni (a—6,—m)™" (Crain a8 tee + O,i%,). 


Similarly substituting in the equation for y a series 
y=Httytlyt..., 
where y,, 4, ... are rows of elements, we have 
ty, +2? y+... = (a—O,+a,t+a,l+...)(yotty, +t yot...) 
— Cy (t/ty) 2 (atta, + Pn, +...)3 


here 6,—0, is zero or a positive integer, say k,,. since otherwise the 
equation for X, to be considered presently, is the next equation. For 
distinctness consider the cases separately. 


(a) When 6,—6, = 0 the term a,, in the matrix a may be zero or 
unity, according to the invariant factors ; in either case the value 


Ge CULO ms) 
gives (a—6,) Y = Ayy% 5 


taking then ¢,, = a,,, the terms in ¢° vanish and subsequent terms 
are given, after equating coefficients of ¢”, without ambiguity by 
the equation 


(a aa 6,—nv) Ym ie Q, Ym-1 air shove ar an Yo Ay2%m — 0. 


(b) When 6,—6, =/-, > 0 the term a,, in the matrix a is zero, and 
the same value of y, as in the previous case gives 


(a—0@,) Yo 0, 


reducing the coefficient of #° to zero; for the coefficient of ¢” in 
which m < k, we have, as before, without ambiguity, 


antec Ao (aa 0, aie) (Oy Veen te 21s FAm Yo) 5 
but the term in ¢ is a critical term, giving, since 6,+h, = 6, 
(a— 91) Ye, + On Ya, a ++ Fe, Yom Crp toy = O, 


wherein the determinant |a—6,| is zero and the inverse matrix 
(a—6,)"'unmeaning. But, since 6, 6,,it follows, in virtue of the 
way in which the roots have been arranged, that @, is not equal to 
any other root of |a—p|=0; thus the only diagonal element of 
a—6, which vanishes is the first, and every element of y,, except its 
first is determined by this equation without ambiguity when ¢, is 
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‘assigned. Take the first element of y, zero for simplicity, and 
take the disposable constant c,, so that c¢,,¢°" = first element of 
@,Y;,-1+...+a%,Yo, and then determine the other elements Of) Yi. 
For the coefficient of ¢#” in which m> /, no such difficulty arises, 
the row y,, being determined without ambiguity by means of 


Um = —(a— 6,—m) it [a,Y%mai+ iets Om Yo— Crgto “Lm —x, {> 
there being no root of |a—p| = 0 of the form 6,+m = 6,+m—k. 
To make the argument still clearer consider in similar detail the 
equation for the column z; putting z= zy ttz+t,+..., the equation 
to be satisfied identically in regard to ¢ is 


tz,+2t2,+... = (a—0,+a,¢+ 0,07 +...) (2 +t,+2,+...) 
— Cog (t/Eg) ="? (Yg tt tyr + PYyy + ---) Cig (t/to)™-* (Wg + tay + tra, + ...). 
(a) When 0,= 0, = 6, the constants 4d , a), in the matrix a’ may 
each be either zero or unity, but in any case the row 


%f== (OOLOO:.,) 
gives (a—Os) 2% = Ags Yo: 


Take then 6,5 = a3, G3 = 0; any row z, for m= I, 2, ... is determ- 
ined without ambiguity by the equation 


y= —(a—O,—m) =! (ay 2m yt 0 + Am % — 10Ym) - 


(b) When 6,—0,=0, 0,—0,=k, > 0, the constant a, in the 
matrix a is zero or unity, and the constant a,, is zero; the same value 
. as before for z gives (a—0,)2=0, and the equation for z,,, for 


m= 1, 2, ..., namely, 
== Y = —k, ae, ft ~k. a 
0 = (a—0,—m) em a8 Gy 2m -1 of Pos Am 2 — Cog to Um =k Cigto * Han -kg? 


wherein the terms in 2,,_;,, Ym-x%, are to be omitted if m <k,; con- 
sidering then this value of m, there are two roots, viz., 6, and 6, 
equal to 6,+k, and two of the diagonal elements of a—6,—m™ are 
zero, namely, the first and second, all others being other than 
zero; then, when ¢,;,¢, are assigned, all elements of z,, after the 
second are determined by this equation without ambiguity. By 
equating first and second elements in the equation to zero, we obtain 
respectively, since m = hy, 


(2) (1) ~ke 
Qs am ap (Gj Zn 1 = see ae Mn Zo) ais Cig to a5 0, 


(2) 2 Ay ie | dae : 
(a, Pat eee + m2) Cox bo 2 @) 3 
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thus when a, = 1 we can take c, = 0; but in any case ¢, C3 can be 
chosen so that these equations are satisfied. 


(c) When 6,—96, = k, > 0, 6,—6; = 0, the constant a, in the matrix a 
is zero, and the constant a,, is zero or unity ; but the same value as 
before for z gives (a— 6) % = 54, and, taking ¢,, = a,,, the coefficient 
of ¢® vanishes ; the equation arising by the coefficient of ¢’”, 


— -k 
0 re (a—0,—m) But Oy, Sin 1 + eee oa On, 2 — Cog Ym — Cry to ‘Bm ky) 


wherein for m < k, the last term is to be omitted, is only critical for 
values of m for which 6,+ m is a root, namely, form = k ; considering 
this value of m, every diagonal term of a—6@,—m is other than zero 
except the first, and so every element of z,, except the first is definite ; 
we can then take the first element of z,, zero and choose ¢,, so that 
Cgto = first element of ay 2,21 ... +n %— eg Ym: 


(d) Lastly, when 6,—6,=k, > 0, 6,—0,=k,>0, each of the 
constants @,, dg In the matrix a is zero. As before, the value 
z, = (00100...) gives (a—@;)z,=0; but the general equation for 
m > 0, 


-k -k,-ke ~», 
0 = (a— O,—M) By +04 2m a1 + «++ Gm %q — Cogito Space C15 0 zi “Xm — ky ~ hes 


wherein Y_;,,=0 for m<k, and #,_,-.,=0 for m<k,+h,, is 
critical for both the values m= k,, m= k,+hk, for which 6,4+m™ is a 
root, respectively 6, and 6. 

When m=k, only the second diagonal element of a—#,—m is 
zero; we may take the second element of z,,=0, and choose 
Cogty “* = second element of (a,2%,,_1+...+.4;,%,), the other elements 
of x, being determined without ambiguity. 

When m = k,+/k, only the first element of the diagonal of a—@,—m 
is zero; we may take the first element of z,,,, = 0, and choose 


Ciste *-* — first element of (G24, 4k,-1-+ «+. tba @— Cate Yn): 
A precisely similar argument applies for immediately succeeding 
columns. Consider now the (s,—1)-th column; puttting 


5) Cane DORE OE 


the equation t te = (a+ vt) X—86,. 1X 
( 


gives 
tX+2PX,+... = (a—9, spat tagt?+...) (Xo+tX,+PX,4+...), 
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and we take An (05010: 


wherein the (s,—1)-th element is unity, satisfying (a—@, ,,) X, = 0; 
while, as there is no positive integer m such that 6, ,,;+m is a root of 


| a—p| = 0, no other critical terms arise. 
For the (s,+2)-th column Y we have to satisfy 
tY,+2°Y, +... = (a—6, ..ta,t+a?+...)(Yo+tY, +PY,4+...) 


6 a 2 
CIN aT bce ectuees | hy 


(a) If 6, .,—96,,.. = 0, the constant ds 41,s,+2 in the matrix a is zero 
or unity, but the row 


ye eer Lt) aye 
with unity in the (s,+2)-th place, satisfies 
(a—86,, .9) NG; — Qs +1, eg iG y 


we take then 


Cs +1, $,+2 a As +1, $,+29 


and, as there is no positive integer m for which 0, ..+m = 6, ,, +m is 
a root of |a—p| = 0, no other critical terms arise. 


(6) When 6,,:—6;,.2 =1, > 0, the constant a,,,1,,,.. = 0, the same 
value of Y, as before gives (a—6, ,.) Yj) = 0; the general equation 


_— : -l 
0 ame (ttre —m) Yn+a, Ymn-it see fae Yo C41) 4,42 to ta Sty 


wherein X,,_; = 0 for m<l,, is critical only for m =1,, and in the 
matrix a—6, ,.—l, = a—6,,,; the only element of the diagonal which 
vanishes is the (s,+1)-th; we may take the (s,+1)-th element of Y,, 
zero, and, the (s,+1)-th element of X, being unity, determine 
Cs, 41, 3,42 SO that 


Co+1, 542%? = (s,+1)-th element of (a, Y,_,+...+4,,Y,) ; 


the other elements of Y,,= Y,, are then determined without 
ambiguity. : 

The same examination in detail can be continued. It is, however, 
sufficiently clear that in all cases the constant c; can be chosen so as 
to give a perfectly definite expansion in powers of ¢ for every element 
of every column of the matrix in such a way that for t= 0 the 
matrix n =1, that is, has unity for every diagonal element and 
zero for every other element. 


18. In regard now to the convergence of the series which have 
been determined for the various columns. Each of the nm differ- 
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ential equations is of the form 
d 4 Q 

hae = (6+4+a,t+a,+...)y—2, 
wherein y denotes the column to be determined, x is a numerical 
multiple of a column previously determined, as we may suppose by a 
convergent series, or a sum of a finite number of such, and 6 is a 
matrix of zero determinant. The numerical multipliers in a, namely, 
the constants (5, C3, Cg, ..., are determined with the early terms of the 
series for y, certainly of finite rank, since the equation |B—p|=0 
cannot have two roots whose difference is not finite; thus the 
question of convergence relates only to the series 


y—(yotty t+... tte yy) = yw tO yyiit...; 


where the general coefficient on the right hand is determined by an 
equation of the form 


Ym = (m—[3)7! fay Yan=1 4p tee sp TAD fet os. ’ 


in which 2,, and y, ..., yy_1 are given and N is such that for m > N—1 
the determinant of m—/ is not zero. 

Now let the rows of real positive elements Y), ..., Yy_,X,, and 
matrices of real positive elements A;, H be determined so that 


AA e NET Seek veey lyvil < yet; [a;| < A, 
fOr lee cond. (OL. Wee eN 
haere < Kins | (m—B)>*| sg fi, 


where the meaning is that the modulus of each individual element 
of the row or matrix on the left is less than the corresponding 
element on the right, the possibility of the inequalities |a;| < Aj, - 
|”, |< X,, being a consequence of the assumed convergence for 
sufficiently small ¢ of the series for the matrix v and the row 2; 
then the equations, for m > N, 


Ym = (M— B) [a Ym-it.-. 4+ dmYo+ 2m | 
lead to | 4m | < H[-A,Ynaut...+4nYot Xn]; 
or, if we put, for m > N, 

Vitae eA Vy, 1b eet Lot aon bs 
lead. to . . Upped Nias 
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It is therefore sufficient to show that the successive equations, for 


m>QN, 
ee — iT [-A,Yin-it rhe +A,,Y,+X.n], 


wherein 4,, 4, ... are any given matrices of real positive elements 
such that the series 
A,t+A,#+4... 
converges when ¢ is small enough; Y,, Yj, ..., Yy , are any given rows 
of each real positive elements; Xy, Xy,,,... are any given rows of 
real positive elements such that the series 
BD Qe ES Ged Se 


converges when ¢ is small enough, give rise to a series 
PUY. ee eh | Yare ee 
converging when ¢ is small enough. 
For this, consider the equations expressed by 
Y—Y,—tY,—...-t* 'Yy_, 
= H{(t4,+?4,+...) Y—[t4,%+(4,Y,+4,¥,) +... 
wet EY (AY y ot... tA Yo) | +O XytO  Xyat.}, 


which, when written at length, are » implicit equations for the 
n functions of t which are the n elements of the row Y, in fact of 
the form 


Cy (y:—Y,) Bones hatin Chie) = tp, (t, Yy,) «0, Ya) 


Cn (y.—-Yy,) Fase +O n(Yn—Yn) = th, (#, Yi) 


where 9,, ...,¢, are convergent series in ¢, linear in y,, ..., Yn, and 
Cy Uexceptnd,, al) 

Such a set of equations is known to have convergent solutions ; 
say in our case 


Y= Yo+tZ, +. +h Zy Ate yy Pore ito, 
which on substitution gives 
t(Z,—Y,) +... +07" (Zy_1— Yui) +E Yu t+!" Yui t... 
= Hi (tA, +P 4.4...) (Yo +tZ, +... +O Dy ate Yu + os) 
—[#A,Yyt +891 (A, Yat os t-dn i) | +O Ket... 
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and hence, so far as the terms in ¢*~}, 
4,—Y, =H{A,¥,—A,Y,}, 
Z,—Y,= me mi Gana 


By y—Yy-1= Hf{A,Zy..+AgZy_st...+AyiYo 
—(A,Yyot+...+Ayi1%)}, 
leading to i EY eee nk oe 
while, for the term in ¢”, for m > N, 
Yin = HAY y+ Ag¥not ..» +AmYo+Xm}, 


which is the series of real and positive elements occurring in the 


series whose convergence was previously shown sufficient for our 
theorem. 


19. We have thus established that 
0 (+0) = go) go! = gO(Ol) Ay) ge", 


where g is a matrix of functions of ¢ developable in a convergent 
ordinary power series about ¢= 0, the matrix g reducing to unity 
for t=O, and g, is the value of g, or its continuation, at t = t. 
Thence, when, as before, 


po 'Ap =a, Vp —= Us 
A “F =f | ee 
we have 9) (= +V) = GO(6t7) Q(t") G5", 


where G= pg 
reduces to p for ¢ = 0, and satisfies the equations 


dG ( A \ 
— =|(—+V)G—G¢. 
di ray, ? 

The matrices y, 9, and ¢ have been explained in § 15. 

In the subsidiary equations for the determination of the columns 

@;— 
of g, the position of ¢, enters only in the combinations c,¢ mis i). if 
we put this = e,, these subsidiary equations will contain no reference 
to t). Thus the matrix g does not alter when f, is taken differently, 


nor therefore does the matrix G; but the matrix 2() does alter, 


being OQ (hp) = 0% 1(p) OQ “(¢), 
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The simplest case of our general formula is when no two of the 
roots of the determinantal equation | d—p|=O are equal or differ 
by integers ; then the matrix y consists only of zeros and O(yt-') = 1. 

Another case which may occur is that in which no two roots differ 
by an integer unless they are exactly equal. Then in the series which 
solve the subsidiary equation for the columns of the matrix ¢ no 
critical terms occur after the first terms, which may be critical owing 
to sequences of equal roots; in such case, as is seen on referring 
back to the work, every constant ¢; in which 7 >7+1 may be taken 
to be zero and the constants ¢;;,; are those, a;,;,;, arising at once 
from the given form of the differential equations, which occur in the 
canonical matrix a; thus 


A, Oy (t/t)*-™ 0 0 
Ae Ly 0 6, Cog (t/ty)”” * 0 
ala 0 0; Coy (t/tq)°9-* 


in which ¢;, ;,,; = 0, unless 6; = 6;,;, and ¢ ;.; = 4;;,, when 6; = 0 
In other words, in this case, we have 


i+l1e 


g=—, 
and Q (2 sf | = pgQ(at-") goer! = pgp OQ. (At) (ug pe!) 
= hQ (4) hows 
where ho pg pi 


reduces to unity when ¢ = 0 and satisfies the equations 


mney Os 
| a= (Gt Y) bh. 
In both these cases, it is to be noticed, the form of the matrix 0(¢) 


is determinable at once by inspection of the given differential equa- 
tions from the matrix A alone. 


20. In the case of a linear system derived from a single linear 
equation, as in §9, the matrix A, there written at length, has the 
peculiarity that in |A—p| the minor of the first element of the last 
row has a determinant equal to unity ; thus, if 6 be a root of multi- 


1902.] Integration of Linear Differential Equations. 367 


plicity /, the first invariant factor corresponding thereto is (p—6)', 
and in the canonical form a = pw"! Ap of the matrix A, the J—1 con- 
stants a;,;,, corresponding to the root have all the value unity, so 
that the equality of two roots necessarily involves a logarithm in the 
solution of the system. The matrix V is further special, in that all 
its first n—1 rows consist of zeros. In fact, the ordinary theory of 
a single linear equation leads us to expect that in this case all the 
constants c; of the matrix y vanish in which / is not equal to7+1. 
We have not deduced this result in the present paper, the expression 
for the most general case given in § 15, 





bY 1 noe ne 2 

v (2%) =1tyr+ EMH... 
appearing to be of sufficient simplicity. But that it is not 
possible in all cases to arrange to have all constants cj in which 


j#t+1 equal to zero appears to follow from such an example as 
the system 


a Sales Weta Daeg ee ec SUN ORME: 








dt ee i 
d. 
t = ==), as, 
, as 2¢° 
== 0.0 
Ge mB mc 
where we may suppose 6,—6, = 0, or a positive integer; this has a 
form 
dt t 
Gia 0) an 
where eaeyOs0U,. OP. 
Cee Oso, 
Ae ee eee 
fie 1—0,+ 6, ine? 
o=10 0 0 
2t 
| ? 1+? 


This system is satisfied by the elements of each of the three columns 
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of the product of the matrices 
| 1] eee ee (ick Ot #>% log t/t, 
Oe 0 (t/t))* 0 
| 0 0 14+? | 0 0 (t/t) 


namely, in Q (+ +0) = gQ (p) qo" = gQ (6¢7') Q (yt ) Oh 


Laas t 
we have ji — 7 eOaeel Ons 
0 0 14+? 
(t/t,)* 0 0 
Oe) =1 08 Gay 


0 O (t/t) 
1 0 #> log(t/t) 


O(y/i) = 370 1 0 , 
O70 iL 
| 00 B) 1 (8 0 Beetle) 
ea Oe MO Oe 7 OeFG; 0 
i ae ki 0 6, 


21. As a simple actual example of the method for an assigned 
linear equation take the equation (Forsyth, Innear Differential 
Hquations, p. 103, Ex. 8) 


B(1+t)y'"” — (24+ 4t) Py” + (44 108) ty’ — (44 122) y = 0, 
which, as in § 9, leads to the system 





pe ihe ee OT Oh RO 

(1 wees | ah 1 yoy TAS ee 

seca el Gey Oana Let ) Oe w= (S425) a say. 
L \4 -—4 4 8 —6 2)- 


The roots of |A—p|=0 are 2,2, 1; with 


= (2 1 if, 


iy a 
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, 


bo bo 


are lse() 0 0— 
We Onde sam O99 10a. ub Ose) 
Ce Oe a 0 0 
2 Cy Cg (t/ty) 
o= rie 


One peat: 
V5.0 1 


bo 


and, with w= 2 + wae the subsidiary equations 


i 


dg _ 
hie gh 


eed — Di ) 
lead to o(s4c8)= 0 1 ee ace 
oO 0 °° (1+2)? 


= 92. (ENO (yt) Go's 


et (t/t)? 0 0) 
with peels 2 a OG. 0 (iii)? eee 
alse oa | ere #NEG neh 
mele O LA hd) 
ya 0 2 aoe) = 1 2 
Oh a) 8) Om Orme 


where A = logt/t,. 


Part III. 


22. A problem to which the previous investigation can be usefully 
applied is the elucidation of the connexion between the form of the 
linear system and the form of the linear substitutions which generate 
the monodromy group of the system. We consider only the case 
where the functions of ¢ in the matrix ~ are single valued over the 
whole finite part of the plane. The star region in which the matrix 
Q(w) is single valued and developable having been defined as pre- 
viously explained, let the barrier joining one of its angular points to 
t =a be removed, and let ,(w) denote the value for the matrix 
obtained by integrating first from ¢, to ¢ by the path by which Q (w) 
was defined, and then from ¢ once round the single corner now 
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isolated in the positive direction back tot. Then, as follows from 
the equation Ont) = OF Gyo Ge, 
we have 0, (u) = 1 (wu), 


where ® is the value obtained by integrating from ¢, round the 
corner back to t. The group of linear substitutions formed by the 
combinations of the matrices ®, one for each corner, is the group in 
question. More generally, if C be an arbitrary matrix of constants, 
a matrix whose columns are sets of solutions of the linear system is 


Q(u) C, and 0, (u) C = Q(u) 0.0780; 


so that we may, instead of the group (®), consider the group 
generated by the substitutions C~'@O, which is said to be a transla- 
tion or transformation of the.other. In practice it is convenient to 
choose C so as to obtain the greatest possible simplicity. 


23. Taking now the form we have investigated for linear systems 
of a certain type 


Q(T) = GO (8#) Q(t) Go, 


the factor ® for the matrix 0(6¢7'), when ¢ describes a circuit about 
t=O from ¢, back to ¢,, consists of a matrix having only diagonal 
elements of the form e”™, e’, ..., which we denote by «,, wy, ...; 
corresponding to a sequence of roots from 6), 6,,..., each of which is 
less by an integer than the preceding, the corresponding quantities w 
are equal; namely, in a notation previously employed (§ 14), the 
first s, quantities w,,,,... are equal; then the following s,—s,; and 
so on. 
Denoting the quantity 277 by e, the factor ® for the matrix (§ 15) 


V (n/t) 


Q (yi) = | | Vv (y:/t) 


A, 
is a matrix ay 


where A,, of s, rows and columns, has the form 


vy? 
A, =l+ye+ 21 eH 3 
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A,, of s,;—s, rows and columns, has a similar form in terms of y,; and 
SO on. 

If now such a matrix, with separate square matrices arranged 
about its diagonal, and other elements all zero, be called a diagonal 
matrix, and two such matrices be considered of the same kind when 
the numbers of rows and columns in the respective component 
matrices are the same for both, it is immediately obvious that the 
product of two such 

a. Veal A; aes 
age nea ec 1 Oa aia 
is independent of their order. 

Thus it follows that the matrix ® arising for the matrix 0 (0t~') is 
commutable with the matrix Q(yt~'), and we have 


0,(7) = GO (6t") O (yt-") Gs, 
wd, 
where CES w A, | ; 


w denoting the value of e”” for 6), 6, ..., 9, and w’ the value for 
[Ager eU,, aud So On, 


Thus Q,(T7) =2(U) G,8G5, 


and the monodromy group of the linear system is generated by linear 
substitutions of the form 


wd, 
Gro. = a w A, | Gas 


24. Consider, for example, particular cases as in § 19. 


(a) When all the roots 6,,6,,... belonging to the corner t= 0 
are different and no two differ by integers, each of A,, A,, ... re- 
duces to unity. 


(6) when no two of the roots differ by integers unless they are 


exactly equal, the matrix ® is the value of Q ( a taken round¢ = O, 


2 
and equal to l+ae+ ie bets 


and determinable at once on inspection of the differential equations 


23.2 
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without solution. If then ¢ can be taken so that the matrices 
arising for the various corners have all the same value at 4, the 
group of the system is particularly simple. 


(c) For a corner at which all the roots belong to one sequence, 
differing by integers or zero, if all the constants. c, of the matrix y 
are zero, and no logarithms enter into the solutions about this 
corner, the matrix ® reduces to a single constant w, and the sub- 
stitution of the group arising for this corner is independent of G, 
reducing to the matrix having only the quantity » in each diagonal 
place. 


25. Conversely, consider necessary conditions that the group 
should be finite. Then each substitution must be of finite order, 
and we must have equations for each corner of the form 


wr A” 
1— oo" = : “Am | 
= — Ww 9 5 
and hence ON 1 ees eal Se 


1 2 
of which the first is 


38 
w” (1+mye+ Sai V+] ae tbs 


where y, is a matrix satisfying, for its equation of lowest order, an 
equation of the form ye = 0, in which k, is at most s,, and the series 


in the bracket terminates with the term involving y>~'. 


This equa- 
tion therefore involves w” = 1 and y, = 0. 

A necessary condition is therefore that all the roots 6,,6,, ... 
should be rational numerical fractions and the matrix y be zero, so 
that no logarithms enter into the solutions. In case no two of the 
roots differ by integers or zero, the matrix y is zero of itself; on the 
other hand, if every two of the roots differ by integers, and still 
the matrix y is zero, the particular substitution G,®Gj' is in- 
dependent of Go, and reduces to a numerical constant w, which in 
the case supposed is a root of unity; for a system derived from a 
single linear equation we have seen that the invariant factors 
corresponding to a repeated root @ cannot be linear, and y cannot 
be zero when there are repeated roots. 

The condition is not generally sufficient. If a set of matrices NV 
generate a finite group, it is known that a single matrix w can be 
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found such that the set of matrices M = wNoa™! satisfy the relation 
M,M = 1, where M, denotes the matrix whose elements are the con- 


jugate imaginaries of those of M, and M, is the transposed of M,. In 
_ our case, denoting ®, which in the case supposed consists only of 


diagonal elements which are roots of unity, by Q, so that 0,.Q = 1, 
the matrices M are of the form 


M=aG,QG; oO 


Part LV. 


26. In illustration of the previous theory consider the case of the 


et aa 0 0 ibe yeay an 
ee ie deere o) |e=eOx 


in which B = 1—a, derived from the.single linear equation 
t(1—t) y“+ A—2t)y'—a(1l—a)y=0 


by putting a, = y, % =t(1—t)y. For t=0, ¢=1 the system is 
already in canonical form ; integrating from ¢, = 3, we have, by the 
theory, 


O[u(] =9@ (5 8") ga). 


We find, however, 


(s ot) u(t) ( a) = —u(t) =—u(1—2); 


and hence, if s = 1—# and Q[ u(t) ] = F(4), we have, by § 3, 
= spe aL ee 1 +0 
F(s) =9[ u(s) @] =O[—n@] = (5 _ 4) 2C1 (9 _3)> 
so that 
1 ae 1 1 oN erry. Cla aU omen 
HON, 5) STON Sateen CPken meen ee 9) 
(A) 
With w =¢(1—42), the subsidiary equations for the determination of 


the columns of 
q(t) = ce a 
Ju Yr 
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; Op Ny aoe dg on 
wre (§ 16) hg oe Jor) Ap ae Yo9 7 
d Adios 
wn = 0B gu, ie = a8 J.— a 
, a 
leading to 34 Gna IIa) =0; 


sOmhiaveas aut — 0, 80106 alle; 


In92— JuJu = 1, 
the ordinary Abel relation in a disguised form.* The equation (A), 
with hy = 9;(1—t) and yy; = gy (4), 1s the same as 


(9n Jun log seaauen) 
\9n Yn Log 2b + Gop 


as) ( hy s (F log oN Yo2 Fe) ( Yu ee) 
gy —Iy/ \O 1 "Yo1 PAhifaherr se) tram aS 


rs ( eee Wve a kaes ace e o 


—h, —hy log 2s—h»/ \C —A 
where A= VyY¥ehy¥eya; B= 2719 Ya) C= — 27 ya, 
A?) eh 


and leads to four relations effectively all reducible to 91, 9..—91.9y = 1 
MNES cht 3 hy = Agut CO Yn log 2¢ + 2). (B) 
We know that 9, gj. are power series in ¢ reducing respectively to 
1 and O for ¢ = 0, and h,, is the same power series in s as 1s g,, int; if 


du (t) = Loe 3 yt", 


the equation (B) gives, putting t=0, and assuming logt[and log(1—1) | 
real and negative for 0<i<l, 


A+C log 2 — [ gn(1—t)—Clogt ],_, 
om C n 
- [1+ 3. («: is) pant daw 


and hence OC = (—nkn) new: 


Thus, when the series g,,(t) is known, can be found, and hence 
A and B, as we shall show below; it concerns us, however, first to 
show how far the method of this paper enables us to go towards 





* Jn general the determinant of g is the exponential of the integral, from 0 to ¢, 
of the sum of the diagonal elements of the matrix v. 
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determining the group of the equation without calculation of details ; 
we prove, in fact, at once that this group can be transformed so as to 
be generated by the two substitutions 


(* *) ( nf “) 

Uayes 2 (iO)? 1/7 

For the solution Q(w) we have seen that the two substitutions 
about t= 0, ¢=1 are 


9@(5 TP )ot@, v9 @ (6 a7 ae. 


where a fs al 


Now take a matrix p such that 


po) (5 )ot@et=(5 *), 


which is known to be possible, since the two matrices 


OT) (oa) 


have the same roots and invariant factors; putting for the determ- 


pg (2) = (e ab 


ination of p, 


we find P and Q arbitrary, R=0 and S=aP; next, assuming P 
not zero, take a matrix 


c=pup'=(F 9 \or@ua@(s &)” 


A+ ee 1, (pp-2q4— 2) 


ae ~ PP (4 A oe 


and then, assuming C not zero, take Q/P =—A/O, so that, in virtue 
of A?+BC =1, l 
va(° 70). 
mo Of 


Consider now the solution Q(u)p~ of the differential system ; 
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about ¢ = 0, ¢ = 1 it has the respective factors 
dai Nee " @ 2 
awl 1 east aft 


1 Qi 
= if -1(1 -1 
® = pug (4) (5 1 )9 (a) eP™s 
which, by pu = ap, 1s equal to 
le2re\ ae Le Vor 
opg(&) (0) )9 @)ptet=e(a i )o, 


which on calculation is, as stated, 


(oceiey 1) 
2(mi0)? 1/ 
In fact it will be seen that g,,(¢) is the hypergeometric series 
F(a, 8,1, t), 6 = 1—a, and hence 
eee PU Abs eed Sah SIE Ae eee 
ike, (n—1)! n! =0 : 


it is, however, an elementary property of I’-functions that, for 
general values of a, 6, 


paket ee tte eee — Lats), 
nt (atB)(a+B+l])...(at+htn—1)  Juze” T(a)T(B)’ 
thus here, with a+ 6 = 1, 

CQ 1 sin 7a 











Teepe 








and the group is generated by 


ee é i) air Ge fat 1) 


For instance, for a = 4, a = 4, respectively, 


iets ae 


2 


Returning now to the determination of the matrix g, the equations 
for the first column are, with 8B = 1—a, 


C 


d 
¢(1—t) ar = Ju» an = a8 Jy, 
which are satisfied by 
dF 
gu = L(G, B, iF t), 9a = t(1—#) Wik 
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reducing respectively to 1 and 0 for ¢t = 0, if only the identity 
abl = ¢(1—t) F’+ —2¢) F’ 


is satisfied, as is known; these are then the values for g,, and q,,. 
The equations for the second column 


dys a Joo Ado 
Cae cl 1 eet eee 





== = o8gy,— 7 2 
are to be satisfied by forms 
~ n d 9 
92 = SAG A ¢(1—t) are aC (1 —t) ou 


‘which on substitution in the second equation are found to give 





‘vil ngeer 
ee Eel at ea sl B ae 
1 1 
wt eo 2 (14... -)}, 
i GL poke n 


which can be shown to be the same as 


ga = —log (1—t) F(a, B, 1, 4)—2 3 wt" (1+ ; rah os =). 


Thus C is as stated above, and hence from equation (B) 
A=*™74)og24| F(a 1—a, 1; 1-1) + 4 toga] | 


To evaluate this we use the identity holding for general values of 
a, B (St. John’s College, Cambridge, Examination Paper of June 4th, 
1894, 9-12), 





; Taf = 
2y 1) —¥ (a) (B) = Time [logt+ 52 my F(a BatB,1—8) |, 
‘where Wa) = f ae 


by B=1—a, we thence at once find 
A = S76 [log 24+ 2 (1)—¥ (a) —y(1—a) | 
TT 
= EF jog 24 HSM Py (1) —¥ (a) ]—cos 7a ; 
-and hence, from A?+ BC = 1, 


B= 57 § Plog 2-+2h(1)—2b (a) —x cot wa ]?— x? cosec ra}, 
mado 
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whereby, in fact, the relation connecting the fundamental integrals 
of the original hypergeometric equation about ¢ =0 and ¢=1, fora 
general value of «, is found in a manner which appears to the writer 
simpler than that employed* by Tannery for the particular case a = 4. 


It can be proved that 
vy 1)—w (4) = 2log2, WA)—v) = 3 (8 log 3 +2//8) ; 


thus, for a = 4, 
a) 1 i 2 ae 
At lose, B= — [ (log 2)?—w |, 
Tv T 
and, for a = 3, 


Reo rae We F : 
A = 4 log (54), BE Se [ dog 54)*—4n*]. 
Another remark seems worth making. We have had the relations 
expressing the inteyrals about ¢=0 in terms of those about t= 1; 
by elimination of the constants we obtain four functions of these 


integrals which are constant ; putting 


fee ae 8) & log a) wed (I's in) (2 bia 
Gn Jn’ ‘O 1 liga eg) a eee 


these relations are, in fact, 


i eee Gey A 
Eno)? = (on Bp 
and can be obtained in this form directly from the two expressions 


for Q(«). 


| June 17th, 1903.—The following deal with systems of linear equa- 
tions :—K6niegsberger, Lehrbuch der... Differentialgleichungen, 1889, 
pp. 441-469. Sauvage, Ann. de l’Hc. norm., 1886, 1888, 1889. 
Sauvage, Toulouse Ann., Vol. vir., 1894, pp. 1-24; Vol. ix., 1895, 
pp. 25-100 and pp. 1-75. Griinfeld, Denkschr. der Wiener Akad.,. 
math.-naturw. Cl., Bd. ttiv., 1888. Horn, Math. Ann., Vol. xxxix., 
1891, pp. 891-408, and Vol. xu., 1892, pp. 527-550. Picard, T'ravté 
V Analyse, Vol. 111., 1896, p. 266. Dunkel, American Akad., May 14th, 
1902. | 





* Repeated in Forsyth’s Linear Differential Equations (1902), pp. 129-134. We 
remark in passing that the first four lines of p. 148 of that volume do not appear to 
be correctly printed. 
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On some cases of Matrices with Linear Invariant Factors. By 
H. F. Baker. Received and Read December 11th, 1902. 


When an important theorem is capable of very brief proof it is 
desirable that the fact should be widely known. This more than 
their novelty may perhaps justify the following lines. We denote 
a matrix of » rows and columns by a single capital letter, 
say M; that obtained from it by changing rows into columns 
by M; that obtained from it by changing every element into 
its conjugate complex by M,. And a row of n single quantities 
is denoted by a small letter, such as a or y; their conjugate com- 
plexes by a or y. The symbol Ma is the row of nm quantities 
obtained by combining the element of each row of M, in turn, 
with the elements of #; while May is the single quantity 
obtained by combining the elements of Ma with those of y. We 
utilize the obvious identity May = Myz, and assume the fundamental 
theorem as to invariant factors explained in detail in § 13 of the pre- 
ceding paper ‘“ On the Integration of Linear Differential Equations.” 


1. For a matrix M such that M” = 1, p being a positive integer, if 
6 be a root of the determinantal equation | M—p | = 0, we can find « 
so that Mx = 6x, and hence M’x = 6a; so that 6” = 1, or 6 is a p-th 
root of unity. We cannot, however, find , other than zero and 
linearly independent of x, such that My = 6y+2, or else we should 
have in succession 


My = 6(0y+2) +0a = Py+ 26x, My = P (by+a) +20 x = y+ 362, 


and finally M’y = 0’y + pO, 
leading to eget =A 


which is absurd, provided p40 and 640, of which the latter 
follows from M’ = 1, giving | M| 0. 

Thus the invariant factors of the matrix are linear, and a matrix p 
can be found such that #~'Mp consists only of diagonal elements, the 
roots of | M—p|=0. It is known (EH. H. Moore, Math. Ann., Vol.t., 
1898, p. 214) that, if M,,M,,... be the generating matrices of 
a finite group, a matrix m can be found such that the matrices 
N,=m3M,m, N,=m Mim, ... satisfy the relation NoNe nln 
Thus the result is a particular case of that proved under (3) below. 
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2. If a matrix M satisfy the relation M = M, so that, if it con- 
sist of real elements, it is a symmetrical matrix, and if @ be a root 
of | M—p| = 0, we have for a suitable row « the sequences 

Mea =" 0x Wee aed 
Mien Ondae Maat == Oe pte Wad paint pre ete 


and can infer (6—@,) 00a enon 


so that the roots 6 are necessarily real; but we cannot have an 
equation (M—6) y = 2, or else the real quantity 


xa, = (M— 6) ye, = (M,—8) y,% = (My—9) zy, = (M—8) ey, = 0 
would be zero. 

Thus the invariant factors of the matrix M are necessarily linear, 
and the roots are real. 

If A, B be two matrices of the n-th order such that A = A,, B= B,, 
and Baw, only vanishes if each element of a is zero, so that | B] 40, 
and 6 be a root of | A—pB| = 0, we can, from (B-'A—@) a = 0, infer 





Axa, = OBrx,, Av,2 = 0B, WA OP Ag ken oe 


and hence (@—6@,) Bax, = 0, showing that 9 is real; but we cannot 
have (B-'A—6) y = 2, or else the real quantity 
By #2 = Box t = Bux = Bex, = (A—OB) yx, = (A,—OB,) yor 

= (A,—6B,) ey, = (A—OB) zy, = 0; 


so that the invariant factors of B™?A are linear.* 





* Tf 6, 6’ be two different roots of |B '4A— p| = 9, equations 
AL =0BY, Ar =the 


give 6Baxy = Axxy = Axor = Ay xot = 6 Bo rt = 6 By x2X9 = 0’ Bxxo, 
and hence (6—6’) Bra) = 0, so that Bray = 0. While, if, for a repeated root, we 
have Ax = 0Bx, Ay = OBy, Az = 0Bz, .... and put y= y+A2, where A is a single 


quantity, we have Ban) = Bryy+Ay Bux): thus we may suppose Bry) = 0, giving 
Lyx = 0; then, putting ¢=2+uy+vv, when p, y are single quantities, we have 
Buy = Brtgt+ vy Brxy, ByG = Byzy + uo Byyo ; 80 we may suppose Brzy = 0, Byz = 0, 
and so on; and this leaves the sets x. y, 2,... independent. We may then 
suppose, if « be the matrix of which any column consists of one of the  inde- 
pendent sets satisfying, for the various values of p, the equations (B~'A—p) x = 0, 
that, when if /, 


0 =2 Brs [esi (Mrj)o = 3 (Bu) ri (Mri)o rae (uo Bu) i, 


and denote the real quantity (uj Bu)ii by oi, and the diagonal matrix u)Bu by &. 
Then it is a well known consequence of the definition of u that the matrix u7'Bo' Au 
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3. If S be a matrix such that the bilinear form Sza, does not 
vanish unless every element of a is zero, and M be a matrix such 
that M,SM = S, a particular case being when S = 1, and thereof a 
particular case being the ordinary orthogonal transformation when M 
consists of real elements ; then, if | M@—0@| =0 and Mz = 6x, t = Ma, 
ty = M,x%, we have 

Sza, = M,SMex, = SMai, = Stt, = 06, Sxx,, 


so that 60, = 1 and the roots 6 are of modulus unity. But we cannot 
have My = 6y+z2, or else, noticing that the determinant of S, and 
therefore of M, and therefore 6, is not zero, we could infer the 
sequences 


y=OMy+M'2, Sy=0SM'y4+SM'« = 6M,Sy+M, Sa, 
M, Sy = 6, Sy—0, M, Sa, 
SMyyoy = M,Syy = (8, Sy—9, M, Sx) yy = % Syyo— 9, M, Saryo ; 
SMyyoy = S(OoYo+%) ¥ = (% Syoy + Saoy = 9, Syyo+ Saoy ; 
and hence deduce H =6,M,Sxy+8ay = 0, 
of which, however, the left side H is the same as 
A, SMyyoxt Say = 0,8 (Oy +2) e+ Say 
= 6 Sya+ Say +082 
= 6, Say, + Sa,y+0, Sxa, 
= 6,M,SMay,+ Sxy +6 Saxe, 


= 6.6 M, Say)+ Say + 6, Sxx%, 
— A+ 6, S22, 


giving the impossible result Sa, = 0. 


is a diagonal matrix, say ©, having only the roots of | 4—pB| = 0 in its diagonal, 
each to its own multiplicity ; thus 


w'Bo'(A—pB)u = ©—p, o(A—pB)u = 20—p8, 


wherein, as the equations (4 —@B) x = 0 only determine the ratios of the elements 
of z, the real quantities g; in @ are arbitrary. Putting 0 = ¥, r = ut, this is 


equivalent to 
e (A—pB) tr) = (¥—p®) tho, 


whereby the bilinear forms Arr), Brro, are simultaneously transformed, each to 
contain only n terms, of the form yj;¢;(¢t;)y. In particular when 4A, B are real 
symmetric matrices and the quadratic form Bx? does not vanish unless « = 0, the 
equations (4—@) x = 0 give only real elements for u, and the real quadratic forms 
Ar*, Br* are hereby transformed simultaneously into sums of real positive or 
negative squares, 
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Thus the invariant factors of | M—p|=0 are linear. (Cf. Loewy, 
Nova Acta Kats. Leop. Carol. Deut. Ak. der Naturf., uxxt., Halle, 1898, 
where another proof, involving somewhat more detailed considera- 
tions, is given.) 

4, One simple example of the results in (2) and (38) deserves 
notice from its connexion with the theory of algebraically integrable 
linear differential equations. If a be a matrix as in (2) for which 


a =a, and Q(at~') denote the matrix 
0 (%) =146Q() +2@E GE) FQ (ANGE) +... 


where Q denotes integration from an arbitrary position t =f), and 
the integration be extended completely round ¢=0, back to ¢,, it 
a a 


is easy to see that Q (2 <) is the conjugate complex of a ; ). 
For an incomplete circuit the inverse of the matrix QQ (=) can 
be shown to-be the transposed of Q (—+) . Thus, if M denote 


the complete value of Q (= i we have* 
M,M=1; 
which is simply pS CN and it can be shown that the corre- 
pice Wee 
spondence of the roots 0, ¢=e™*”" of the equations |a—é@|= 0, 
| 4—a|=0 is complete. 
5. If H denote the matrix occurring in the theory of continuous 
groups for which the general element is 


B= Sony Mao Mee) 


where the constants c,,, are such that we have identically (Proc. 
Lond. Math. Soc., Vol. xxxtv., p. 93) 

Re’ + H’e=0, HH'e"+ HH’ h"e+ Hh" He’ = 0, 
there is a result of importance (Killing, Math. Ann., Vol. xxx1u1.,1889, 
p- 5) which we can prove briefly by means of a result proved ina 
previous note (Proc. Lond. Math. Soc., Vol. xxxtv., p. 351). We have 
identically He = 0, and, of the determinantal equation |#+p|=0, 





* [June 17th, 1903.—And conversely any matrix I satisfying this equation can 
. -1 . . : ” 
be so written as Q (at); in particular for a real orthogonal transformation a = if, 
where § is a skew symmetrical real matrix. ] 
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zero is a root of at least multiplicity unity. If, for general values of 
€,,..-,@,, we form the descending series of positive integers which are 
the exponents of the invariant factors corresponding to this root 
zero, the theorem 1s that the last of them is necessarily unity ; so that 
the last invariant factor is linear. To prove this it is sufficient to 
show that a set e’ of quantities independent of e cannot be found such 
that, beside He = 0, we have He’=e. First, when the root zero of 
the. equation |#H+p =O is of multiplicity 7 for all values of 
€,, ...,€,, the equation He' =e would give (H’+1)e=0, and so the 
impossible equation | #’+1|=0. Next, when the root zero is at 
least of multiplicity & (0 < k <r) for all values of @,...,e,, but is of 
no higher multiplicity for at least one particular set of values e, ..., e,, 


if then e’ can be found such that e = He’ = —KH’e, and if the series 
2 
1+H+ e +... be denoted by A,, we have with arbitrary \, since 


ee He — oo ate eee eee pitino fee 
NH"e , AH 





Bea iN elon 5, + 31 see 
Near’ 
= e—X Pew aa ee 
= Pe, 


where » = exp (—A). It has been proved, however, that, if ce’ = A;e, 


then Ei’ = A;EA;"; 

thus here we have nh A ADS 

and so |#H+p|=|uH+p|. 

The coefficients in the equation |#+p|=O0 are therefore unaltered 
when ¢,, ...,e, are replaced respectively by me,,..., ue, AS m= exp (—A) 


and Ais arbitrary, this can only be so if the equation reduces to 
6” = 0, which by hypothesis is not the case. 


6. The result in (5) is for general values of ¢,,...,¢e,. Consider 
an integrable group, and let e,...,e, be a particular set for which 
P=e,X,+... +e,X, is the infinitesimal transformation..such that 
when P’ is any other the combinant (P’, P) is zero or a constant 
multiple of P, so that we have He’ =de; if then He” = pe, and there- 
fore H (ye’—Ae”) = 0, and neither of A, » be zero, we can replace one 
of ee” by pe’—de”. In other words, there is at most only one in- 
dependent transformation P’ for which the combinant (P’,P) is not 
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zero. But the proof in (5) avails when He’ = Xe is not zero to show 
that for this special ¢,,...,e, the equation | #+p]|=0 has no root but 
zero; thus, besides the equation He = Xe, we have (7—2) equations 
Hf = 0, together with He =0. In other words, the first invariant 


factor of |H+p|=0 is of exponent 2, and the remaining ones are 
linear, and the matrix H satisfies the equation H? =0. For a group 
known to be necessarily integrable, such that | H-+p| = 0 reduces to 


p’' = 0 for all values of e,,...,e,, 1t can be shown that a set 4,,...,¢, 
exists, not identically zero, for which H = 0. 





Overlapping Intervals. By W. H. Youne. Received November 
30th, 1902. Read December 11th, 1902. Revised March 
10th, 1903. 


1. Given any set of overlapping intervals, we will show how to 
determine a countable set from among them which by themselves 
determine the most important properties of the given set. 

Take, first, any one of the intervals, and let us denote it by d or 6. 
Then either there is no interval of the given set which abuts or 
overlaps with d on the left, or else there is such an interval. In the 
latter case we denote by & the part 


of this interval which extends be- te d=6 
youd @ to the left, and) by dathe _————————— ae 
interval itself, which coincides with a’ 


8 if d’ abuts with d, and which 
otherwise contains 6’ as a part, and has its left-hand end point 
coincident with that of &. 

Proceeding in this way towards the left, we must ultimately either 
come to an interval of the given set having no interval abutting or 
overlapping with it on the left, or else the parts of intervals 
0,0, 8’’, ... must get smaller and smaller without limit, and define 
a limiting point P external to all of them, and therefore external to 
the intervals d’,d’,d’”, ... of the given set. Such a point P may, 
however, be internal to some other interval of the given set; in this 
case we choose out any one of the intervals containing P, say D. 
There will only be a finite number of the intervals d, a’, d”, ... 
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which do not overlap with D. Let d be the first which overlaps 
with D; then we select the intervals 


tien Oo. and: omit from ¢on- D qi-l 
sideration all the intervals d‘*!, d't*,.... 
Proceeding on these lines we can only be a) 


stopped (1) by coming to an interval of 

the given set having no interval of the given set abutting or over- 
lapping with it on the left, (whose left-hand end point P is therefore 
neither internal to any interval of the given set nor a right-hand 
end point of any one of the intervals), or (2) by the parts of in- 
tervals 8’, 6”, 8’”, ... becoming smaller and smaller and defining a 
limiting point Q on the left of all of them, such that no interval of 
the given set contains Q as internal point. @ would be external to 
every one of the given intervals, unless it were a right-hand end 
point of one or more of them. Such a point, P or Q, may be properly 
called an external or semi-external point of the given set, though it 
should be remarked that a semi-external point of a set of over- 
lapping intervals is not necessarily, as in the case of non-overlapping 
intervals, an end point of only one of the intervals. 

Having proceeded in like manner on the right of d, we start afresh 
in each of the one or two segments left over, and take again any 
one of the intervals and treat it as we did d. Continuing this 
process, we get a set of non-overlapping intervals 4,6’, 8’, ..., &e., 
which, by the theory of sets of non-overlapping intervals, can be 
arranged in countable order 4,, 6,, 3, ..., and, corresponding to these, a 
countable set of the given intervals, d,, d,, d;,..., such that 6; coincides 
with the whole or a part of d;, and has at least one*end point common 
withit. Any other of the given set of intervals lies entirely within 
one of the d,’s or else lies entirely within a set of the d,’s which over- 
lap or abut all along. 

Such a countable set d,, d,, ... chosen in the manner indicated 
from among the intervals of the given set serves to classify the points 
of the straight line with reference to the given set in a manner 
analogous to that used in the theory of non-overlapping intervals. 
Any internal point of d,,d,,... is mternal to the given set (of 
course), and the converse is also true, except that an internal point 
of the given set may be an end point of two intervals d;,d; which 
abut. Any external or semi-external point of d,, d,,... 1s external 
or semi-external to the given set, and vice versa. 


2. We notice that the set 4,, 6,... is not unique; but, since the ex- 
VOL. xxxv.—Nno, 814. 2 ¢ 
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ternal and semi-external points of the set then determined are the 
same as before, all such sets have the same derived set 6), 63, 63, ..., 
and we may very properly call this the derived set of the given set, 
since it is obtained by amalgamating all abutting and overlapping 
intervals of the given set. 


3. This gives us a direct proof of the Heine-Borel theorem, and 
shows us how to determine a finite number of the intervals such as 
are asserted to exist in the theorem. The enunciation of the theorem 
is aS follows :—Given a set of intervals such that every point of a given 
segment (A, B) zs internal to some interval of the set, we can choose out 
a finite number of the intervals having the same property. 

For in this case there is no point of the segment external or semi- 
external to the intervals 6;; hence they are finite in number, and 
therefore the same is true of the intervals d;. Let these be 
d,, dy, ..., d,, and let the end points of these intervals inside (A, B) 
be P,, P,,..... Then we can choose out (kK—1) or less of the given 
intervals containing as internal points those of the points P,, P,, ... 
which are not already internal to d,, d,, ..., d,, and get in this way at 
most (2k—1) of the intervals having the desired property. 


4. Content.—It is convenient to define the content of the set as 
being the content J, of the derived set. This agrees with the de- 
finition already given in the case where the intervals do not overlap, 
and enables us to extend the theorems given in the first part of this 
paper concerning external and semi-external points and their con- 
nexion with the content to sets of intervals of the most general 
character. 


). The intervals of the derived set are such that every internal 
point of the given intervals is internal to some interval of the 
derived set, and no external or semi-external point of the given 
intervals is internal to the derived set; but it is not necessarily 
true that every internal point of the derived set is internal to 
some interval of the given set. If, however, any point P, internal 
to an interval 6, is not internal to any interval of the given set, 
then, however, we construct d,,d,..... P must be an end point 
of two abutting intervals 6; and 6;; and, since it is not internal to 
either of the corresponding d; or d;, it must also be a common end 
point of d; and d;, and these must therefore abut. Thus, if there be 
such a point P, there will be two or more intervals abutting at P, 
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and no interval containing P as internal point. Hence the number 
of these points P is at most countably infinite, and they are com- 
pletely determined by the given intervals. We can call these points 
properly zsolated end points. If we plot them down in the derived 
intervals, we get a new set of intervals, (non-overlapping), D,, D,, ..., 
uniquely determined by the given set,* and such that every internal 
point of the given intervals is internal to this set, and vice versa. 


6. From this theorem we can, if we please, deduce as a special 
case the so-called counterpart of the Heine-Borel theorem. The 
enunciation as given in Schoenflies’s Bericht, p. 109, is as follows :— 

“Tf to every point # of a set of points X = (#), dense everywhere 
in a segment (A, B), there corresponds an interval e containing # as 
internal point, and if every point of (A, B) is not internal to one of 
these intervals, then the intervals e determine a finite or a closed set 
of points Q such that no point of Q is internal to the intervals e«, 
while this is the case for every point of the set complementary 
to Q.” 

It wil] be observed that the apparent restriction as to the relation 
of the set of points X to the intervals « and to the continuum is 
superfluous, and only tends to complicate the issue. If we remove 
this restriction, the theorem is synonymous with the theorem stated 
at the end of § 5. 


7. We can now prove the following extension of the Heine-Borel 
theorem :—Given any closed set of points on a straight line and a set of 
intervals so that every point of the closed set of points 1s an enternal 
point of at least one of the intervals, then there exist a finite number of 
the given intervals having the same property. 


For let us construct the equivalent set of non-overlapping in- 
tervals D,, D,, «.. (§ 9). 

Then, by the fundamental property of this set, each point of the 
closed set of points is internal to one of the intervals D;. If there 
be not a finite number of the intervals D; having the same property, 
there must be a limiting point P of those intervals D;, each of which 
contains at least one point of the closed set. P could not be a point 
of the closed set, since it is not internal to any one of these in- 
tervals D;; but it is clearly a limiting point of the given set of 
points, and therefore belongs to the set, since it is a closed set. 





* But not necessarily contained in the given set. 


2.0.2 
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This is a contradiction, and therefore there can only be a finite 
number of the intervals D; which contain points of the piven set. 
Let these be D,, D,, ..., D,. In any one 

of these, say D;, the points of the closed a 

set form a closed set lying entirely in- ~P  £Q. 
ternal to D;; Hence we can assign two 

points P and Q internal to D; such that the points of the closed set 
which lie in D,; form a closed set lying betwen P and Q (not in- 
clusive). 

Now between P and Q, (both inclusive), there are only internal 
points of the given set of intervals ($5); hence, by the Heine- 
Borel theorem, we can assign a finite number of the given intervals 
so as to entirely cover up the segment (P,Q). In this finite number 
of the given intervals every point of the closed set of points in D; 
must lie. Performing this for all values of 7 from 1 to k, we 
get a finite number of the original intervals having the required 


property. 





The Continuations of certain Fundamental Power Series. By 
M. J. M. Hint, M.A., Se.D., F.R.S., Astor Professor of 
Mathematics at University College, London. Received, in 
revised form, February 6th, 1903.* 


1. The theory of the continuation of power series has not, so far as 
IT can ascertain, been hitherto illustrated by applications to simple 
cases where the work is unartificial. 

By means of some well known formule, proved rigidly for the first 
time by Abel, in his famous memoir on The Binomial Series, I have 
succeeded in working out the continuations of the binomial series, 
the logarithmic series, and the series for arctan along arbitrary 
circuits. Using conjugate functions I have also succeeded in finding 
the continuation of the series for arc sin a. 








* 'The paper has been condensed from two papers communicated at the meetings 
of November 13th, 1902, and December 11th, 1902; the latter dealt exclusively 
with the case of are sin 2, 


1902. ] certain Fundamental Power Series. 389 


The continuation of the logarithmic series is obtained by Harkness 
and Morley in their treatise on The Theory of Functions, pp. 123-4, 
by considering a circuit in the form of a regular polygon containing 
an infinite number of sides. 

The observation that the result must be the same for an arbitrary 
circuit led me to the consideration of a circuit of that kind, and 
finally to the results in this paper. 

The continuation of the binomial series will be found at the end of 
Art. 3 and Art. 4, of the logarithmic series in Art. 7, of the series 
for arctan z in Art. 8, of the series for arc sin z at the end of Art. 17. 


2. First Illustration.—Continuation of the Binomial Serves. 


The work depends on a formula which can be deduced from those 
proved in Abel’s memoir on The Binomial Theorem. 

If |x| < 1, and if k, be an abbreviation for k (k—1) ... (k—n+1), 
then 


Le hat BP pp OE 


= |1+2|' [ cos kamp (1+a#)+7sink amp (1 +a) |, 
where amp (1+~2) is the principal amplitude of 1+. This principal 


amplitude hes between — oe and + ot because |a| < 1. 














3. Let 1 ; = 1, Bre ae) 
where |#| <1. 
Put “2 = a,t+(a#—a,). 


Then P(a|a,) = P(x) + (#—2#,) P (@,)+ eer (2) ee 
i ee Mee yen) 


The condition for convergency will presently be shown to be 
|z—ax,| < |1+2,]. 
In order to calculate the right-hand side of (II.) observe that 


k inca) k,, face) 


P(c#) =1+k, (cx) + 3 +...4 ye 


where nt <$a0; (IIT.) 
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Then by actual differentiation, and substitution in the equation 





a P (ce Bh dal eh (es 
eb ees) Ee? ais Ge) uel aa BF (IV.) 
the validity of (IV.) can be established. From this it follows that 
a”P (cx) _ ( C -\' . 
= k, (———}) P 
rt 5) Pea) (V.) 


Using the formula (V.) in (II.) it follows that 


ees to NE] rues n 
Pic Va) = Pe) fL+k amet (Gy split tee (2 =) +..1; 








lee 2! l+a, nm! ‘l+a, 
therefore P(e at eee ale cee) : (VI.) 
provided that | 7—2, ] < |1l+a,|. 
Put next L—a, = (*%y—#,) + (@—a). 





Then P (2%) = P(*=%) +@—a) [2 P(e) ] 


+ Goals p(t ) | ae 





























2! dx? 1l+4a, 
(@—a,)” Be) [= p(=4 ] 
‘i Tail erg ada” os Ae taat 
Now, by (V.), 
op (*=%) teh 
Laka ee A 1+, p(7=4) 
da” 142% l+a2, 
l+a, 
r @— 2%, \7 
a” P 1 
| jaa aaa Ly—a 
therefore ——$—— = . ( : ') ; 
L da™ Suex, (1+a,)” l+a, 
therefore 





p(s) = 7g Auoentl E ny Breaths 5 Gees Hae 


un l—2, n 
Bey (ize) +. | 





=? (358) (552). 


provided |a—a,| < |1+a,|. 
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Hence (VI.) becomes 











ji ea ad CO U—~ ke . 
Pala) a) = P(@) P(e EN) (VIT.) 
and so on; 
PG ey tot, We ee) 
=— [( p (221) P (2 ale: (Fe) p(2—*) IT. 
(a7) l+q2, ee 1+2,_; en ) (VITIS) 
provided |a—a,| <|1+a,]. 


4. Now let a series of points be taken which form a complete 
circuit. We can suppose @, to be the same point as a. 
Put 2, = #, in (VIII.), and then using (VI.) we have 


Gal Si Pees ap (ep (te) .P (Se). (1X,) 








P(x | @,) 1+, 1+2, La 
To calculate the value of the expression last written, consider the 
expression p (Bri 
( 1+z2, 


The point #,,; 1s inside the circle of convergence whose centre 








1s 2: therefore ar eke 
Uy +1 v,. = l : 
1+ 2, 
therefore the amplitude of 1+ one ae hes between — ot and + 3 : 
This amplitude is the amplitude of waa and it is therefore the 
x 


acute angle, positive or negative, through which the vector 1+2, must 
be turned to fall on the vector 1+ -2,.,;. 
Hence by the result due to Abel quoted above 








P (2 1 —*:) 
1+2, 
He k 7 
To | cos k amp ee) +i sin k amp Gee), 
therefore 





p(@—2) p(S—%) ... p(™ 1) 
1+2, 1+2, abies 
1l+a, es -ta.) | 
cos | amp (7 F™ *) +amp rca a ewes. 


1+2, i ws) 4 (1 | 
1l+a, 1l+2, SP edign a) 





| + esin & [amp (= 
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1+z2, 1+2, 1+2, 
ew [ amp Grae) BPG § (aaa) rely (a =), 


is the angle through which the radius vector joining 2 to the point 
(—1) turns round as w describes the circuit 2%, ... @,-1%. 
If the circuit do not include the point (—1), then the angle is zero, 


ane PYol ait. te eee eee: 





If the circuit go once round the point (—1) in the positive direc- 
tion, then the angle is 27, and 


P(x | 2, |... %,1|@%) = P| 2#,) [cos 2kr 47 sin 2k], 
so that, if k be a positive or negative integer, then 


EG onl ee Ws [ 2, )omeeeeen tell 
But, if & be equal to a , where vn is a positive integer, 
n 
Pele] Saeed etd) oe a leer) (cos = +isin =). 


Hence the point x must go n times round the circuit including the 
singular point in the positive direction before the continuation can 
return to the original value P (a | 2,). 


d. A particular case of the preceding results will be required for 
the continuation of the series for arc sin 2. 


Seo oe ak) ao 





Let as 
: MO Reh: on ebay 
which is the power series for sate Let 
2n—1) 
R —_— ze n Aa a" 
which is the power series for (1 ey Let 


21.3... (2n—1) » 
P >) — Qn 
(«) = 2.4 AO (2n) se “ 
which is the power series for (l—a’)-?. These are all convergent, 
and 
P (x) = Q(@) R(@), 
ON th Wie 
Q@| a]... ele) = @() @ (FE) ...@ (F=4) o(F*) 
— 2, 
and 


Roz, | ..2%4/2) = CA eagle ye) 
(||... tale) = R(w) R (FOS) ...w (FM) nT Ee) 
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Consequently P(a|2,|... %,_,]2,) is equal to 

Q(m) Q(F—™) ... @ (FEA) (A) 
multiplied by  -R(a,) R Gases R ae) (B) 
multiplied by lees) R cS 2h (C) 


The product of the two power series in the line marked (C) is a con- 
vergent power series in (w—a,) if | #—z,| is less than the smaller of 
the two quantities | 1—2,| and | 1+<a,|. 

If now #%%,...%,1.2, form a circuit including «=1, but not 








including 2 =—1, and a, be the same point as 2,, then, using the 
results of Art. 4, and putting therein 4 = —4, we have 
ILy— 2, Os mer beta ist 
oe) .Q Ce) cos (—4)24+¢sin(—4)2e = —1, 
R(#—21 1) pee (QoS ENG a pet eee ay aye 
ee) R ie cos(—2) O+7¢sin(—4) 0O=+41 
therefore 
P(e|m | ara) = — O@) Bw) O(F=*) B (TS) 
= — 1) (%] #,): 
In lke manner, if the circuit include z = — 1, but does not include 
2 =-+1, the same result will be obtained. Buta circuit round both 
z =-+1 and « = —1 brings the function back to its original value. 


6. To apply the results to the series for arc sin a, it is necessary to 
transform the preceding results by the aid of conjugate functions. 


If Li Si, 
and e=éE+in, y=utw, 
then €= sin wu cosh», (Py) 
n = cosu sinh v ; (XI.) 
therefore (€ cosec u)’— (yn sec uw)? = 1, (XII) 
(é sech v)*?+ (n cosech v)’? = 1. (XTII.) 


The equations (XII.) and (XIII.) are not equivalent to (X.) and 
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(XI.), because it has been necessary to square (X.) and (XI.) to find 
(XII.) and (XIIT.). 

It is convenient, however, to have (XII.) and (XIII.), and we will 
cal] (XII.) the equation of the hyperbola vu, and (XIII.) the equa- 
tion of the ellipse v. 

Let the Riemann surface for the w-plane be constructed. Let the 
_ Sheet corresponding to the principal branch be placed immediately 
below that corresponding to the (+1)-th branch. Then, if a point 
in the sheet corresponding to the principal branch be denoted by any 
letter K, the point immediately above it in the sheet corresponding 
to the (+1)-th branch will be denoted by K,. 

The a-plane will be slit along the é-axis from +1 to +o, and 
from —1 to —o; and there will be a junction from each edge of the 
slit (+1 to +0 ) for points to pass from the principal branch to the 
(+1)-th branch, and conversely. 

Let corresponding points in the # and y planes be denoted by the 
same letter, and let us consider the circuit in the x-plane which corre- 
sponds to the following circuit in the y-plane. Let the circuit commence 
at the point M(w= a, v=b), and pass along the line wu =a to the 
point N(u =a, v=—b), then pass along the line v= —b to the 
point M,(u = a—a, v = —b), then pass along the line u = r—a to 
the point N,(u= 7—a, v = + b), then pass along the line v = + b to 
the starting point M(u=a,v=b). 


THE y-PLANE. 
y == utiv. 


v 


(+1)"BrancH 





Higa: 
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THE a@-PLANE. 


a = €+1n. 


N 
Fie. 2. 
M 
L 
NG 
A 
is 
Ah 
/ 
, 
/ 
; Q 
aoe ey S 
H ai [=e 
\ iP 
\ / 
\ / 
\ / 
ve / 
\ / 
be ie 
Nz 
N, 
WiGwaos 


The point M, u = a, v=}, in the y-plane corresponds to 


€=sinacoshb, 7 =cosasinh b, 


in the x-plane. 
To the path MFN along wu = a in the y-plane corresponds the path 


MFN along the hyperbola u = a. 
To the point N, uw =a, v = —6 corresponds 
€=sinacoshb, » =—cosasinhb. 


To the path NP along v =—b corresponds the path NP along 


the ellipse v= —b. 

At the point P the path crosses out of the sheet of the Riemann’s 
surface representing the principal branch into the sheet representing 
the (+1)-th branch. It still remains, however, on the ellipse 


When u=z—a, v= — 3, 


v=—b. 
n = cosasinhb; 


€ = sin acosh b, 
so that the point corresponding to M, is in the (+1)-th branch 


vertically above the point corresponding to M. 
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Hence in the z-plane a complete circuit has been made, correspond- 
ing to the path MN, in the y-plane. 

_ The portion MF'NP of the path is in the sheet corresponding to 
the principal branch. 

The portion Q,M, of the path, where M, is exactly above M, is in 
the sheet corresponding to the (+1)-th branch. 

It remains to consider the path in the z-plane, which corresponds 
to M,F,N,P,QM in the y-plane. M,F,N, is an arc of the hyperbola 
UU = T—aa. 

This is in the sheet corresponding to the (+1)-th branch, and is 
immediately above the hyperbola u =a, which is in the sheet corre- 
sponding to the principal branch. 

From N, to P, the point is moving along the ellipse v = + b. 

At P, it crosses from the sheet representing the (+1)-th branch 
into the sheet representing the principal branch, and goes from Q to 
M, the original starting point along the ellipse v=+06. Sothata 
second circuit in the e-plane has now been completed. 

It is to be noticed that the ellipse v = + 6 has the* upper half in the 
sheet corresponding to the principal branch, and the lower half in 
the sheet corresponding to the (+1)-th branch; whilst the ellipse 
v = —b has the upper half in the sheet corresponding to the (+1)-th 
branch, and the lower oe in the sheet corresponding to the principal 
branch. 


Since “ = sin u cosh v+7 cos wsinh »v, 
therefore x, = sin u, coshv, +7 cos u, sinh »%, ; 
therefore 

aera (48) -0(=2) 

xy set IT | 


=| 1—as| 4 | cos(—3) o, +2 sin(—4)o, ], 


where o, is the angle through which the vector 1—a, starting from a 
position in the positive direction of the real axis, must turn to fall on 
the vector 1—a, when the point x goes round the circuit. Similarly, 


R R (B= ose) 
(%) 1l+a, Nes See ee 


se aes | % [ cos(—$) 7.42 sin —3) eel 


* For the upper half 7 > 0, for the lower half 7 < 0. 
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where 7, is the angle through which the vector 1+2, starting from a 
position in the positive direction of the real axis, must turn to fall on 
the vector 1+, when the point 2 goes round the circuit. 

We have also the following expressions :— 


| 1—2,| = cosh v,—sin u,, 


1—sin wu, cosh v, 


cos amp(1—z2,) = 
P : cosh v,—sin u, ” 


: —cos wu, sinh v 
sin amp (1—a,) = ——*_—, 
cosh v,—sin u, 


tan ; amp (1—2,) = — tanh $v, cot (= —}u,) : 
cosh $v, sin (= —}1,) 

“Balsa Daany of bea Fy a a en 
v/ sin’ (= —}u, +sinh? $v, 





. Tv 
sinh $v, cos (= —3u,) 
sin 5 amp (1l—2,) = + 


>] 


|1+2,| = cosh v,+sin u,, 


1-++ sin u, cosh v, 


SEMA: ae cosh v,+sin uw, ’ 


cos u, Sinh v, 


e 1 eo b) 
sin amp ( +2) cosh v,+ sin u, 


tan} amp (1+2,) = tanh 9v, tan (4 —},), 


cosh 40, cos (= — 314) 
cos; amp (1+a,) = + ————_________,, 


Tv A 
cos” ee = bu] + sinh? $v, 











aa 
. . Tv 
sinh 32, sin (= —3u,) 
sin; amp(1+a,) =+ — 
T . 5 
cos" (=. —u,) + sinh? $v, 


The ambiguous signs will now be determined. To do this consider a 
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portion 2,#,,...7, of a circuit round «= 1, but not round # =—I, 
as in the figure. 





In this figure amp (l—«#,) = Z é14, 
and also is cant Pe Wa 
We have also EP eal ators 
therefore cos u, > 0. 
If, as in this figure, o,< 7, cos4o, > 0, 
and os, = amp (l—2,), 
therefore 





por 
cosh 32, sin (+ —31,) 





COS age SSS SO 
sin (= —ixy ) + sinh? 4v 
Qos o/s 
4, : 
. us ° us 
—sinh 3», cot ( zi —31, | sin (= — su ) | 
Blnyo, = ; 








. . Tw he 
J sin” (+ —iu,) + sinh’ $v, 


Tv 


Also in this figure — a < amp (l+a,) < + 9° 


and 7, = amp (1 +2,) : 


a 1 
therefore cos =r, > QO; 
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therefore 
ate 
cosh 3v, | cos (= - —3u,) | 
COS 37, = —————_——— 
1/208" n — Fu us) + sinh? $v, 
us ih 
sinh $v, tan (— — Ju, } |cos ( — —4u, 
eee 7 Ae 
Sin. 7, lind ti te cman the ble te NES . 
7 re 
\/ cos" ( —— —3U, + sinh’ $v, 
4, 
cos uw, | cosh v, 
therefore cos} (o,+7T,) = | | 
J/ cos? Us 4. + sinh? Vs 
; COS u 
—sinh v, sin 4, | cos ws | 
Gas SG COS U 
sin $(o,+7,) = ; a5 <_ 
/ cos?u,+sinh? v, 
therefore 


| cos uw, | cos, cosh v,—7 sin u, sinh 0, 
COS Us vec cos? bet sinh? Vs 





cos 3 (o,+7,) +2 sin} (o,+7,) = 


__ COS 4, cosh v,—7 sin u, sinh », 


ot = ) 





/ cos? U, ‘u.-+ sinh? V, 
because cosu, > 0. Also 


| 1—w; | = cos’ w,+ sinh’ », ; 
therefore 


| 1—ai |~* [cos (—3) (o,+7,) +ésin(—3) (0, +7) | 
1 


= ae = sec(u,+20,). 
cos wu, cosh v,—2 sin u, sinh »v, 





The next case to be considered is that in which 2, is on the real 
axis between +] and +a. 





400 Prof. M. J. M. Hill on the Continuations of [Dec. 11, 
Here | amp (l—2#,) =o, = 7, 
Tv 
U, = ~~ i5 
2 


Ta 
| 1+2,| = cosh», +1, 
| l—z, | = cosh v,—1, 
| 1—z} | = sinh’ »,, 
| 1—a; | -? = —cosech »,, 
the negative sign being taken, because here v, is negative. [Compare 
this with Fig. 2. For the part of the path NP, v is negative. | 
Therefore cosi(o,+7,)=0, sini (o,+7,) =1; 
therefore | 1—a} |? [ cos (—3)(o,+7,) +7 8in(—3)(o,47,) | 
= — cosech v,(—7z) = 7 cosech 2,. 
[ This is included in the previous result, as is seen by putting 


Th = > in it. | 


There remains only the case in which m < o, < 27. 





Fie. 6. 
Here o, =7+O0/A/, 
amp (1—z#,) = — (r—OIA); 
therefore o, = amp (1l—2,)+27; 


30, = +3 amp(l—a,). 


Hence the expressions for cosjo, and sin3o, have the opposite 
signs to those obtained in the first case. 

But cos 37, and sin 37, are unchanged. 

Hence cos 3(o,+7,) and sin3;(o,+7,) have the opposite signs to 
those obtained in the first case. 
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Therefore 
1 eae iE 
cos 3 (o,+7,) +7 sin ¥ (o,4+7,) 
____|cosu,] cos u, cosh v,—7 sin u, sinh ¥, 
COS U, / cos? u, + sinh? vs 








. Now, in this case, 
Tv 
9 < Un < G COR UA <0 + 
therefore 
ae cos u, cosh v,—?7 sin u, sinh v 
cos $(o,+7,)+7sini(o,+7,) = — * = — a Se ey 
/ cos? u,+ sinh? U, 





as in the first case. 


Further, because |1—#;| = cos’ u,+ sinh? »,, 
therefore 
| 1a |-* [ cos(—3)(o. +7.) +7 sin (—4)(o,+7,) ] 
iL 


SS a eG (u,+72,), 
cos u, cosh v,—7 sin uw, sinh v, 


as in the first case. 
Hence it is proved in all cases that 


00) 0 (FE). @ (FS) x Ren (EES) R(T) 


= sec (u,+20,). 








Hence the continuation of the power series for (l1—a’)~*, when 
#® = sin(w+7v), has everywhere the value sec(w+7v). In this form 
it is easy to trace the changes in the value of the power series. 


Wilenei=-. a2. b, 


sec (w+iv) = sec (a+zb). 
When w=a, v= —8), 

sec(w+iv) = sec(a—ib). 
When w= 7—a, v = — 5, 

sec (wu + 7v) = —sec (a+zb). 


Hence w+iv has changed from a+b to r—(a+z7b), and the value of 
the power series has merely changed its sign. 

It is possible to deduce from the above the corresponding results 
for the power series for (1+a”)~* {which is not in reality a distinct 
series from the preceding |. 

The result is that the power series for (l1+2’)-*, where 

VOL. XXxv.—Nno. 815. 2D 
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a = sinh (w+iv), and its continuations are everywhere represented 
by the expression sech (w+ 7v). 


7. Second Illustration.—The Continuation of the Logarithmic Series. 
The results only are given. 
The ors depends on the theorem due to Abel, 


oe 


oe het l) — +... = log|1+2|+camp (1+2), 


where | 2| < 1, and amp (1 aa is the principal amplitude of (1+2). 


Since | | < 1, this principal amplitude les between — 3 and + oe 


2 i 
Let Pa) ae ch vent aU) ee ate (|x| < 1). 





Then P(x| a) = P(w,) +P ( 
P(e yay hehe or es) 


= Pees? (52) tot (52) +? (G8) 
s—1 $ 


fe 





If therefore x, be the same point as 2, 


P(x|a|... | %-1|%)—-P(@|%) = ee +o. P(E) 



































l+a, l+a,_, 
N Ly +1 Ie ] 1 Ur 41 4, (1 Ly 41 — ai) 
ate P(E ilo tae ase hat Fe 
be Laas (=t21) 
O00, lie +2 amp Lea ks 
therefore Cp aes tae yee | z,) —P (a | 2,) 
l+a,| |l+a 12 ; 
esl. By. 1 
og | 1+a,| |l+a, 1+2,-1 
+é [amp 7+ +amp 52% ae .+amp an 
1+ 1+2, 1+a,_ 


The logarithm vanishes. 

In consequence of the hypothesis regarding the vertices of the 
polygon, viz., that each is in the circle of convergence whose centre 
is the preceding vertex, the value of the coefficient of 7 is equal to 
the angle which the radius vector joining w to the point (—1) 
describes as a describes the polygon. It is therefore zero if the 
polygon do not contain the point (—1), but equal to 27 if the point 
(—1) he in the interior of the polygon, and the describing point has 
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gone once round the origin in the positive direction. Therefore 
[Pe | aw, | %... | wy | a,)|—P(« fay) =e Seer 
if the polygon contain the point (—1). Also 
aE (@ fia, |. ... | %1| 6) | = P(x| 2%) 
if the polygon do not contain the point (—1). 


8. Third Ilustration.— Continuation of the Series for arc tan a. 


The results only are given. 





23 29 
Let P(w) =2- 42 __., 
: oe ae rar 
where |z| <1. 
9 eet BE n 
| n 
Sey a (2=") | : 
Then P(x ae) ae P(a,) ae 27 /@ er Q x, +2 ; 
therefore 
(| 2, see Reco | 5) 
Oie ta : 1) +9(= 1) +@Q ("=") 
1 ,—t Vest ied oe 








uy a 1\ sieges (22-1) oe (== *) 
aa @ Bey tt @ +e 
If x, be the same point as 2,, then 


P(x | x, |... &1 | a,)—P(a| 2,) 


| eae +9Q(% <2) 
: |-2(855)-.. a Neer 


Wy pont 
amp (= *) +amp (= ah .+amp (1 Se), 
‘y Vy — c= 











Hy +e ett “—¢ 
—amp ( tt) —amp (42) —...— —amp (~ L_. ~:) 
Cy +e Hy +2 Ys 1+ 
at; for a circuit round «=z in the positive direction, 
but equal to — 7 4 - x= eS - : 
and equal to0O for a circuit including netther « = 7 nor « = —7 or for 
a circuit including both «=7 and # = —1. 


Vets? 
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9. Fourth Illustration.—Continuation of the Power Series for arc sin a. 


General Formule for the Continuation of Power Series.— 
If f (@) be a power series, then 


f@la) =f@)+ 3 C2)" p(,) 


therefore [f(e| 4) Jen =f(e) + 3 =" (a), 

Putting nay = (04 —2,) + (ea), 

it follows that 

Fe] % 1%) | 

= | F(a) +8 SHAY pa) | + (ea) [7 $3 SX pr) | 


a are if’) oo (2) | 





Poy 
= Be em \| Of (@| @) con one | @,) 
= [Fela nt @—a) [Fel] + pay 
Putting L —Xy = (A%,—Ay) +(L—2s), 


it follows in like manner that 


F(x | & | @ | 5) = [f(@ | x; | ws) |2=2,+ (@—2) jue Le | a 





Bs tre (a — a5)” ; a “f(a | a, | Uy 2 | 
2! ie dx” pees 
and so on; therefore 


f (w| x | x | xs) 
=e fore], O54 


i { (rye) erie) +& see Pe ) vooteeh 


dx* 
Pelce cna ey | 








rm era) | Eel al) + 


=X, 


and so on. 
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Denoting therefore the series 


5 Cie EPIC AED 


(n+ 1) da"*} 





by x (a, z,), it follows that 
f(x | a | vee | «,.) == 7 (2;) ey Cas, 2,) + x (#5, Te vote “EX (@en4, 2,) +x (a, boyy 


10. The quantity x satisfies the following relations :— 


Ox (a, ae eS ce —2, iy _ (e|-2,|...| 2-1) 
da”*!} 





On n=0 Lay 
MOEA a vo [tran | @y) 
dx j 
Ox (2,2) pee vee al} 
x,. da OE re 


The quantity x (a, z,) does not involve 2,4, ..., 2,1, except in so far as 
the choice of these points affects the branch of the function f (2) 
which is represented by f (a| 2, |... | 2,). 

Its value will be determined later on in the case where f (#) is the 
power series for arc sin 2. 


11. Calculation of the Differential Coefficients of the Continuations of the 
Power Serves for arc sin 2. 


We will now suppose that f (#) is the power series 


§ Ieoke (an 1) ee 
n=0 paw eee (27) Qn+1’ 





which is convergent if |«| <1. And we choose a, so that | a,| < 1. 


df (x) _ 3 ae Se CeO a 
ek .. (2n) 





Lo 
Wale: 


= power series for 


therefore, using the notation of Art. 5, 





df (w| |... | #) _ Be Gear lean | a) 
da 


= aa(F8) a (FEE) @(F=2) 














F L—2 1—2, 
x Bo) R (SHH). (FA) (FS), 
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therefore 











De aea(¥e8) ($22) 


* eo (Tee) B Tre) 
Rowe | (Fes) (ee 


= 2-6. | gm (= 2) | [ae Ge) | 
































xY—€ pol ta( Doe) 
Be @(i=4) = A 3 2.4... (2t) (j = 
therefore 
dl” Beale i Re hohe ... (2t—-1) a (t=O +1) ae et 
da’ a(F=3) % ae to Wao?) (12/2 =) 
ay: eee ie stent (v+w)(vtw—1)...(wt+]1) (g=5)" 
ae .. (20+ 2w) 1 us Ls 
Bees liom CAEL 1) a—& 
swag 2+ ap! Ae = 
I will prove that this is equal to 
oe 
2/0 (2—1)": 
x—€ 














ae = -D(-73) is 











2.€., to 


Ei v wa Leelee ts x—é\" 
( ee 7a ia .. (2w) 1— :) 


seed Ger ss ” GE) + 
4 2H) 2 (ot) (ote (e-8) 4.) 
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The coefficient 





i=) in this product is 














Lobe v 
3 [eet (v+w—1) 
w! 
1v(v4+ 1)... vt+w—2) , 1.3 v(w4l)... (v+w—3) 
uid (ogee 41 Go) 
1. ie .. (2w—3) 1.3... QQw—1) 
1S Sa iE ap)) 4." DERN OF | 


The bracket is the coefficient of z” in the product of the power 
series for (1—z)~” multiplied by the power series for (l—z)~}. 
Hence it is the coefficient of z’ in (l—z)°""'. It is therefore 


(v+4)(+8) ... (o+ cay 


w! 








The coefficient of fea is therefore 




















rae Gea 2 =) (Zo+8) + (Beet) 
(9-2) w! 
_ 1 18... (204+2w—1), 
EY 2°*" yt 
a—€ 
therefore = e(#5 =) = (—s)r ‘lie 
provided |a—é| <]1—€]|. Similarly, 
@ p(#=8) — BU) 
aa \T¢e) = aaa 


therefore 
dix” ak b= * (eee 
$3 f.-..C-na0(e8) a(228) 2 te 


De ot) Ri )3 3 |: ry Dal Digan Carl 
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therefore 
it anf (al a,| |e) 
(n+1)! de"! 

en : By ®% Hy. — Ly) veh, 

= (0) 0 (FES) .. oF) o(F=*) 

f R(2—4) mae (Fe R(*—*) 

SY l+a, 1 +2, 7) 1+2, 
x 1 = [ aoe 8 (C=2)s 1 1 Eb 
m+1s-0 L(n—s)! s! (a—1)"* (#4+1)*J 





Hence 


(a—zx,)"** [d"*'f(ae| a | ... | 1) 
(n+1)! [ dae"*} ae 





v,. mt pr ‘) 
1—z,_ 1 


= Q(x) Q(@= 





a 
AG 


see 
<R(a)R (m4)... 
( 











Bh 
l+a, fen oa) 
ayn ye (=). 1 
ae Sires aati cee (ae nal 


n+1 s=0 


12. Determination of the Quantities x (x, x), x (assis &s)- 














Hence 
BO ee OOM aera One a) 
Re) Ee) ae ae) 
plore keen tea!) 


Now take a circuit round «=1, such that |z,—1]| is always less 
than | z,+1]|; then it will be proved that the above series is con- 


vergent if 
5 |a—a,| <|z,—1]. 




















aa sae 
Since wet and | (=2). are each less than unity, therefore 
—s)! s! 
the modulus of the general term of the series is less than 
exerts 1 ie ei 
n+] s=0 | a,—I1|"-* | a,+1]* |av,—1|" n+1 s-ola,+41 
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and, since ied <a, 
x,+1 
therefore nde 3 #,—1 |* Paik 
n+1 s=0 a,+1 








Hence the modulus of the general term of the series is less than 


L—2,. n 








t,—1 
Hence the series is convergent if 
|a—za,| < |a,—1|. 


In like manner, if a circuit round z = —1 be taken, the series will 


be convergent if |a—2,|<]a,+1]. 


Hence the series will be convergent if « be so taken that |v—z, | is 
always less than the smaller of the two moduli |a—z,| and |z,+1]. 

Hence x(a, #,) and x (a4, a.) will be convergent if the vertices 
X45 Vy, ..., %, are all chosen so that each of them is in the circle of 
convergence whose centre is at the preceding vertex. 

In order to evaluate x(#,,;, %,) we will suppose that a, and @,,, 
both he either on one of the hyperbolas for which wu = constant, or 
on one of the ellipses for which v = constant. This is not in reality 
a restriction, for, if z, and #,,, are not so placed, it is possible to draw 
the ellipse (or hyperbola) through 2,, and find where it meets the 
hyperbola (or ellipse) through 2,,,; and take their point of intersec- 
tion as a vertex of the polygon intermediate between #, and 2,.1. 

Now it was proved in Art. 10 that 


Ox (2x, #,) _ df (a leles 2, 











Ox 
and Ox (2, a) (*, a [wets lar) 
O2,. da xt, 
therefore OX (a1 ®s) = [ a (w ES {Le alee 
38541 LHL, 





*xGeun®) — — [ite es. es 
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Therefore, by Art. 11, 


OX Gis, ) 2 Q(x) Q (2 a) if Q (na 




















Dae _ 1—z, 
<n) (158) 8 
~ 08 %,,1 cosh 2%, , zs names (by Art. 6), 
ee =—Q(") Q ae) ie (2-2) 
x R(a) B Gee ar (sae) 
ar ot (by Art. 6). 


cos wu, cosh v,—7 sin u, sinh v, 


Now suppose that x, and 2,,, both lie on the ellipse for which 
oy ba hen 


x, = sin u, cosh b+7 cos uw, sinh b, 


2541 = sin u,,; cosh b+7 cos u,,, sinh b ; 
therefore 


Dx (41, Ie) 
Db 





— Ox (oie ee) Dx ae ox CARs a5) D251 
dx, Db Oz. Db 
as — =e! = 
cos u, cosh b—7 sin uw, sinh b 
1 


cos u,,, cosh b—7 sin u,,, sinhb 





(sin wu, sinh b+7 cos u, coshb) 





(sin w,,, sinh b+2 cos u,,, cosh b) 


ae ey es Oy Aoi OS 


In this case then we may find the value of x (@,.1, 7.) by putting 
b= 0; then a, becomes sin uw, and a,,; becomes sinw,,;. Here wu, and 
u,,, are the parameters* of the hyperbolas through the vertices a,, x, ,1 
of the polygon. 

Again, if #, and 2,,, both lie on the hyperbola for which u =a, 


then x, = sina coshv, +2 cosa sinh »,, 


X,41; = sin a cosh v,,,;+7 cos a sinh », ,1, 


* The values of the parameters depend on the path of the variable x. 
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Dx Cae 2.) 
Da 


a ox (25.4, 2.) Dx, nex (Powis w) Dax 
Oz, ies O25 44 Da 


—] See ; 
= ae : (cos a cosh v,—7 sin a sinh v,) 
cos a cosh v,—7 sin a sinh », 


1 


cos a cosh v,,;—2 sin a sinh : Vest 


See Det bie. (). 











(cos a cosh, ,,--7 sina sinh v,,;) 


In this case we may find the value of x(z,,,, 2) by putting a= 0; 
then a, becomes 7 sinh v,, #,,, becomes 7 sinh v,,,. Here v, and v,,, are 
the parameters* of the ellipses which pass through the vertices x, and 
#,,, of the polygon. 


13. Now consider y(#,,:, #,) in the case in which a, and 2,,, both 
lie on the ellipse whose parameter = b. Its value is, by Art. 12, 


Q(x) Q Gee as (oo) 


iL reelre ney 


Ra) R(S—4) ... R (B21) 
x (a) 1+, 1+2,- a 


n= = [@ur= a)" SZ n (—3 eee t (— 4), 1 i ] 
n= a GAS CS A Ee eA es eat 
1 


cos uw, cosh b—7sin uw, sinh b 


N=20 (@,.1—@,)"*? t=n (— —3), 
as ey [ (n+1) a (n—t 














=P 
! 


HOA (ee dt Meio Ye ta] 
Ne tire Wan (gee 18 Cae Le 
Now we have seen that the value of this does not depend on the 


value of b; therefore, putting =O, and consequently 2, = sin u,, 
Uy il eee (2,5 ,) OeCOMeES 


] "Ss [ease yo Ss (—$F)nee (— oe 
COS U, n=0 (n+1) t-0 (n—t)! 2) 


1 
a Crinay—1)""? (sings, 4 1) ale 














* The values of the parameters depend on the path of the variable w. 
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Now, by Taylor’s theorem, 
the acute angle whose sine is 2, = the acute angle whose sine is a, 


LF feces (pei 1 ee 
A, =| (n+1) = (n—t)! #! (a@—-1)** (@4+)D2’ 


where the square root is to be taken with the positive sign. 
Now, if wu, and u,,, are both acute angles, we can put 








= Sins, eae SUL 


2 
x eee = COS 4,. 


Also the acute angles whose sines are x, and a, are u,, u,,, respectively. 





Hence Ura, = Ut (Bsr, Vs) § 
therefore NX (He43, &,) = Uy41—U,. 


The next case that comes up for consideration in forming a circuit 
is that in which w, is an acute angle, but w,,, an obtuse angle. 
There is in this case a difficulty. As b approaches zero the ellipse 
shrinks up into the line joining the points —1 and +1. But it 
always has two sides, and we have to work out the continuation of 
the series from the point sinw, on one side up to the point +1, and 
round on the other side to the point sin w,,;. It is therefore better 
to regard it as consisting of two parts, viz., of the part from sin u, to 


sin om which belongs to the preceding case; and of the part from 


sin ze to sin u,,;, which belongs to the following case. 


Consider therefore the case where both wu, and u,,,; are obtuse. 
We put here, in applying Taylor’s theorem, 


% = sin(w—4u,), 2% = sin(r—vw,.;), 
NAM re = cos (r—4,). 


In this case the acute angles whose sines are a, and x, are r—u, and 
7—U,., respectively ; therefore 


T—U 5.) = T—Us+ 





i se E U,,1—S8in u,)"*" 
COS (7—u,) n=0 n+l 


Finan en Cote Lea 
t-0 (n—t)! ¢ (sinu,—1)*~* (sinw,+1)1J’ 





therefore TU 4) = T—Us—X (Boas Us) 5 
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therefore xX (a, #1) a.) = Us41— Us, 
as before. 


We are now in a position to take the case where wu, is an acute 
angle and w,,, 18s obtuse. Let us call the point +1, 2. We take 


first w from wu, to a , which gives by the first case 


heey i) = 7 —Us. 


Then we take wu from ae to w;41, Which gives by the last case 


X (25415 a.) = ther 
Hence X (ay, 2, ) +X (Ge+1, a.) = Us41— Us. 


Hence in all cases we have 


AC ee a) = Us41-— Us. 


14. We have now to proceed to the case where 2,,, and a, both lie 
on the hyperbola for which the parameter is equal to a. Here 


1 


X (sen cosa cosh v,—7 sin a sinh vs 











NED (2,,1—@,)"*! t=n (—3)n-t (—3): 1 re | | 
a (n+1) Re (n—t)! ¢! (@—1)"* (241) 


n=O 


The value of this is independent of the value of a. So we can put 
a=0. Then 2,, 7,,,; become 7sinhv,, 7sinhv,,, respectively. And 
X (2.41, #) becomes 





1 ) S$ (¢ sinh v,,,;—7 sinh v,)"*" 


cosh vs Cn=0 n+ 1 





i (=3)n-t ( -3)t 1 1) | ; 
t-0 (n—t)! ¢! (¢sinhv,—1)"~’ @sinhv,+1)* 





. ° , +1 
t } $ (sinh v,,,;—sinh v,)"* 


EB cosh UV; n=O n+ 1 





. ['s (eer (— 3) ! — | 


io (nt)! ¢! (sinh v,+7)"~¢ (sinh v,—2)' 
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To evaluate this we consider the real logarithm of z+ WAL 42 where 
zisreal. Call this real logarithm 


log, (z+ /1+2). 








dlog,(z+V1+2*) 1 yen EN 
Then PS si (ee a2 Jes 
e Daas: (a2) ate —2) 
therefore 3 
qt )] ae UD t=n ‘ 2 ‘ ‘ 
onan Hay) = nCi aa are ete ae a Oe) ie 
Zz t=0 
therefore 


1 a log, (2 7 EA 2) | 
(n+1)! dz”** 


a a 1 = — (—3)n-2 (—3): 1 th 
mr L/L GF ata (n= 1)ts tl e-bay 











where the square root is to be taken with the positive sign. 
Put now z= sinh »v,; 


therefore 





[ 1 Ties vl 
(n+1)! dz*} z = sinh v, 


a yd gles ES (ire) ee ered Sta 1 


~ n+1 cosh», so (n—t)! t! (sinhv,+2)"-* (sinh v,—i)"" 








Hence the value of x (a,,;, %) to be obtained is 








ws (sinh v,,;—sinh v,)"*? pe log, (2+ ave 3) 
n=0 (n+1)! dg"*' z=sinhv, 


=1 [ log. (z+ V1 + 2"), = sinh Ne Sead 824 (z+ v1 ae 2), = sinh ei 
— t (Us41—Us)- 


The series is convergent if | sinh v,,,—sinhv,| is less than the 
smaller of the two moduli | sinh.v,—7| and | sinh v,+7 |. 
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15. Hence, by Art. 13, if the vertices 2,, #,,, be taken along an are 
of one of the ellipses v = constant, 
X (41, &) = value of w at x,,;—Vvalue of u at a, 
= fvalue of (w+7v) at x,,,—value of (w+7zv) at wt, 


since the values of v at w,,, and 2, are the same. 
If, however, x,, %,.; be taken along an arc of one of the hyper- 
bolas w = constant, then, by Art. 14, 


X (@s41, &) = 2 (value of v at xw,,,—value of v at ,) 
= value of (w+iv) at x,,,—value of (w+7v) at a,, 


since the values of w at a,,,, v, are the same. Putting the two results 
together, when z, and 2,,, are not situated as above, we Tae by 
interposing one or more intermediary points, prove that — 


X (@.41, %;) = value of (w+7v) at x,,,—value of (w+7v) at 2,, 
where the values of wu, v will depend on the path of the variable z 


round the circuit. 


16. Let us now examine 


x (a, 2,) = (x~—2,.) Peel al... aoe 1) | 


jt %,, 


+ Gray ple ee le 








ace 


Suppose that the circuit has been taken round x = 1, but not round 
2 =—1; and that 2, coincides with 2;. 
Then y (a, #,), where 2, coincides with 2, is, by Art. 12, 


Q(zx,) Q Ges) a. (= 21) 














l—2,_,/ 
; oe raat iy (Co Pree ae 
x Rw) R(T ee) 
< 3 {e—* rs (=a)nas (—F)n- F ear 1 Ak 
moot m+) sso (n—s)! s! (#—1)** (@,+1)° 
(w—a)""N°5' (—2)n-s Moore lates 1 


=—_ Q (#,) R(2,) oe r n+l os (n—s)! at (a il)" s (a,+1)° ’ 
by Art. 5. . 
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17. Continuation of the Power Series for arcsinz round a Circust 
enclosing x =-+ 1, but not # = —1. 


Oy (| aren pea ee) 
=f (a)+x@,, 1) +X (sy 5) + ee EX (Ap-1; ty) +y (a, ay) 
[where wz, = 2,] 


(u,+20,) + (Ug + tv, —u, —70,) +... + (CU, +00,— U1 — 10-1) 





<a . ((2— fa—ay)"*" "5 = (2) 8 ak 1 La He 
eee aye 2) n+1 sz 4, (n—s)!  s! (a,—1)"* aaa 
But U,=7T—u, and v,=—2,; 
therefore 


f(v| | ... | a1 | %) 


aaa ‘> (eae s (—3); 1 1 
—@@) CN > - = (n—s)! s! (a,—1)""* (#,4+1)° 
= 7—f (x) 


aa (2— =a)" OS (= 3)n-s Cee) 1 1 
Q@) B@) 2 i = Gas) eal ee 











But f(#| a) =f (a) 


(oe cae Ss" = ie s (Cae) 1 1 ‘ 
+ Q (a) (a) 3, n+l 2 (n—s)! 8s! (@,—1)""* (@,4-1)°’ 


therefore f ele x eee ee) es ee eg) 





for a circuit in the positive direction round «=+1, which does not 
include x =—1. 


18. In like manner for a circuit in the positive direction round 
#2 =—I1, which does not include «#2 =+1, the result would be 
—x—f (x |2,). 

For a circuit in the positive direction round both «=+1 and 
2 =—1 the result would be —2r+f(x]|2,), provided that the point a, 
is situated in such a manner that the circuit is equivalent to a 
circuit round a = —1, followed by a circuit round a = 1, both these 
circuits being described in the positive direction. 

Other circuits may be treated in a similar way by resolving them 
into circuits round x=+1 and «=-—l1. 
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On the Functions associated with the Parabolie Cylinder in 
Harmonic Analysis. By E.T. Wuirraxer. Received and 
Read December 11th, 1902. ; 


1. Introduction. 


The following paper is a study of the functions defined by the 
differential equation 


dz ig tings 


where Z is a quadratic function of z. To these functions the name 
functions of the parabolic cylinder may be given, as it was shown by 
Weber (Math Ann., Vol. 1.) that the harmonic functions applicable to 
the parabolic cylinder satisfy this equation ; some power series which 
represent these harmonic functions and satisfy the differential equa- 
tion have been found by Baer (Diss., Cdstrin) and Haentzschel 
(Zeitschrift fiir Math., Vol. Xxxtt.) | 

The differential equation, however, has an importance quite apart 
from its occurrence in harmonic analysis ; for, owing to its simplicity, 
it naturally is presented to us as the first object of study in the 
general scheme of defining new transcendental functions by means of 
differential equations; and it will be evident from the results found 
in the present paper that many definite integrals, which have been 
suggested at various times by different writers as suitable definitions 
for new transcendental functions, are really special cases of definite 
integrals which satisfy the differential equation of the parabolic 
cylinder. 


2. Description of Paper. 


In the present paper the differential equation associated with the 
parabolic cylinder is first (§ 3) solved by means of a family of de- 
finite integrals. It is then (§ 4) shown that one of the integrals of 
this family possesses properties which fit 1t to be taken as a standard 
solution, and this integral is denoted by D,(z). It is shown that 
D,, (2) possesses an asymptotic expansion which is well suited for the 
purpose of calculating its numerical values, and that in certain cases 
it degenerates into an elementary function. It is then ($5) shown 
that the general solution of the equation does not introduce any 
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function other than D,,(z), and a second family of’ definite integrals 
is found which satisfies the differential equation. 

It is then shown (§ 6) that the function D,(z) possesses two sets 
of recurrence formulx, and that in the case in which m is an integer 
(§ 7) this function can be expressed in a simple form, and (§ 8) that 
it possesses integral properties and can be used to form expansions 
of arbitrary functions. A third family of definite integral solutions 
of the differential equation is found in § 9, and a fourth family in 
§ 10, and the members of these families which represent D,,(z) are 
determined. 


3. Determination of a Family of Definite Integrals which satisfy the 
Differential Hquation. 


As has already been said, the differential equation found by Weber 
for the functions of the parabolic cylinder is 
d°y 
—~ +Zy=0 
dz” Tae . 


where Z is a quadratic function of z. There is clearly no real loss 
of generality if we write this in the form 
ay 2 
ae + (n+3—27)y = 90, 
where 7 is a constant. We shall accordingly adopt this as our 
standard form of the equation.* It is evident that two independent 
solutions of this equation exist of the forms 


— Qnt+1, , 4n?+4n4+3 











1 Meany 
Apes OG pene 
_ 2Qn+1 ,, 4n?+4n+7 

and Zz DP ay Soars Ot... 


respectively. These series are convergent over the entire z-plane, 
and may be taken as the two fundamental solutions. As, however, 
series-solutions of this kind have been discussed by the two previous 
writers, and, as we shall show that it is advantageous to choose the 
two fundamental solutions otherwise, these series need not further 
be mentioned. 

In order to obtain a pair of fundamental solutions suitable to be 
taken as standards, we shall first show that a family of definite 





* This differs from the standard forms previously adopted ; the reason for it will 
appear subsequently. 
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integrals exists, by means of which the solutions can be represented ; 
for in the differential equation 


a? 
at + (nthe) y =0 
let a new independent variable be introduced by the relation 


ye oahu. 
The equation becomes 





du du 
a i + (2nz—z*) - +n(n—1)u = 0. 
Now, if v denote the integral 
| e 7 $- 3 (7/2?) t-"-1 dt, 


where the path of integration y is for the present unspecified, we 
find that 


» dv 


AE mr 
dz? 


+ (2nz—2*) 2 +n(n—1)v 


=—— 4 | “ [ sP—t2 + (n—1) ae a amt | dt. 


It follows from this that any integral of the type 
ea et 4(F12") t-"-1 dt 
Y 
is a solution of the differential equation of the parabolic cylinder, provided 
the path of integration y vs such that the quantity | 
{P—t2e—(n—1) 2} tre FE) 


resumes tts initial value after describing the path. 


This result furnishes a large number of definite integrals which 
satisfy the equation; thus, the quantity 


§?—tz—(n—1) zt ee rae Mai 
is zero at the points 

¢ = 42?+42 f—4. (n—1) }3, 

t = $2—4e {2-4 (n—1)}}, 

t=Q0O (when x is negative), 

f= 00 (provided the direction at infinity is 

such that is veal : 

28 2 i 
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- and therefore, if y be a path joining any of these points, the expression 
He | e t- RE) g-ael y 
Lf 


will be a solution of the differential equation. 


4. Asymptotic Hxpansion of one of the Integrals found in § 3. 


Determination of a Standard Solution. 


Among these solutions there is one which (as will appear later) is 
especially suited to be taken as a standard solution. This is the 
integral taken along a path which encircles the origin in the ¢-plane 


and begins and ends at infinity in that direction which makes Le 
oe Z 


positive real quantity. This path will be denoted by 6. We shall 
now show that this solution ete 


~12 = aoe 2/2 = S 
e7# | e t—3 (t?/z )t n 1 dt 
6 


possesses an asymptotic expansion when z is real and positive. 

For let z be any real positive quantity greater than some fixed 
quantity k°. Then the path of imtegration can be divided into two 
parts, namely, (1) a part 6, consisting of the portion of. 6 which is 
contained within a circle of radius & and centre the origin, and (2) a 
part 6, consisting of the two portions of 6. which are outside this 
circle. Thus 


crits ef BP") 4-n-1 a4 
6 


sae ee eae ; f? 1/# 2 1 (— pyr} 
—_ a2" yn ar n 1 ( \ ae (=>) i 
; \¢ Dei BUN Des | Me ia aT ah tag fi 

















Be eae = (\ —1 (¢2/q2 - 1 some fad ; 
+e? 2 Sie de ba ak Sy Lot Wate | Lae Lok ( 8 ey tee 
i " : Dae (r—1)! 277 / dt 
bles Wi gta 4 ween Poke piste ae yrs! 
+e 4% Z| e i 6 eee) Fy ee ee CAH acl } £-"-l gt 
Jos ie x 22° (r—1)! ( 22" . 


The first of these integrals can be evaluated by help of the relation 


1 Vint = Spe 
— —_— Mi 
P(k+1) rile’ Bi pete 
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and thus furnishes the terminating series 
2r (— Dae " { 1” v(n— 1) 
iT (n+1) 22 
cid fore 1)"'n(m—1)...(n—r+1) 1 2 
(r—1)! (Ay § 
Considering next the second integral, we observe that at all points 
of its path of integration 6, the quantity 


ng t ae rel 
~4 (Cl) __ i oe 
‘ be Tie) 


can be expanded as an absolutely convergent series in the form 


1 me CN ji —f r+1 
ee Sieg ae nF 


.from which it follows that, when z is large (rv being supposed pre- 
determined independently of z), the second integral can be written 


A 


Ir? 


Zz 

















Sid « 


ete pn 


where A remains finite when z is indefinitely increased. 

Considering, lastly, the third integral, we observe that |¢| is 
eveater than k at all points in the range of integration, and there- 
fore (7 being supposed predetermined independently of z) the 
occurrence of the factor e~‘ in the integrand shows that the integral 
will at most be comparable with e~* when k is large, 7.e., it will for 
large values of z be small compared with the second integral. 


Summing up, we see that, if * be a predetermined integer, then the 
solution | pa pe dt 
6 


can for large positive values of z be expressed in the form 
20 (—] Lea 42? e ae n(n—1) 
T(n+1) eos 22? a 
4 (HD a(n 1). (=r 1 zn 
(r—1)! (228) i teas 


where A remains finite when z increases indefinitely ; that is to say, 





the divergent serves 
2m (—1)"" 5 -aen { jy nia=1) 
22? x 
FAGr 1)'n aks (n—r) 1 ) 
2" r! ey sd Biba: 5 
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us an asymptotic expansion of this solution for large real positive values 
of 2. 


We can now define our standard solution in the following way :— 


The integral PEED He | et PY (te at 


T 


will be denoted by Sa (ay 


and will be taken as a standard solution of the differential equation of 
the parabolic cylinder. 

The function D,,(z) ts a one-valued analytic function, regular for all 
finite values of z; and, for large real positive values of 2, it possesses the 
asymptotic expansion 


Mase lt. n(n—I1 n(n—1)(n—2)(n—3 





It is obvious that when 1 is a positive integer this last series 
terminates; in this case the function D,(z) therefore degenerates 
into the product of an exponential function and a polynomial. This 
case will be deferred for the present; but it may be observed that 
this circumstance is a justification for the choice we have made of a 
standard solution. 

When the real part of » is negative, by deforming the path of 
integration, we find that the function D,,(z) can be expressed by the real 
entegral 


1 » hele ts 
D,, (z) a ep Tee “| arb ait [P)e-n-lgy 
T(—n) ‘ 


5. Hxpression of the Second Solution of the Equation in terms of D,,(z). 
A Second Family of Definite Integrals which satisfy the Equation. 


Since the differential equation 


dy 


re + (n+4—127)y=0 


is unaffected if we simultaneously replace 1 by —n—1 and z by —7zz, 
and since from the asymptotic expansion it is evident that D, (z) 
and D_,_;(7z) cannot be mere multiples of each other, we see that 
the general solution of the differential equation of the parabolic cylinder is 
expressible in terms of the D-function in the form 

aD,,(z) +b D_y»-1(z), 


where a and b are arbitrary constants. 
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This transformation shows that cntegrals of the type 
ent ef +h (@/2*) yn dt, 


where y is any path such that the quantity 
{P+ Fee oe (n+ 2) a Ertl —t+a(e/2") 


resumes its initial value after t has described y, constitute a second 
family of definite integrals satisfying the equation. 


6. Recurrence Formule for the Function D,, (2). 


For all real or complex values of n and of z the function D, (z) 
satisfies certain recurrence formule. For, on integrating by parts 
the right-hand member of the equation 


Qrv 


r 
cas ee 2"D,, z)= e7t-3 (oA /22)) (ee 2) Wehasia 1 dt, 
Din+1) a | eee 


6 
we obtain the result 
if (z) fel te (z) ch (n—1) Dei (z) =e 0, 
and in the same way we can obtain a second recurrence formula, 


namely, 
Mi ce) (z) +4 1 2D, (z) —nD,,- i(4) = Sih 0. 


7. The Functions D,,(z) in the case in which n ts an Integer. 


We have already seen (§ 4) that when n is an integer the function 
D,(z) ceases to be a new transcendental function and becomes 
merely the product of an exponential function and a polynomial. 
Its explicit expression may be found as follows :—We have 


D, (@ ) = P@t)), = 448 |e t= ee Ct ae rat. 
~ dO 
If we take a new variable v defined by the relation t = z(v—z), the 
resulting integral can, when 2 is a positive integer, be at once 
evaluated by Cauchy’s formula for the n-th derivate of a function. 
We thus obtain the formula 


D, (2) = (ne © (e“#) 


x 


which represents D,,(z) when nis a positive integer. 
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Applying the transformation which changes z to 7z and to —n—I, 
we see that, when n is a negative integer, the expression 


ar hee 1 
dg7 ale y) 


ts a solution of the differential equation. This gives a second set of 
solutions expressible as the product of an exponential and a poly- 
nomial. 





8. Integral Properties of the Functions D,(z) when n ts an Integer. 
Expansion of an Arbitrary Function. 


We shall now show that the functions D,(z) possess properties 
analogous to those expressed in the theory of Legendre functions 
by the well known equations ~ 


1 1 2 
Le Je 5 sag, dg 
[ P@P@=0, [ P@d= 52, 


For, from the differential equation, we have 


@D,, (2) & D, @) 
72 — DAZ) 


Daz) + Gee 1), (eee (2 en, 


and, integrating this relation between z= —oo and z= a, we have 
the integral relation 


| DEN SAO 


for all unequal integer values of m and n. 
Moreover, we have by the recurrence-formule 


oP. (2) 


i Di (a) de = |" D,(z) § eu AEC a 1) Dyi@ } ae 


Transforming the right-hand fine by use of the theorem just 
established, and by integration by parts, we obtain 


| Di(@)de =| Dj, (2) dz 


nt{ {D,(2)}" de 


io 2) 
nt e * dz, 
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whence, for all integer values of n, we have the integral relation 


‘i Cant) Or Ae 


From these integral relations it is evident that, 7f any function f (z) 
be expanded in a series of the form 


F (2) = a Dy(z) +4 D, (2) +a,D,(z)+..., 


then the coefficients are given by the relations 


pica eit ie D, (t) f(t) de. 


9. A Third Family of Definite Integrals which satisfy the Differential 
Hquation : Expression of D,,(z) as an Integral of this Type. 


We shall now find another family of definite integrals which satisfy 
the differential equation. 


a 


For leh y= | el (144) (18) dt, 


where the path of integration is for the present left undetermined. 


Then 


A?y 7 
Bens ae) 





=| eh (1tt) (1 —t)am? {4t4+3e°P 4+ n+4—42} dt 


— -| 7 ential +¢)-@(1—p3 Uy dt. 


It follows that the differential equation of the parabolic cylinder is 
satisfied by any integral of the type 


| e(1+t)-* 1 1 — 1)? de, 


provided the path of integration y vs such that the quantity 
ett (1 as t) —in (1—t)?""? 
resumes its initial value after t has described y. 
A large number of paths y can be found to satisfy this condition ; 
among these we shall select the one which gives our standard solu- 


tion D,,(z). 
Let e denote a path of integration which encircles the point t = — 1, 
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and begins and ends at infinity in that direction which makes 2*¢ 
negative. Then, if we form the integral corresponding to this path, 
we easily find that it possesses an asymptotic expansion of the form 


n,—} 


1 é 
z’e-*" x a power series in —; and, on evaluating the first coefficient 
Zz 


in this series and comparing with the asymptotic expansion of D, (z), 
we have the formula 


Ges! 


D, (2) = — ers 


. ert (1+ t) -3n-1 (1—1)?”- dt, 
which expresses the function D,(z) as a member of this family of in- 
tegrals. 

When the real part of 2 is negative, this gives, on deformation of 
the path, the result 


i (n-1) 
D,, (2) = : sin 5 T (3 +1) e 42? z) | e-s -in- (143) We 
0 





10. A Fourth Family of Definite Integrals which satisfy the Differential 
Equation. Hexpression of D,(z) as an Integral of this type. 


By a similar process to that employed in §3 and §9, it can be 
shown that the differential equation of the parabolic cylinder is satisfied 
by any integral of the type 


:| eat (¢—1) -3n-3 (t ae 1) dt, 


provided the path of integration y vs such that the quantity 
eat (¢—1) -3n+3 (t 40 Lye 


resumes tts cnitral value after t has described y. 


A large number of paths y can be found to satisfy this condition, 
and these furnish integrals of the equation. Among these we shall 
now find one which represents the standard function UD, (z). 

Let 7 denote a path of integration which begins and ends at in- 
finity in the direction which makes zt positive and which encircles 
the point ¢= 1. 

Let y, denote the integral taken along this path, so that 


Why :| e**(¢—1) 2 (t+ 1) dt. 
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Then, if s be a new variable defined by the relation 


As 
“ 
le eee Fo , 2s\ 
we have Jia hese | Naas (1+ =) ds, 
. 


where the integration is now taken round a contour which begins 
and ends at infinity, and encloses the point s = 0. 
This quantity clearly possesses an asymptotic expansion of the form 


er 
es Xa power-series 1n —, 
Zz 


and is therefore a multiple of D,(z). To find the constant multiplier, 
we observe that the first term in the expansion is 


Domere tan foto b kde 


S25) 4-9) 2s 
9 ante an 





-4}:° Le 
or men é z 
2 
Pay dee that ph Er aL rh 
; r (ae Pe 
5 


and therefore that D,(z) 7s expressed as a member of this family of 
integrals by the formula 





om 2p) (4 1 


D,(z) = hag | CeCe ate’(E-H 1)e de. 


wy" 


When the real part of ~ is less than unity, it is easily seen by 
deformation of the path that this can be replaced by the real integral 


y 2 3n 
OEE Peele er ate tg a + 2s ds. 
: ea z 
fea) aa, 

2 
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Some Applications of Fourier’s Theorem. By H. M. Macponanp. 
Received and Read 11th December, 1902. 


Fourier’s theorem may be written in the form 


fe)=ge[ erdy [oF Ode 
Arh b 
where a, b are two real quantities, the path of integration with 
respect to zis the partof the real axis in the z plane lying between 
z—=b and =a, c is a real positive quantity, and the path with 
respect to y lies in the first and fourth quadrants of the y plane, 
being terminated as indicated. From this it follows that, if 


[eo F@) es 


ep 


1 
then Doe 





eh (y) dy =f (x), (A) 


/ 


where the path of integration is any curve into which the path 
(c—w.t, c+) can be deformed without passing over a singularity 


of (y). 
This suggests that there may be other paths of integration such 
that f (a) =A fe" [ef @) dy dz, 


and then corresponding relations between integrals would follow. 
For example, Cauchy’s relation 
f(x) = Tiny (2) a2 


Q2re} £—w 





may be written 
1 HS oe % 
A) — 5 | pase ay| oe” f (z) dz, 
o et 


where a and 8 are such that cosa and cosf are negative. If the 
value of the integral 


l wee 
a | et) de = $y) 


is known, the value of the integral 
[eo ay (B) 
0 
is f (a). 
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In what follows these two relations will be applied to obtain the 
values of certain integrals. ‘ 
It is known that the integral 


D 
| 6 he (zy en” dz 
0 


can be expressed as a hypergeometric function ; it therefore follows 
from the above that J” (#) a” can be expressed as an integral 
involving a hypergeometric function. Writing 


[ e-" J, (2) dz =o (y), 


0 








then| ? t Cay =|5 ee z i (ragike writ2s—m dz 
| Y 0 2"*2 11 (n+s) II (s py ts ’ 
that is, o(y) = Ss —) 0 (n—m-+ 2s) ii 


2+ TT (n+s) II (s) 2 yr ae? 


p (—)*II (oe :) a = +5) : 
therefore o(y)= > = 








n—m m2—m—1L' 
Wee aon ee ora 


whence 9(y)= 


bee 


r. p(t El a mise: —-), 
; yP 


ae ee 


el 


“using the usual notation for a hypergeometric function. The rela- 
tion holds if the real part of —m is greater than —1 and the series 
converges. The hypergeometric function that occurs in the above 
expression can be expressed by means of a spherical harmonic, and 
the relation can be written 


| en! i (z) g7™ dz — Nic yr- marl el 3) eC y ?__] )#Om— 1) ae (vy). (1) 
0 T 
Hence, from the above, 
-m 1 2 roms ie d\n ery 2 1 (2m—1) ym 
Jn (a) a” = 5— op be Fo ema Q,,., (y) dy, 
~ Ome 3 
that is,. 


Jn ban) tae — Vie pean 1 en Lor 


T 


ene (w?—1)} (2m—1) Oy () dp. 


weeto 
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The path of integration may be deformed so that it becomes a 
curve, beginning at —oo —cc, ending at —o + c, and crossing the real 
axis to the right of the point» = 1. Therefore, provided a quantity 
a, less than unity, can be found such that 


2 4 (2m - a s-7n 
(uo —1): (2m -1) + tae (m) 


does not tend to become infinite as approaches unity, the above 
relation can be written 


ae oe 2 mere yian, | : = sf 2 3(2m - 1) z-m 
J, (a) x =/- e\ ro-8 a car (4 —or) —1} QQ. , (ue —ot) 


es 5 (w-tor)?— 1 24em-D ie (w+00) | dt, 
that is, 


"- m-1 — 
sf ( yao & ' [ —w%, ?} t(2m-1 ¢ -(m- oR) 2—m 
JE Gaye "=,/= Ce ee | CSE tal — Le Oa Meo 


—o 


Set ors) Sto) det | e7* (ye — Aspe Nf er! 3(m - "Q Q)” (u—or) 


—e (m-4) we Qi" (u + aL) i ay. | 5 


whence 
-1 
Ah (a) am — oy rama el ~ 2) ah [ e7 (ai 1) as ears 
: Tv Or. ane 
(n= er z—m 
+e Q,-, (4) dp 
1 
= 2 )3 (2-1) -m)ne PDE ™ 
[ewe Serato a 


where the harmonics are now harmonics of a real quantity. This. 
becomes 





Af (a) a7” 
sxe 2 nem gine 1 fer -1 me { 2 1 1(2m -1) aa d J 
a 7 Ir be u—1) py (H) sn (n—m) r 
1 
+ | e “(LT — im symp pion (1) du are(4- Bal 
that is, 
- n=-m 1 








= 2 .-m8in (n—m) @ [~ oar ete iam i} yee 
ves T ee OO) ee 
(2) 
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When n—m is an integer the relation becomes 


nm— me 
t 


1 
la Pi A Sts py edy Vee 2 4 (2m -1) pi-™ | 
( ) at or ig ( Hw) n—4 (Hu) du. 





Various known results can be obtained from the above as par- 
ticular cases. Putting m = n, and remembering that 


1 
2”-2 TI (n—3s) C 





PW) = 


—p’)* (2n et 
it becomes 
i 


1 
2) a7 — . — tp ee \ hae ¢ 
gee Sue AT (PL) \° i ae 9 (3) 





where the real part of » is greater than —3. 


Putting m= 0, and using the relations 
2 


7 sin 6 





cos n@, 


Peo (cos 6) = / 





3 ~- : T ny 
Gn ND: V2 sin hy cue 


the equation (2) becomes 


e* cosh yy diy ; (4) 


0 


5 hd iad em ee { | e-*eeos n@d@—sin ne | 


tis 0 


which holds if the imaginary part of # is greater than zero. The 
corresponding relation, when the imaginary part of « is less than 
zero, 18 


4e (—2)” . ut CO89 . - -w cosh y-ny (J jes 
n (z) — Ty e cos n6 d@—sin nz | e vy ; : 


0 0 


When n--m is an integer, it may be shown that 


(“), 





—m 2”-21T (m—1) II (n—m) 9\1(2m-—-1) pym 
P = 1— p2)2@"-D GO 
at (4) I (1-+m—1) I (—3) et ane 


nm- M 


where (” (u) is the coefficient of #°” in the expansion of 
(1—2ua+a*)~” in powers of x. 


Hence, when x—™ is an integer, 





eee oI Gn 1) Il (n—m) 1" ; — 12 pe Jess 2 m—3¢y"" Pict. 
J, (x) & a4 I (n+m—1) a oe ( be) ed TN BK; 





* Of. Sonine, Math. Ann., Vol. xvt. 
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when m= —n, 


ae an II (27) 1 (—4) ele +eime 
Qi -4 (u) ie 2"*2 TT (7) Bi Sk ye 


and relation (1) becomes 











ee . /2 II (27) (11—2 elt +3) m 
ee, Zz 2" dz SS arr ee 2 a > ret 
. Fe Ve 290 @) (yl 
ae), o” IL (n—4) ie 
Y% 2 gt oh 5) D 
that is, |e J,(@) 2 de = Ja tyye | (5) 


where the real part of 2 is greater than —3. 
The relation (2) becomes in this case 








Aiea Bee 
pn“) = Acs Qre c-w (l+y?)"*? 
that 1s, 
ni, SoM (meme 6 
Jn (@) 2 Fb I /r7 (iit ian ( ) 


where the real part of n is greater than —}. 


This integral can be transformed into one along the real axis when 
the real part of n is less than 4, and then 
On+l 


J pal (" sin vy dy eet eee Ki 
(z) z J T(—n—4) | (y?—1y"r8 CS (n)> ey ( ) 





a result given by Sonine. When in relation (2) m=4, the expres- 
sion for J, (#@)a~# in terms of Legendre functions is obtained. 
Taking the expression for a Bessel function 


Bo 


ye 
ABC AV Ge) aA oi (s- IIs) ds 
i 2 m+]? 

\ al (oo) ext Ss 





it may be written 


J (a VS a) 8” — ly ( 2 i (ae =u du 
n = 


re, ray 
ore a ay” 


C—ae 


when the real part of » is greater than —1, which is 


Ay \ nee ee 1 a i eee xv - a/v dv 
J, (ave) a Tec est e 


eon Ue 
Te 9 Pasi’ ger 





The application of relation (B) gives the result 


ae Oey a \" e7 ly 
oI Aaa) ede = (<) eae 


0 2 n+l? 


Y 





* Sonine, /.c. 
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FS 2 Reet? q” ee a*/dy 
that is, | e-* J,, (ax) a”*' da = —___., (8) 
0 (2y) 
when the real part of is greater than —1, a result given by Weber* 


and by Hankel.t 
An expression for the second solution of Bessel’s equation is 


Se) 


T -[ ed. fe ((z) — 07 BHC = ie 2 (8+1/8) gn— lds, 


sin 27 0 





which may be written 

















3 , a Prin (2 4y 7; 
fede, (can?) —e-" J, (cae?) = | Ce eo re LO 
nd dv 
sin 27 a 0 
therefore, by relation (A), 
C+ oe dx Qn n-1 
— e| e” J_, (eax?) —e-" J, (ci) = =e ae bes 
Qe s sin m7 a” a 
C—me 
that is, 
0 +H 2 “4 
= ew 7 _[, mt) (a2) — er ee ae ar = Cl eae b 
hi Te re sin 27 a 
cote’ dx 
Now J, (a2) eet a O 3 
x +10" x 
, n-1 
enn oo +0 ¥ dx as (2y) Ler 
therefore : CF TEMA GE) oan the empser en eee 
Qesinnr) & a 


This can be transformed into integrals along real paths as follows: 


the relation may be written 


er™ : en p ape da 
eee |e on (ae) ee eek) eee ee | 0 ig on 0) a 
2c sin wr 2c sin nt 
n-1 
—— (2y)"— eo wy 
ail a” x 
ae ern fete a da 
Writing = x | en dis (aa) gn 
sin n7 J -, AY 
Peifen kh 


re D) t d 
then (a "en — ype 7 Cape”) — (ee 
pe 


2¢ sin nr 





* Orelle, Vol. LXIX. + Math. Ann., Vol. Vit. 
VOL. Xxxv.—wNno, 817. 
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that is, 
T= an ent g (ap)-"*?(— De 7 e—ypret—2(n—p—1) du dd 
2Qo"-" sin nw) 2-"*? TL (—n+p) 1p) Jo 
or 
FE Sm GnL OTN So CED) Raabe renee dd. 
Ap”? sin nx 0 2-"*?TL(—n+p) I (p) 


Now | fast —ypre—(n-p—1) & dé 
= Beleti-wn| e¥p” 08 8 cos { yp’ sin OB— (n—p—1)6} dé, 
0 


that 1s, 
| © 9-up%e— (n—p—1)0 dG 


0 
do 

—e 2/ 
2e(pri— a sin(p+1—n) = a ope nays n+2 


when p>n+1, and 


Hed 


2a 
| e— ype — (np - 1)&% dg 
0 


= Qe(p+1—n) me | sin (n—p—l)z e-uro AF ee | 











J op  I(n—p—1) 
when p<n+1; therefore 
I 2h 1, oa tee qt ee 
2sinnw o 2-"*” TI(p) I (—n+p) 1(n—p—1) 
Risa 1) (ap)- meen — iy ae a 
a 0 Qe cD n— II (p) Il(—n+>p) }; oo"? 











(ap) -"*”(—)’ \eae ce 


n-p? 
Co } 


eS ae 
> (ny 2-"*?? 6”? TT (p) H(—n+p) J, 


where (n) denotes the greatest integer less than n, and this is equi- 


valent to 








ae (n= mee yas p- 1(— ee (n-1) q-n+?P( ye Per re ntl dy 
0 2p - Me EL ) 0 2°-"*°? TT (—n+p) II (p) 
x ome seat yp Ore ete ee 
+ 3 - ea das 
SS oieet PERT ON 





S (n-1) —n+2p Pon + 2p ax 
Hence | e° “la. » (aa) — x (ye oe 
jer oor 2-"T (—n-+p) I (p) 


LEN a ‘Ay a eC Gl 
Us 0 ig aecadal bby & 2) ? 





1902. | some Applications of Fourier’s Theorem. 435 


or, denoting the part of the series for J_,,(ax) which begins at the 
L(z)+1]-th term by J a (ax), 


ro ee, Sin) dz (2y)"=} ae (n=l) g- m+ 2p m-P-VC_)P 
|. Civ? bey (aa) 7 = re Fi, om > “3-1 (p) ; (9) 





When z is an integer this becomes 











a dx gn Pe sR ( —') 
a! J (ax) —— = > Se : (10 
[ ue Mare . 0 On+2p + Il (n+p) . 
which can easily be shown to be true for all values of . 
The relation (2) when n—™ is a positive integer is 
n-m l : 
Taaar™ = A | oe (ptt PLE (a) 
) V 2x J -1 ee 
and this may be written 
n-2m (1 ace oe 
Tape) age =e yer (La Ae Pe (nds 
Snr J -1 ; 
hence by relation (A) 
LP eT, (uw) 2 dan = (1 yp)" PN (y), 
| a J Qa } 
that is, 
l , - efty pe (a) nm da == gy yom (l—y?)ter—) Pe. (y) 
therefore 
| Te (a) 2" cos (cya or] hp, ae re (1—y?)ter) fee (y) 
0 : 


when n > — 3 and|y| > 1, and vanishes when |y| > 1, or 


; 
2 n—m Meat Ns Lon eb ts LO 
J, (ax) @-"" cos (dom ae | da =, /—(a’—b Dts Rae eee (=) 
0 2 2a a 
(11) 
. . . 1 
when a> b, and vanishes when a < b, n being greater than —3. 
When n= m, this becomes 


2 2. Ra\n—4 = 
| V7 (a? —b*) Ra 





Jn (an) 2" cos ba da = a>b 


; (2a)" II (n—3) mae ra iis 
eas um dire. 0) 
2 nw 2 
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a known result.* When m= 3, and n is a positive integer, the 
relation (11) becomes 


SS yn. 
2 
‘ 7 . b 
l >) wn 2dae = ee frat 
| cones s(ae)artde = s/o Pa(T) (o>) | (13) 


Similarly from the relation (7) it can be deduced that 





a Va (2b)" 
J, (bx) x" da = ; aod 
\ sin ax J, (bx) x” da T(—»—H@—py ( ) (14) 
= Oe (aed) 


when $ >” > — 3, a known result. 


Writing the integral 


1 oo et 


Qa oa 


where the real parts of ye“, ye are negative, then 


Re 
| 1 tee ps 
YN) = 9% EG p) A) sal 





Y% _pn+m+ 2p 
ne 


-2p-n—m-—-1 


th ° Lats See ED ae Ble tl ee ee ee 
at 18S, vy (y) 2 Qn ep TT (n+p) II (p) I (—2p—n—m—1) 


when |y| > 1, or 











v( ey I ie < Il (2p+n+m) Lae 
Yi or ; 2”*°? TT (n+) IL (p) pen es 
o (@t)\ a (eee 
‘h _  sin(n+m)ar 2” ( 2 ) 2 
ay, ence p(y) on, OF r/o Op ee II (7) 
A ere ee 
2 2 y 


which may be written 





y (y) =, Jf : le at m) wg eam +4) me (y°—1) -2(m+3) Oe (y). 





* Cf. Sonine, J.c. 
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If now K,,(z) be the second solution of Bessel’s equation with 
imaginary argument, where 


K = Paes ae 
n (4) = annie we =n @)— ee (z) |, 
4 1 COL 
the integral —— | eK, (2) 2" dz = 0 
Darts pee 


when |y| < 1, and by the above 


a | is e”* K,, (2) 2" dz 
27rt 


C- ab 


1 @ nth) me 


 / Qe sin nt 





(y?—1)-3"*® [sin (n+ m) TQh 4 (y) 
—sin(m—n) 7 Qs’, (y)], 





that is, 
ee 5 ZL m+) 
i eK, (z)2"dz = ,/2 (m+ 2) 7 (yi 1) 1 Pa 
Bitte\ es 2 sin 27 


(15) 
when |y| >1. The application of relation (B) gives the result 





K, (2) 2” = , | cos (mts) | en (yF—1) 2") Pr (y)dy (16) 
2 sin 27 : 
when m+3 <1. Putting m =—n, this becomes 


Kaa = 9/5 | er yt—1) HO PLA) dp 





= VJ 1 e : 2 = 

that is, RCA ee ee (y—1)”" 'dy, 17 

at is (2) & = FU 21 (n—2) |e (y'—1)" “dy (17) 
a known result. Putting m =— 4, it becomes 

-43 T 1 Cum 
K, (wa! = (¢ "P,_4(y) dy. (18) 
2 sinnm 
When m = 0, the relation ae using its first form, becomes 
l C+ OL 
i [Ode = FP *(0 +) 
that is, 1 (7 seo K, (2) dz = CSNY (19) 
Onesie i sinh ¥ 
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and therefore, by relation (B), 


EEN a | e~*©hY cosh ny dy, (20) 
, 0 
a known result. 


it has been proved that 





c+aol : Far atl satay 2 t 
4h (aa) J,, (bx) = =| ert -(@ (a? + 6?) 1/2t vB (=) “ 


when the real part of » is greater than —1.* 


This may be written 


3 ay — bP ae (es tte aye, ds 
J, (aa) J, (ba) = in: | oe 1,(2) 4 


c-@ml 


whence, by relation (B), 


ee) — (a? + b*)/4y 
ji A 





2y 
a0 i — (a? +b) /4y 
that is, eT, (aaw) In (ba) xdx = ° . I: i )+ (21) 
: 2y 2y 


From this it follows that 


es - (a? +b? V/4y 
oF, (aa) F.(ba) ade =e) Np, (ab). 
A 2y 2y 


Now | e J, (a2) J abba) cde —O0- 
therefore 
\ ae J, (ae) [ny (ba) —«- "J, (bx) | ax de 


— (a> +b*), ar b 
= nT ap 
== Lae Le Pipes = Le ( ‘), 
2y 


that is, 
the eI, (age) [eI n (BEL) "In (BE) | Edé 


eae + My ab 
sin 7 Lh (5) ; 
y 2y 


acs (ri 








* Proc. Lond. Math. Soc., Vol. xxxXiI. 
Tt Cf. Weber, Hankel, /.c 
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whence, by relation (B), 


1 i en ty ntl gin nr e7@ +b")/Ay ii. Gy dy 
Zyl y 


Qre 
0 
zJ,, (axe) [eS _, (bac) —e-"F,, (dae) | ; 


ra 


and therefore 





[ew ee Ey, (on) [I (ba) — J, (be), 
Ss 


s Sin 274 














0 
(22) 
a result equivalent to one given in the previous paper.* 
Writing the integral 
| e 4" J, (ax) gam nt) dx = f(y); 
0 
then | 
ay) = aah ps - (- —)P Ret [ & yx? 92m + 2p +1 dx, 
2"*4” TE (n+p) IL (p) 
that is, 
Mf Pat (—)? Ae 7 II (m+p) 
FY a = Qnt+2p+t II (n+p) II (p) Tai hy 
pa (—) Gi ‘ 1 ; [ N+P (L— x n-m—1 Jy 
oa Fy) Git 2 Qn+2p+) PT (p) gos II (n—m—1) Rs ( ) ’ 
when x > m > —1; whence 
| Gan” J. (aa) grim n +l dx 
0 
il i ~~ e7/dy 2\n-m—1 am+1 7} n>m>— 1 
~ ary” TT (n— m—1) ik (a?— é ) é é ( ) 
(23) 
This relation may be written 
| e-”* J, (ax?) 2" -* dax 
0 
eee 1 " =F7/4y ( 42 &2\n-m—-1 2m +1 
Pa 2" tary” TIT (n—m—1) [< (a =) é g, 





* Proc. Lond. Math. Soc., Vol. XXXII. 
+ Cf. Sonine, /.c. 
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and therefore, by relation (B), 


J, (aa*) gi” -in 














rae 1 1 Br vsteal a ay - €*/dy 2 €2\n-m-1 €2m4+1 dy 
= SS 9”-1ag" I (n—m—1) Do (oe | é (a ig ) é BE msl 
- that is, 
\s 3 m= Fn — re . 4 2 €2\n-m-1 Em+l1 
Dy ait) i a | Jn (Ee) (@— By" gmt dg 
ep tage a 
Ayre — af 2_ €2\n-m-1 Em+l 
or J, (ax) 2"-™-1@" TT (n—m—1) [ (€x) (a € ) é dé 
(n>m>—1), (24) 
- a known relation. 
~ From (24) it follows that 
“J, (aa?) S,,, (ba) 
gh (n—m) a ; Atk. 
— J (bat Ake Bd 2_ €2\n-m-1 Em+1 
On-m—] a" II (n—m—1) [ i. & ) (a \(a € ) € dé, 
that is, m 
J, (aa?) J, (b2*) 


4 (7 —m) ( 
xv | (a?—?)rim-1 ema] ge 


ay Qn-—m—-1 nr and 
2 a" II(n—m—1) : 


Qre Here t 


c-al 


or J,,(aa*) J, (bx)? 
4 (1m =m) a 
v | (a?—£) oo eae 


= 2"-"- la" II (n—m—1) 
9 C+ael 
cesikes ett PFE) 7 (2) ds 
cC~al 2s 


woe 


27 
therefore, by relation (B), 


| e¥ J,(aa*) J, (bat) at” da 
0 
a al ‘. D) 2\n—m—-1 Em+1 , ~ (b? +£?)/4y bé 
Sees aS | “a eyreetewronm 1, (28) ag 
that is, 
e~”” J, (ax) Jin (ba) ar @+1 de | 
v 0 


| RG senate He PSO Ta Petia 
2y 


(n>m>—1). (25) 
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Proceeding to the limit when y= 0, the integrand on the left-hand 
side vanishes except for values of € in the neighbourhood of 6, and, 
evaluating it, 





\ 7 (a) i (be) gnonel he pa (a? —b?\"-™—1 pm a se b) 
ae 3 2"-""-" TT (w—m—1) a” ., (26) 
=0 (a<b, n>m>-—1) 
Relations (25) and (26) have been given by Sonine.* 
Again, from (24), writing 


7 Jy, (ant) 


e— It 


— 2sinmm (a) 





[ J- in (ban) —e-*” J, (dae) | ; 


x 


then 





7 i ens ile od bene rad be (Ear) 


~ gin ma 2”-" I (n—m—l) a” 
x [T_m (bar) —e-?”" SJ, (bar) | dé, 
that is, by (22), 


a ey g nn eh ee ae aie bé ds 
BX — m+1 2 £€2\n-m-1 a5 - (b7 +8 UM Ee == | ay | i 
2"-" TT (n—m—l1) a” | \é ante) : la 8 é 





which, using (25), becomes 


rice) 


Me — | | TIGA he (a€) ee (bE) Gerdes. 
0/0 


oa} m—-n+l 
that is, 3¢ —_ Jn, (aé) 52 (08) € dé . 
7 O+a? 
and therefore 


| CA G9 Mama ARES [J_(bae)—e-?”" J, (ace) | 





O42” 2sin mr (a)""™ 
(b>a,n>m>-—l1). (27) 


The relation (23) suggests the evaluation of the integral 
| eet DES s, fe J/(v7—é)} (P—£ yim 1) ennas dé. 


0 


0 


Writing f (y) for this integral, 


aon ri i 1 a fc FON tet (a? 2) — 1/20 ~ 2 /ty gem+l dé dt 
a ’ 
cio ont ; ae m 


cl -wt 
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that is, performing the integration with respect to &, 

















ou BE (m) tia La2c2t —1/2t 1 dt 
fy ou crm} Ave | K Gee fr-m? 
Ay 2 
which may be written 
ne) tl (m) Tek hatet 1 /2t 1 at . 
IWM= meme Ay | ee oo peed 
i 2tc? J 
whence 
aoe ed 3 Za7c*t —1/2t — yt? - ¢7/2tc aoe 
that is, 
fly) — a ee ea are 1 : | ; ‘| ¢ $s — La? (c? + $7) /28\— ys? ae age 2 
Prt Pe eG s" fa 
and therefore 
— 6)IL+ m+ uw -nLv— of, ae fa AG: +6 2) Inv + 
Ff( —» 1 le 1 ayn e yt? Un A : 2m Nghe 
| y) y Cara ig 
that is, 
[ e -yt? me In 4a Ve pe )} Beni 
; (c +¢ >» n 
1 ud ¢2 9 9 0} 
Sige mina | eM, nfo (—E)} (Eye m dé. 
. 0 
(28) 
From this it follows, by applying relation (B) as in (24), that 
Irfa/(e +x" Oia) 1 fi ‘ 2 9 2 2\3n Em+1 
Spall = garncigm | Ta Info 8} (CE) 


(n>m>—1). (29) 
Similarly as in (25), by (B), 


¢ pei Inja/ (+a ON i 
; (P+2° yan 





(bx) a” *1 da 


ee ul? -tearivay nt OS ik, 
Zar ry | é Le of BBP RON AE) —Eé )} 


y, (gh ye eD unea ts (n>m> —l). (30). 
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As in (26), when y = 0, this becomes 


2: 2 2 
| Jn ja/(c Die yt ih (ba) gin dx 
+0 (¢ st a) 





= reat G /(a’—b?)} (a? — ca) hs eanctane: bh” 


n.n-m—-1 


ac 





(a > b) 
and — Oe G-= th) 
(n>m>—l1). (Cl) 
Again, as in (27), it may be proved that 


roo) Jnia/(c+z2°)t A (bx) ont a 
oe = % LX. 
; (c? + a)” e+e 





PNPM Tn CLC e) te pen ae ne 
“Qsinma (e—&)¥ (Ee) {Fm (bEt) —0- "ST, (BE) 
(b>a,n>m>—1). (32) 


Relations (29) and (32) have been given by Sonine, the method of 
proof of (32) being much more difficult. 

The preceding examples are illustrative of the results which can 
be obtained by using the relations (A) and (B), and are capable of 
being greatly extended. 





Generational Relations for the Abstract Growp Simply Isomorphic 
with the Linear Fractional Group in the GF [2"). By L. EH. 
Dickson. Received December 22nd, 1902.. Read January 
8th, 1903. 


1. The object of this paper is the determination of two linear 
fractional transformations A and B having the following properties : 


Gi.) A and B generate the group I of all linear fractional trans- 
formations of determinant unity in the GF'[2"] (n>1). 


Gi.) A is of period 2”+1, B of period 2, AB of period 3. 
Gii.) A and B satisfy relations of the form 

Cheat acd A ere fa Gan ul, 2k a) 
the integer s being uniquely determined modulo 2"+1 by r. 
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The result finds immediate application in the study of the abstract 
group G simply isomorphic with TI. For n= 2, 3, 4,5 (the cases 
hitherto investigated), the group Gis generated by two operators A 
and B subject only to the generational relations (1) and 


(2) Atel 7 Be he 


Among the pairs of exponents 7, s in (1), the following four sets 

always occur : 
Looe Bel eet ee eos 

The resulting four relations follow at once from (2). For n= 1 or 2, 
there are no further relations (1) ; so that the generational relations 
for G are (2) whenn =2. But, for n = 1, relations (2) define the 
alternating group on four letters with whichT is not simply iso- 
morphic; while, for » = 2, relations (2) define the alternating group 
on five letters with which TI is simply isomorphic.* For n=3 and 
n= 4, the theorem has been proved by the writer;+ for n=56 
by Mr. Bussey. 

Moreover, the paper obtains by a general, but simple, method the 
data needed in the study of G by the method used for n = 3, 4, 5. 


2. Use is made of the transformations 
Le tae Dy oe = 2M 
z 
To reduce A = S,7' to its canonical form, let 
2+az=1 


have the roots z, and z,, and set 


9 


Re ee NT ye oP ; 
so that 2 =af+1 (mod 2). Then A becomes 
(SVX OX 


Since 2z,—2 = %,+2, =a (mod 2), S, becomes 


,_ (A+a) X+A 
Che AX+(A+a) — 








* Linear Groups, § 280. In explanation of the exceptional character of the case 
n = 1, note that a of § 2 must be unity, so that B = S, = identity. 

t Bulletin Amer. Math. Soc., Vol. 1x., 1902, pp. 194-204; Proc. Lond. Math. 
Soc., Vol. xxxv., pp. 306-19. 
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Let B=S8,,,. Then, for modulus 2, 


fifi, gee OCS rcann 9 
CAI Xray 


XO +e041)4+('+1)(a+))} 
ae +1)(a4+1) +2 (a *4+1)41 


Hence BA'BA’ is of period 2 if, and only if, 


BA BARS Xo= 





_ ft (at+1)4+1 
oe eg f’+a74+1 


Let » be a mark of the GF[2”"] which belongs to the exponent 
2"+1, a divisor of 2"—1. Then w+w2" is a mark, say a’, of the 
GF |{2"] Hence w is a root of 


(O)eec 3061. 


an equation irreducible in the GF'[2”"]. For later use, we note that 
a’, and hence a, defines the GF [2"], namely, is a root of an equation 
of degree » with integral coefficients and irreducible modulo 2.* 
Since a root € of (6) belongs to the exponent 2”+1, the transforma- 
tion A defined by (3) is of period 2"+1. Since the conjugate 2’ of € 
equals 1/¢, the conjugate of the second member of (5) equals 


C'(@+1)4+1  f+ea4+1 
Crtat+] — O(a@+1)4l 





Hence the second member of (5) is a root of X? +!=1, and hence 
equals some power of ¢. Hence, if an arbitrary integral value be 
assigned to 7, there exists an integer s such that relation (5) holds. 
Finally, BA = 8,7 is of period 3. Hence, if n>1, A and B have 
the properties (1i.) and (iii.) of § 1. 


Since condition (5) may be written | 
ce+(é’+€)(v@+1)+1=0 (mod 2), 


it follows that, if r= p, s=o are solutions, then are also + =a, 
s=p; r=>—p, s=—o; r= —o,s=—p. Another proof follows 


from (1). 


* Moore, Mathematical Papers, Chicago Congress, p. 226, No, 7. 
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prby §2,.4 ba" BA’ may be written 


yr ACOH E AY ENE CS + (at) 
XE (6 +1) (a+) +0 (@4+1)+1 


It is therefore identical with (4), namely, 





[ e moat gee NW pas Aye a(A+a) |, 
if, and only if, / = 7 and 


2t pen A, +1)+1 
WAY T& real 


(8) v= CCE ka Se 
('+1)(@41)4+0(0+e+4+1) 


Given any integer 7, there exists (by §2) an integer 2¢ and hence 





A 





an integer ¢t, determined modulo 2”+1, such that (7) is satisfied. 
Then A is determined by (8). As shown in § 4, or, as may be verified 
directly, A2" = A. 

For an arbitrary «integer r, an integer t is uniquely determined 
modulo 2"4+1, and a mark X of the GEF[2"| is uniquely determined, 


such that (9) AURA BA = Se 


4. Let r,t and p,7 be two sets of relations of (7) which, by ), 
define the same mark A. Then, by (8), 


SC TW (e+a tl =ee+ (Cte +1). 

Squaring, and eliminatiny ¢* and ¢” by (7), 

fo (@ +1) $1} CHIC +e41) 

={f@4+1 41} @4+)D (C+e+)). 
Expanding, we obtain, modulo 2, 
Cr+ egs + fogs < Ce trat + feq4 
Cr+ C+H) =0. 

Hence either p=vr or else p=—r, modulo 2.41. Then r=? or 
7=—t, respectively (end of §2). Since the replacement of 7 and 
t by their ee may be attained by replacing ¢ by €-'= &", it 
follows that 7" = 

The value of X gvven by the pair of solutions r, t of (7) equals that 
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given by the pair —r, —t; but differs from that given by any third pair 
of solutions. Huch X belongs to the GI [2”]. 

We therefore obtain 2"~' values of A, different from 0, by giving to 
rine values 1,2, ...,2".' For r=0, then ¢=0,.A=0. The addi- 
tive group determined by these 2"-'+1 distinct marks A of the 
GH {2"] is of order a power of 2 and hence of order 2”. Hence a 
suitable product of the S, defined by (9) leads to S,, where p is any 
given mark of the GF'[2”]. Moreover, 7’= S,A. But* T and the 
various 8, generate I. Hence property (i.) of § 1 holds: 

The transformations A and B generate the group T. 


5. Let n= 3. The only cubics irreducible modulo 2 are 
X4+X4+1=0, X84+X74+1=0. 
Let 7 denote a root of the former. Then 
foe Lee a ee ee Pd a ae 
For a=i, & = a@’¢+1 is irreducible in the GF [2°], since 
"=U +l, = (+ e+1) C407, 
Cate plete ret = ele t ey) 
C= (P41 C841, Cae +i41, 
C= l+e, e= 1. 

Hence A = S,T is of period 9. Also, (5) has the solutions 
eet Oe a ees lie PH Or Sms (Poe At Si Oe 
eee Wie ON ere Abie ae fee te I Sere 

Hence, for an arbitrary integer 7, there is an integer s such that 

BA’ BA’ is of period 2. These relations all follow from 

ome) en (eas a eee CD yo 
If s, 7 is a set of solutions of (5), then (= E (mod 9), 7 is a set of 
solutions of (7). By (8), 
Ped wir lee oe oe eee ee Dy A ee: 
vce Oa Saat ree PE Bl Pa i, Nye ib oclals 
The first gives Sit = ABABA. 





* Linear Groups, p. 80, Cor, I. 
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The others give 
See = A°BA?BA?, S} = A'BA®BA’, Sana — A® BABA. 


Now every S, can be derived from §;,,, S», and S,,,. Also, 
T= 8;A. We therefore obtain the expressions for S, and 7’ in terms 


of the generators A and B. 
Let j denote a root of X*+ X’?+1=0 (mod 2). Then 


j =7 +l, (eyes J =jr+1, pp =hpt, = . 


Then 2 = 7°Z+1 is reducible in the GF’ [2°], having the roots j and 7°. | 
Taking ¢ =/, we find that (5) has only the four sets of solutions 


poetlys jeer = 2s 


In fact, the denominator is zero if r= 3, the numerator if 7 = 4, 
Hence the only existing relations of the form (BA’BA‘)?=T all 
folow from A’= TI, BP=TI, (AB)?=TI. The necessary additional 
relation is more complicated.* 


6. Letn=4. The GF'[2*] is defined by the primitive irreducible 
congruence 7*=7+1 (mod 2). In it, @=2¢+1 is irreducible. 
Indeed, 

C= lt, C= +H) S47, 

C= (Pit) C4F4+?, O= C41) 6474741, 
C= @w+itleritl, C= +) cre te 
SN edd ee | COS eC? ae 
C8 = 41) C+ F4i4]l = (P47 +) C4141, 
C8= P+?) C+P+itl], Sa c6+ 842, 

he = E+, = C+", 

(Giiiect Ih 


Hence A = S;,T'is of period 17, Also (5) has the solutions 
yo los 2s ee ON see ee ste ne 


But, if 7, s are solutions, then are also —7,—s; s,7; —s, —r. Hence, 
for an arbitrary integer r, there exists an integer s such that 








* Burnside, Math. Ann., Vol. u11., pp. 174-6 ; Dickson, Budletin, 1c. 
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BA’ BA’ is of period 2. These relations all follow from 


(10) { eae eel eels 8s 
Cee) ee ae BAS a (BASRA Sy. 
As solutions of (7) and (8), we readily get 


r=1t=1, A=7+1; Pee Dime N hae 
Beas — IANS Pte el ra 4 t= 6, Ne r+. 
mo sl) Noe 7 = Onn lop = t-te 
eee a= LUCA = 1: i Ob 4 Ne? a 


From these we kave 
ase eae ed A ae Oe A BALD AS 
Sj — sree: oP = A°BAtBA°R. 


In view of (10), these are equivalent to the expressions given in the 
earlier paper in these Proceedings. 


7. Let »=5. The only quintics irreducible modulo 2 are 
Ae XL, XO XE MP X +1, XP 4 Xt X74 K+ 1; 
X°+ X84+1, X°4+ X44 X84 X741, X°4+ X14 X84 X41. 
Any one of the six defines the GF'[2°]. Let 7 be a root of 
(11) X= X*+X°?4+X+1 (mod 2). 


We make use of the following table: 


O° SS ee th ie (Rees aeiaae dk 

CY lias aS a Oe ae Ws po=s +), 
lta) 1a 1 eecilae) cite ign Jy dit ds 

fF =P+l, teat hens Io =F tis 

sh oa Bab es rea Pade sitesi eea Bien": 
eg tit, Po =Prpr, ad teh aed 
eee ES, P=HPrtPrjt+t, Nin sy pb 
Fema otal, PHT +i, Po =P tere 
Go Pry, P= PAP +H +1, jr. 
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For a = j, a root of (6) belongs to the exponent 33. Indeed, 


Die te alk: 

C= pets, 
Cry ott, 
= P+), 

Care Cat 

Bl es yp aca ye 
hed hr 
EG aa, 
eS PCy", 
Ee ees 
Cee Cota 


C= ilty’, 
C= Pl +j”, 
OS PETG 
al Se 
CE eG ae 
Gaba Rahs 
ier a how 
CA = PC +), 
Core Oi, 
eS Be 
e = 1, 


Oa ib4i", 
Ga ilty 
aa 
ease +i", 
G8 i+ 7%, 
9 MCL, 
ot = iE 49", 
en ap) 
= PS, 
ap +7", 


Hence 4 = §,T is of period 33, while B=S,,; is of period 2. For 
y = 3, the second member of (5) equals 


i Se eh SS Seni Sd WEA WE LIS eed) 


POEL PEG 


ee 
be 1 
is 32 
32 31 
é 1b 
peat 
cE 27 
27 18 


| 


XQ 


| 





G + 7b 49% 


= (PAP IAP UE SPP 


so that s= 25. In this way we obtain the first of the four sets of 
solutions in the eight systems given below, the other three sets of 
each system following from the first, as at end of §2: 


3 
25 
8 
30 


7 
ll 
22 
26 


25 


SY) 


30 
8 


11 

7 
26 
22 


4 
10 
23 
29 


10 

4, 
29 
23 


We observe that r here takes the values 1, 2, 


iy, 
lees 
ie 28 
28 16 
12 20 
20 12 
13 21 
21 13 


..., 92. The resulting 
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relations (1) all follow from (2) and 
Geo) ley (hb AA) aan, ‘(BAB AM)? 27 
(12) foe ae Atha jecos): (BARAT eT: 
Ae Ag) al. 


Employing the preceding result, we obtain the following sets of 
solutions of (7) and (8), with r =1, ..., 16: 





























a t A it t | A 
fits. anes Msok ad setae es by 
teal 1 j+1 9 Fatma yams 

2 17 Pty 10 | 2 | f4pPty 

3.) 29 | P4+P4+j+l} 11 | 20 | 4P4j 

4 5 Paeaeh 12. | 10 ee a 

5 25 j Laer? P+P 

6 24 | f#+Ptg+1 | 14 |) 21 | +74) 

7 22 +l 1 a p+ 

RL out oy tog) 1G, eal P+j+l 
| | 














All the S,, can be derived from 
(13) | S541 = Bi; Sj. = A*® BA°BA®, eyo O |, as A“ BA’ BA. 
Sie 4 58 = A°BA*B A’, Sireje = MBAS BAM, 
As a check, it is shown that, in view of (2) and (12), 
K ie Spee jad = Sys yeaj — Ab AS BAS 
The condition may be written 
ADA pA RA RAAB AS DAS = I, 
Replacing A“’BA-"B by its inverse BABA’, and then BAB by 
A-'BA~', and transforming by A”B, the condition becomes 
BAYBA'BARAP RATA BA’ B= L. 
Replacing BAYBA® and A*BA"B by their inverses, and BA~'B by 
ABA, the condition becomes 
ANA Diam BAS Aa. [; 
Replacing A*BA~*B by its inverse, the condition becomes an identity 
in view of (2). 
Again, the condition for Sj«Sj,j4; = Sjesjeje1 18 
Bobs eA BAL RAs BABA =f. 
2@ 2 


452 Prof. L. E. Dickson on [Jan. 8, 
Transforming by A™B and replacing BAB by A~'BA", 
AD BARA BAYA RAs As = 


Replacing BA®°BA” by its inverse and BAB by A™'BA™', and then 
A-'BA-"B by its inverse, the condition becomes an identity. 


8. Let i be a root of X°+ X?+1=0 (mod 2). Then 


P= 741, m= 484741, 3 = B+ P4741, 
if B41, Patt P4Pti4l], MaeteP+ets, 
= t+, ae = #4+847+1, alae ele ot oa Ee 
B= P+7+1, w= t+it+l, a) 94 Lo ee 
Y= i447, 8’ =i+1, — 84141, 

Po = #41, 7 244, 3 = 424i, 

OM = P4741, = B4e, ™ = 841, 

vo B+P+d, a — ae, 430 — +i, 

BB OL S47 a = 4 PL oh Fi ae 


For a =1, equation (6) is reducible in the GF'[2°], having the 
roots €=~2" and 7. For the former, 


'g ae Ope C —_ uae oc Maes ‘e- — ones ey — es 'g: —_ Pye 
(i — a, Cc — inde G —_ Cie c — ee Cn — ae. ey —_ qr 
G =: (ee (6 —_— nee c — a, (ey —_ pee (eX — Oe ce — 47" 
ce —_— 7°, co — o, ids — ?, bore — ve ce — a4, ce — 4} 


ce — e, ce — oe, res _ op Cc —_ ee Ca — 4, Ce — Det ( — 1s 


We obtain at once the following solutions 1, s of (5) : 





Tee aed ter oy ee 4 13 5 17 
pa 20 3 34 17 5 

29 30 be 28 18 27 14 26 

30 29 28 11 27 18 26 14. 
6 24 8 19 Mas 

By nys 19 8 tie 


7 25 12 23 ie 29 
95 7 23 12 22 16 
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Here* x takes every value from 1 to 30 except 10 and 21. For 
y= 10, the numerator of the second member of (5) is zero; for 
y= 21, the denominator is zero. We obtain readily the following 
sets of solutions of (7) and (8): 











) t A | Y t vA 
| 
1 1 t+1 | 8 25 4341 
2 16 EL ee ee aiecO3 ese ees ed 
3 10 | ®+247241]) 11 14. m434+i4+1 
4. 22 Boe Ohm 27 et 
5 24, e+eBt+i 13 2 V+PG47 
6 12 e+I 14, 13 B42 
7 28 ° 15 20 2 























OMG eke Xx ke ak == 07a root 16X,—= 2). it 
dD teary 


then 2! = 1; so that A is of period 11. Note that, for r= 3, there is 
no value of s satisfying (9). 


Steet 61 0 airoot igs = = Tey 


C= 541 
1 
is reducible in the GF'[2°], since ¢” = €. 
For X®+ X*4+ X?+ X?+1=0, a root is =+1 Then 
ii 2 
G= (+ +1) C41 


is reducible in the GF [2”], having the roots # and 7". 
In the last two cases relation (1) fails for two values of +. 





* For the missing relations of type (1), we may take 
(BAM BARB AM)? = I, 
the product itself being X’ = (X + 13)/(X +1), and hence of period 2. 
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10) Hori X®- Xt Xe Xe == Oa roots are Gel ee 


1 


2 
meee 
se C41 =0%%41 





Sl 


is irreducible in the GF'[ 2°]. Indeed, 
CaP, CaM FH meri 
Oa eee+™, = C +%, Om are 1, 
Om, MRM Mai TE, 
pS Beye, (ok ia aca ct 
aM, CaM, ora ae p es 

the value of ¢"*’ being c€+d, if that of €1s d€+c. Since 

ov =a" (+1), 
we get €*=¢. Hence A= S,T is of period 33. 


The sets of solutions r, s of (5) are found to be 


Lee 3 20 4 1a OF eas 
Arete ZO RS Los ea4 ore ie) 
dl 32 13. 30 Ise 20 25 28 
Semi L | 30 13 129 18 28 25 
ape fora, Jt LG 10 14 
Ne a) ZAG ad HEY ur’) 14 10 
22 27 12726 17 24 19 23 
20 tia | 26 12 24 17 23 19 


Hence, for r = 1, ..., 32, there is a solution s of (5). 
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APPENDIX. 





Recorps oF Procrepinas at MEETINGS. 





Thursday, January 8th, 1903. 
Dr. EK. W. HOBSON, F-.R.S., Vice-President, in the Chair. 


Twenty-one members present. 

Mr. F. W. Dyson was admitted into the Society. 

Dr, Larmor described the origin and progress of the movement for 
presenting a testimonial to Mr. Tucker on his retirement from the 
office of Honorary Secretary. 

Mr. Kempe spoke on the services rendered by Mr. Tucker to the 
Society. 

The Chairman presented the testimonial to Mr. Tucker. 

In the course of his reply, Mr. Tucker said: 

‘On looking back I find that I was elected a member of the Society 
on October 16th, 1865—which shows that the meetings were not then 
held on the second Thursday of the month, as now—and that the first 
meeting which I attended was held at University College on Novem- 
ber 20th of the same year, when I made the acquaintance of the then 
President, De Morgan, as well as of Hirst, Sylvester, Adler, Bompas, 
Cotterill, Kisch, G. C. De Morgan, Harley, Finlaison, $8. Roberts, 
and Jenkins, for many years my senior colleague in office, and from 
whom I have received much kindness. Of these five at least have 
left this lower scene. On the death of G. C. De Morgan I succeeded 
him on November 14th, 1867, in the office which I have recently 
vacated. From this latter date | think the number of my absences 
from meetings could be counted on the fingers of one hand ; in fact, 
the number is, I believe, limited to three. 

“A simple calculation will show that some, if not many, of the 
present members of the Society were then, on my election, mere 
infants, others barely acquainted with the rudiments of Huclid’s 
grotxeta. The editorial duties fell to my lot, and I have been mainly 
responsible for the getting out of the Proceedings, from No. 12 to 
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No. 766. Now I am glad to think that that part of the secretarial 
work will devolve upon the brilliant mathematicians who occupy the 
posts vacated by Mr. Jenkins and myself. I may here remark that 
no choice could have pleased me better than the election as my 
successor of Prof. Burnside, whose courtesy towards myself in the 
course of a very frequent correspondence has been most grateful 
to me. . 

‘This editorial work has greatly increased in late years. Volumes 
I, and 1. contain altogether twenty numbers, of 256 and 110 pages, 
and include from the inaugural address of De Morgan, January, 1865, 
down to papers read at the June meeting in 1869; that is, the papers 
range over four years. Now a recent annual volume occupied some 
six hundred pages, and this has led to an order of the Council 
limiting the number of pages to about four hundred, and breaking 
up the volumes so as not to be confined to the papers of one session. 

“Only one meeting of the Society has failed through the non- 
attendance of a quorum. 

‘One pleasing duty remains, viz., to express my warm thanks to 
the Society and to the gentlemen who proposed at a previous meeting 
the vote of thanks to me for the services which I have been able to 
render to the Society during my thirty-five years tenure of office. 
When I look over the long list of Presidents, nineteen of whom I 
have served, I see much occasion for regret. The first six are gone, 
and three later ones have followed them. They are gone to the 
bourne ‘‘unde negant redire quemquam,” some many years since, 
and others have left us quite recently. Some I regret to have lost 
as personal friends, as Spottiswoode, Hirst, Smith, and Cockle, but 
Iam glad to think that those who remain have entertained kindly 
thoughts towards me. There is one man who stands out as a 
brilliant mathematician and kind friend—I mean W. K. Clifford— 
he and H. J. 8. Smith made our meetings delightful to look baek 
upon. ‘To the former I was glad to be able to render such service as 
it was in my power to show. His wish that I should edit his papers 
was totally unexpected, and would have been impossible of execution 
had it not been for the promise of aid from others. 

“The resignation of the Secretaryship to which I have devoted 
half my life will at first exercise a depressing effect upon me ; but the 
rest | shall obtain and the knowledge that I shall have acquired that 
my labours, though falling short of what they might have been, have 
been valued, will cheer me in my retirement. 

‘“ And now I conclude with a quotation which I used in my preface 
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to Clifford’s papers: ‘If I have done well, it is that which I desired ; 
but, if slenderly and meanly, it is that which I could attain unto.’ ” 


The Chairman referred to the loss which the Society had sustained 
by the death of Mr. Henry Fortey. 


The following papers were communicated by their authors :— 
Prof. A. Lodge: Note on a Method of representing Imaginary 
Points by Real Points in a Plane.* 
Dr. J. Larmor: The Mathematical Expression of the Principle 
of Huygens. 
__ 7 Prof. A. EK. H. Love: Wave Motions with Discontinuities at 
Wave Fronts. 


The following papers were communicated from the Chair :— 


Dr. H. F. Baker: Of Functions of several Variables. 

Mr. W. H. Young: Onnon-Uniform Convergence and the Term- 
by-term Integration of Series. 

Prof. L. EH. Dickson: Generational evaiods for the Abstract 
Group Simply Isomorphic with the Linear Fractional Group 
in the Galois Field [2”]. 

Rev. F. H. Jackson: Series connected with the Enumeration of 
Partitions (second paper). 

Mr. J. Brill: On the Minors of a Skew-symmetrical Determ- 
inant. 

Prof. W. S. Burnside: (1) On the Jacobian of Two Binary 
Quantics considered Geometrically ; (2) On the Resolution of 
some Skew Invariants of Binary Quantics into their Factors 
in terms of their Roots. 


February 12th, 1903. 
Prof. H. LAMB, F.R.S., President, in the Chair. 


Thirteen members and a visitor present. 

Mr. P. E. B. Jourdain was elected a member. 

The President described the services which had been rendered to 
mathematics by the work of the late Sir G. G. Stokes, and of the late 
Dr. Ferrers. He also referred to the losses which the Society had 








* Cf, Mathematical Gazette, Vol. 11., No. 39, May, 1903. 


458 Appendix. 


sustained by the deaths of Mr. J. Glaisher, Mr. R. B. Hayward, and 
Mr. W. I. Ritchie, and gave an account of the scientific work of the 
first two. 

Lt.-Col. Cunningham read a paper ‘On 4-ic Residuacity and 
Reciprocity.” Messrs. Western and Cullen took part in a discussion 
of the subject. 

Prof. Love communicated a paper by Mr. EH. T. Dixon, entitled 
‘“‘ Note on a point in a recent Paper by Prof. D. Hilbert.” 


The following papers were communicated from the Chair :— 
Mr. H. Hilton: Some Properties of Binodal Quartics. 
Prof. A. W. Conway: The Field of Force due to a Moving 
Electron. 
Prof. W. Burnside: An Arithmetical Theorem connected with 
the Roots of Unity, and its application to Group-Character- 
istics. 





Thursday, March 12th, 1903. 
Dr. EK. W. HOBSON, F.R.S8., Vice-President, in the Chair. 


Fifteen members and a visitor present. 
Mr. F. B. Watson and Monsieur J. de Séguier were elected members. 


The following papers were communicated by their authors :— 
Mr. G. H. Hardy: On the Convergence of certain Multiple Series. 
Mr. 8. M. Jacob: On certain Sequences for determining the n-th 
Root of a Rational Number. (Communicated by Prof. aa 
Prof. Love communicated the following paper :— 
> Prof. H. Lamb: Note on the Approximate Calculation of the 
Frequencies of a Vibrating Circular Plate. 
The following papers were communicated from the Chair :— 
Prof. A. R. Forsyth: On Surfaces which have assigned Families 
of Curves as their Lines of Curvature. 
Mr. H. T. Dixon: Note on a point in Hilbert’s Grundlagen der 


Geometrie. 





Mr. J. H. Grace: Extension of two Theorems on Covariants. 

Prof. T. J. YA. Bromwich: Note on Double Limits and on the 
Inversion of a Repeated Definite Integral. 

Prof. W. Burnside: On the Representation of a Group of Finite 
Order as an Irreducible Group of Linear Substitutions and the 
Direct Establishment of the Relations between the Group- 
Characteristics. 
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Thursday, April 16th, 1903. 
Dr. E. W. HOBSON, F.R.S., Vice-President, in the Chair. 


Sixteen members present. 

Mr. T. Stuart was elected a member. 

Mr. C. 8. Jackson and Mr. H. J. Curjel were admitted into the 
Society. 

Mr. C. 8. Jackson exhibited his logo-logarithmic slide-rule, and 
gave an account of the history of the invention.* 


The following papers were communicated by their authors :— 
Prof. A. Lodge: Relations between Points (in a Plane) having 
Conjugate Complex Coordinates.+ 
Prof. A. E. H. Love: Note on Exact Solutions of the Problem of 
the Bending of an Elastic Plate under Pressure. 
Mr. HE. T. Whittaker: On those Functions which are defined by 
Definite Integrals with not more than two Singularities. 


The following papers were communicated from the Chair :— 

Mr. R. F. Gwyther: On the Deduction of Schlémilch’s Series 
from Fourier’s Series, and its Development into a Definite 
Integral. 

Mr. H. MacColl: On the Validity of certain Formule. 

Mr. A. Young: On Covariant Types of Binary -ics. 

Messrs. H. W. Richmond.and T. Stuart: The Inflexion Conic of 


a Trinodal Quartic Curve. 


Thursday, May 14th, 1908. 
Prof. H. LAMB, E.RB.S., President, in the Chair. 


Sixteen members and two visitors present. 
The President referred to the loss which the Society had sustained 
by the death of Prof. Willard Gibbs. 


Dr. H. F. Baker communicated a series of notes :— 
(1) On the Definiteness of Quadratic Forms with Imaginary 
Coefficients. 
(2) On a certain Form of Logical Argument which occurs in 
the Proofs of several Fundamental Theorems of Pure 
Mathematics. 





* Cf. Mathematical Gazette, July, 1903, p. 217. 
t Cf. Mathematical Gazette, May, 1903. 
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(3) On the Summation of Neumann’s Series representing a 
Potential defined by Boundary Values. 

(4) On the Formation of the Variant Equation in the Theory of 
Differential Equations. 

(5) On some points in the Theory of Continuous Groups. 


Lt.-Col. A. Cunningham announced the discovery, made jointly by 
Rey. J. Cullen, Mr. A. E. Western, and himself, of seven new factors 
of Fermat’s numbers. 


The following papers were communicated from the Chair :— 


Mrs. Young: The Surface representing all Right-angled 
Spherical Triangles. 

Mr. W. H. Bussey: Generational Relations defining an Abstract 
Simple Group of Order 32736. 

Mr. W. H. Young: (1) Skew Surfaces contained in a Linear 
Congruence; (2) Closed Sets of Points and Cantor’s Numbers. 


Thursday, June 11th, 1903. 
Prof. H. LAMB, F.R.S., President, in the Chair. 


Sixteen members present. 

Miss C. I. Marks was elected a member. 

Mr. S. M. Jacob and Prof. A. C. Dixon were admitted into the 
Society. 

The President made the following statement :— 


The Council has had under consideration some proposals for altering the form of 
the Society’s Proceedings. 

The first four volumes of Proceedings contain the papers of eight and a half years 
(January 1865-June 1873). Vols. v.-xxix. correspond with the sessions 1873-1898, 
one with each session. Vols. xxx.-xxxv. are edited in accordance with the rule that 
the ‘‘ Volumes shall contain as nearly four hundred pages as may be found con- 
venient, provided that each volume shall begin with the Report of Proceedings at 
a meeting, not necessarily an Annual General Meeting.’’ These volumes contain 
the records of proceedings at meetings, followed by the papers read at the meetings, 
and they also contain Appendices in which are Notes and Corrections and Obituary 
Notices of deceased Members. The Council has decided that in future the records 
of proceedings at meetings and matter of the kind previously placed in Appendices 
shall be collected at the beginnings of volumes and shall have a different pagination 
from that of the papers, and that the records of proceedings at meetings shall be 
issued for a session at a time in the earliest completed volume after the end of the 
session. 

The Council has decided further that the page and type of future volumes of 
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Proceedings shall be larger than those of previous volumes. The size selected is the 
‘“super-royal octavo,’’ rendered familiar by some publications of the Cambridge 
University Press—Prof. Forsyth’s Theory of Functions and Lord Rayleigh’s Scientific 
Papers are examples of this size.—A specimen is laid on the table. The volumes 
are to contain as nearly five hundred pages as may be found convenient. 


The following papers were communicated by their authors :— 


Major P. A. MacMahon: The Application of Quaternions to the 
Algebra of Invariants. 
Prof. G. B. Mathews: Jacobi’s Construction for Quadric Surfaces. 


The following papers were communicated from the Chair :— 
Mr. H. W. Richmond: Automorphic Functions in relation to 
the general Theory of Algebraic Curves. 
Prof. L. EK. Dickson: Addition to the Paper on four known 
Simple Groups of Order 25920. 


An informal communication ‘“ On a Method of introducing the 
Logarithmic Function by means of Geometrical Properties of Conics”’ 
was made by Prof. A. C. Dixon. 


LIBRARY. 
Presents. 


Between December, 1902, and June, 1903, the following presents 
were made to the Library :-— 


‘‘ Joannis Bolyai, In Memoriam,’’ 4to; Claudiopolis, 1902. 

Reynolds, O. —‘‘ The Sub-Mechanics of the Universe’’ (published for the Royal 
Society); Cambridge, 1903. 

Mukerji, C.—‘‘ Elementary Geometry,’’ 8vo; Allahabad, 1903. 

Décombe, L.—‘‘ La Compressibilité des Gaz réels.’’ 

D. Ocagne, M.—‘‘ Principes fondamentaux de la Nomographie,’’ 4to; Paris, 
1903. 

Bigelow, F. H.—‘‘ Eclipse Meteorology and Allied Problems,’’ 4to ; Washington, 
1902, 


From M. A. Hermann, Paris :— 
Duhem.—‘‘ Traité de Mécanique chimique,” 4 vols., 1897-9. 
Tumlirz.—‘‘ Théorie électromagnétique dela Lumiére,’’ 1892. 
Briggs.—‘‘ Mirifici Logarithmorum ” (1620), facsimile reprint, 1895. 
Tannenberg.—‘‘ Applications géometriques du Calcul différentiel,’’ 1899, 
Oltramare.—‘‘ Calcul de Généralisation,’’ 1899, 
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‘¢ Educational Times,’’ Vol. tv., No. 500, 1902, and Vol. tv1., Nos. 502, 504-506, 
1908. 

‘¢ Mathematical Questions and Solutions from the ‘ Educational Times,’ ’’ New 
Series, Vol. 11., 1903. 

‘Indian Engineering,’’ Vol. xxxu., Nos. 21-26, 1902, and Vol. xxxur., 
Nos. 1-3 and 8-20, 19038. 

‘¢ University Quarterly,’’ Vol. x., No. 4; Kansas, 1901. 

‘¢ Science Bulletin,” Vol. 1., Nos. 5-9; Kansas, 1902. 

“¢ Mathematical Gazette,’’ Vol. 11., Nos. 36-39; 1903. 

‘¢ Nautical Almanac for 1906 ’’ (presented by the Admiralty). 

‘¢ Literary and Scientific Society,’ No. 3; Ottawa, 1902. 

‘«T,’ Enseignement Mathématique,’’ Année v., Nos. 1-3; Paris, 19038. 

‘‘Nova Acta Regie Societatis Scientiarum,’’ Vol. xvur., Fasc. 1, 2, 1896-1898, 
and Index, 1744-1889 ; Upsala. 

‘* Comptes Rendus de la Société des Naturalistes,’’ 1901, and Procés-verbal, 
12me année ; Varsovie. 

‘¢Wiadomosci Matematyczne,’’ Tom vi., Zeszyt 6, 1902, and Tom viit., 
Zeszyt 1, 2, 1903 ; Warsaw. 


Hechanges. 


Between December, 1902, and June, 1903, the following exchanges 
were received :— 


‘¢ American Journal of Mathematics,’’ Vol. xxv., Nos. 1, 2; 1903. 

‘¢ Transactions of the American Mathematical Society,”’ Vol. 1v., Nos. 1, 2; 1903. 

‘¢ Bulletin of the American Mathematical Society,’’ Vol. rx., Nos. 4-9; 1903. 

‘¢ Annual Register of the American Mathematical Society,’’ 1902-1903. 

‘¢ Proceedings of the American Philosophical Society,’’ Vol. xur., No. 171; 
Philadelphia, 19038. 

‘« Revue Semestrielle,’’ Tome x1., Pt. 1; Amsterdam, 1903. 

‘« Revue Semestrielle, Table des Matiéres,’’ 1898-1902; Amsterdam. 

‘¢ Wiskundige Opgaven,’’ Deel vi11., Stuk 5; Amsterdam, 1903. 

‘‘Bulletin de l’Académie Royale des Sciences de Belgique,’’ 1902, Nos. 9-12, 
1903, Nos. 3, 4; Bruxelles. 

‘¢ Annuaire de l’ Académie Royale des Sciences de Belgique,” 1900; Bruxelles. 

‘‘ Jahrbuch tiber die Fortschritte der Mathematik,’’ Bd. xxx1., Heft 3; 
Berlin, 1902. 

‘¢ Journal fiir die Mathematik,’? Bd. cxxv., Hefte 1-3 ; Berlin, 1902-3. 

‘¢Sitzungsberichte der Koniglichen Preussische Akademie,’’ 1902, Nos. 41-53, 
and 1908, Nos. 1-24; Berlin. 

‘¢ Proceedings of the Cambridge Philosophical Society,’’ Vol. x1., Pt. 7, 
1902; Vol. xir., Pts. 1, 2, 1903. 

‘¢ Annals of Mathematics,’’ Vol. 1v., No, 2; Cambridge, Mass., 1903. 

‘‘ Transactions of the Canadian Institute,’’ No. 14; 1902. 

‘« Proceedings of the Canadian Institute,’? No. 11; 1902. 

‘¢ Jornal de Sciencias Mathematicas,’’ Vol. xv., No. 2; Coimbra, 1903, 

‘Transactions of the Connecticut Academy,”’ Vol, x1., Pt. 1; 1901-3. 
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‘¢ Proceedings of the Royal Irish Academy,’’ Vol. vr., No. 4, 1902; also Vol. xx1v., 
Section A., Pt. 1, 1902; ‘‘ Transactions,’’ Section A, Vol. xxx11., Pts. 3-5, 1902. 

‘* Bulletin de la Société Mathématique de France,” Tome xxx., Fasc. 3, 4, 1902, 
and Tome xxxI., Fasc. 1, 1903; Paris. 

‘Nachrichten von der Kénigl. Gesellschaft der Wissenschaften zu Gittingen,’’ 
Math. -Phys. Klasse, 1902, Heft 6, and 1903, Hefte 1, 2; Geschiftliche Mittheil- 
ungen, 1902, Heft 2. 

‘*¢ Archives Néerlandaises,’’? Tome vur., Liv. 1, 2; La Haye, 1903. 

‘‘Beiblatter zu den Annalen der Physik,” Bd. xxvi., Heft 12, and Bd. xxviz., 
Hefte 1-6; Leipzig, 1902, 1903. 

* K. Sachsische Gesellschaft, Math. Klasse, Berichte,’’ Bd. tiv., Hefte 3-5 und 
Sonderheft ; Leipzig, 1902. 

*« K. Sachsische Gesellschaft, Math. Klasse, Abhandlungen,’’ Bd. xxvit., Nos. 7-9; 
Leipzig, 1902. 

‘* Periodico di Matematica,’’ Anno xvir., Fasc. 4, 5; Livorno, 1903. 

‘¢Supplemento al Periodico di Matematica,’? Anno vi., Fasc. 2-7; Livorno, 
1902, 1903. 

‘* Reale Istituto Lombardo—Rendiconti,’’ Vol. xxxv., 1902, and Vol. xxxvt., 
Fasc. 1-8 ; Milano, 1903. 

‘¢ Reale Istituto Lombardo—Rendiconti,’’ Indice generale, 1889-1900 ; Milano, 
1902. 

‘¢ Proceedings of the Royal Society,’’ Nos. 469-475 ; London, 1902, 1903. 

‘« Proceedings of the Physical Society,’’ Vol. xvi1., Pt. 4; London, 1903. 

‘¢ Annali di Matematica,’’ Tomo vi1., Fasc. 2, 3; Milano, 1902. 

** Rendiconti dell’ Accademia delle Scienze,’’ Vol. viiz., Fasc. 8-12, and Vol. 1x., 
Fase 1-4; Napoli, 1902, 1903. 

‘« Atti dell’ Accademia delle Scienze,’’ Vol. x1.; Napoli, 1902. 

‘¢ Nature,’’ Vol. uxvir., Nos. 1732-1747, and Vol. uxviit., Nos. 1749-17538 ; 
1905. 

‘‘ Rendiconti del Circolo Matematico di Palermo,’? Tomo xvt., Fasc. 6, 1902, and 
Tomo xvir., Fasc. 1-3, 1903. 

‘‘ Bulletin des Sciences Mathématiques,’’ Tome xxvr., 1902, and Tome xxvu.., 
Jan.—Mai, 1903 ; Paris. 

‘¢ Journal de l’Ecole Polytechnique,’’ Cah. vir. ; Paris, 1902. 

‘“‘ Reale Accademia dei Lincei—Rendiconti,’’ Vol. x1., Sem. 2, Fasc. 11, 12, 
1902, and Vol. x1z., Sem. 1, Fasc. 2-9, 1903; Roma. 

“¢ Acta Mathematica,’’ Bd. xxvir.; Stockholm, 1903. 

‘¢ Annales de la Faculté des Sciences,’’ Tome tv., Fasc. 1-4; Toulouse, 1902. 

‘¢ United States Naval Observatory, Report for 1902.”’ 

‘‘ Nova Acta Regie Societatis Scientiarum,’’ Vol. xx., Fasc. 1; Upsala, 1901. 

‘‘ Monatshefte fiir Mathematik,’’ Jahrgang xtv., Viertelsheften 1-3 ; Wien, 1903. 
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International Catalogue. 


Between February, 1902, and April, 1905, the following exchanges 
have been sent in the first instance to Prof. Love to be indexed for 
the “ International Catalogue of Scientific Literature ” :— 

‘< Proceedings of the Mathematical Society of Edinburgh,”’ Vol. xx., 1902. 

“‘ Proceedings of the Royal Society of Edinburgh,’’ Vols. xxi. and xxiv., 
Pts. 1-3, 1900-1902. 

‘Transactions of the Institute of Naval Architects,’’ London, 1902. 

‘¢ Journal of the Institute of Actuaries,’’? Vol. xxxvir., 1902, 1903. 

‘Proceedings of the Manchester Literary and Philosophical Society,’’ Vol. x1vt., 
Bice oo Vols xbyu., Pita. 219028 


The following have also been sent especially for the purposes of 
the “ Catalogue” :— 

‘¢ Mathematical Gazette,’’ Nos. 32-37 ; London, 1902-3. 

‘‘ Transactions of the Royal Society of Edinburgh,’’ a number of separate papers, 
1900-3. 

‘‘ Journal of the Royal Statistical Society,’’ Vol. xiv. ; London, 1902. 

‘¢‘ Educational Times,’’ Nos. 459-504 ; London, 1902-3. 


Notes AND CORRECTIONS. 


Prince Camille de Polignac calls attention to the fact that, in the 
Bulletin de la Société Mathématique de France, Vol. xxvit., p. 142, he 
had shown that, if a closed circuit can be found passing once through 
every point [of the network], the truth of Tait’s theorem becomes 
manifest, and had deduced consequences which partly anticipate the 
results obtained by Mr. 8. Roberts in his paper on ‘“ Networks” in 
Proceedings, Vol. xxxiv. Mr..Roberts was unaware of this when he 
wrote his paper. 

Mr. J. Buchanan has noticed an error which runs through his 
paper ‘“‘The Errors in certain Quadrature Formule,” Proceeedings, 
Vol. xxxtv. On pp. 337-341, h should be deleted wherever it occurs 
in combination with A,, Ay, .... 

Prof. A. C. Dixon sends the following note in correction of the 
second paragraph of his paper ‘ Expansions by means of Lamé’s 
Functions,” Proceedings, Vol. xxxv., p. 162 :—‘‘ For functions in a Rie- | 
mann space see Klein, Math. Ann., Bd. xvitt., p. 421, and Bécher, Ueber 
die Rethenenturckelungen der Potentialtheorze, p. 151 (Leipzig, Teubner, 
1894).” 
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Professor Lamb sends the following note in correction of his paper 
on “ Wave-Propagation in Two Dimensions” :—‘‘ In the foot-note on 
p. 156 the word ‘source’ is used somewhat loosely. The formule 
there given really relate to the case of a gas surrounding a spherical 
barrier, whose radius is made to vary at the rate f(t)/4a’. It is 
only when the mean radius a is infinitesimal that this agrees with 
the usual conception of a source, as employed, e.g., in Rayleigh’s 
Sound. 

“The correct formule for the case of a uniform spherical sheet of 
simple sources, of aggregate amount f (f), are 


t- (9 -a)/e 
| f(AydvX (> a), 


vt-(r+a)/e 


Amro — 


ie) 
R|o 


C t-(a-r)/e 
dnp = 4 © FOO TNNC ayh 


a7 t-(a+r)/e 
for these come under the form (6), they make » continuous for 
7 =a, and they give 


is fal eet + (Se anid, cal. 


The value of ¢ at any point, internal or external, therefore ultimately 
vanishes if the source be of finite duration. It is otherwise obvious 
from the principle of superposition that the statement in the text, 
to which the note is attached, must hold without qualification for 
any finite distribution of temporary sources in an unlumated 





medium. 
“The author is indebted to Lord Rayleigh for calling attention to 


the misleading phraseology of the note.” 


Errata, VOL. XXXvV. 


P. 40, line 8, for ‘‘y revient’’ read ‘y revient.” 


P. 239, last line, for ‘‘e-28- =”? read ‘@-%ae—Hx,”? 


VOL. XXxV.—NOo. 819. pisay | 


466 Appendix. 


OpituaRy NOoricss. 





Robert Baldwin Hayward.* 


Robert Baldwin Hayward, M.A., F.R.S., who died at Shanklin, 
Isle of Wight, on the 2nd of February last, was born at Bocking, in 
Essex, on March 7th, 1829, one of a long succession of Robert 
Haywards, of whom the first was well known as the “ Iron Parson”’ 
of Bacton. The family were Quakers, but the father of Robert 
Baldwin had lost touch of the Society, perhaps by marrying outside 
it. arly in the eighteenth century the Haywards seem to have left 
Bacton, and from that time until the end of the century appear as “of 
Keldon [ Kelvedon] Hall, Hssex.”’ 

Our Robert Hayward was educated at University College School 
and University College, where, in May, 1846, he was reading the 
calculus of variations and the details of definite integrals with 
De Morgan. He was a favourite pupil of De Morgan, and drank 
deep of his mathematical genius. 

On leaving University College Hayward competed with his 
friend Mr. E. V. Yool for the Flaherty Scholarship. A second 
examination was held in order to discriminate between the 
candidates, Mr. Yool finally obtaining the Scholarship. This 
was a great disappointment, as Yool was rich and Hayward 
poor. | 
Hayward went to St. John’s, Cambridge, in October, 1846, and 
read chiefly with Hopkins. He graduated as Fourth Wrangler 
in 1850, being beaten by Besant, H. W. Watson, and Wolstenholme. 
In the same year his friend Prof. Liveing took his degree in 
Mathematics, and E. H. Perowne and Hort in Classics. In 1851 we 
find the names of Ferrers, Yool, Searle, Lightfoot, Joseph Mayor, 
Whymper, and Harcourt. The intellectual men of the time were 
fast friends, twelve of them forming “The Society” and dining 
together regularly from their college days to the present time. But 
friendships covering fifty-six years of manhood must have their end. 
One of the twelve writes, in February of this year: “ During the last 
five weeks five of my oldest University friends have died.” 

Hayward took his London B.A. in 1847, gaining the Scholarship 
for Natural Philosophy. In due course he was elected a Fellow of 





* The Council is indebted for this notice to Mr. W. N. Roseveare. 
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St. John’s, and became also an Assistant Tutor. Among his private 
pupils at this time was Archbishop Benson, who took his degree in 
1852. From 1855 to 1859 Hayward was a Mathematical Tutor and 
Reader in Natural Philosophy at Durham University. During these 
years many of his more advanced mathematical papers were written, 
while in the vacations he was an enthusiastic climber, being an 
original member of the Alpine Club. It was, alas, on his ascent 
of the Finsteraarhorn in 1859 that his guide, Bennen, disturbed and 
broke the thermometer which Tyndall had carefully left to winter 
on the summit. At this time, too, he took an active part in dis- 
cussions on the constitutions both of St. John’s College and of Durham 
University. A pamphlet of his addressed in January, 1857, to the 
Governing Body of St. John’s “Onthe Tenure of Fellowships,” 
strongly urging the abolition of the restrictions of Holy Orders and 
Celibacy, is admirable. 

In 1859 he was appointed a Mathematical Master at Harrow by 
Dr. Vaughan, and held the post till his retirement in 1893. At 
Harrow he found his old college friend H. W. Watson, and in 1860 he 
married Mrs. Watson’s sister, Miss Marianne Rowe, of Cambridge. 
‘he brothers-in-law died within three weeks of one another, Hay- 
ward, apparently in his usual good health, arranging all the details 
of Watson’s funeral. In April, 1880, Mrs. Hayward died, the loss to 
one of Hayward’s temperament being irreparable. They had two 
sons, and also four daughters, the eldest of whom became henceforth 
his efficient housekeeper and constant helper and companion. 

In 1868-9 Hayward was appointed Examiner in the Mathematical 
Tripos, a peculiar honour for a schoolmaster of nine years’ standing 
who had been fourteen years absent from the University, and one 
which he much appreciated. In 1876 he was elected a Fellow of the 
Royal Society, chiefly, it is understood, on the ground of his valuable 
work on “ Moving Axes.” 

_ But Hayward, though a keen mathematician, had the widest sym- 
pathy with all sorts of knowledge. He had, during his Cambridge’ 
career, taken up a course of analytical chemistry ; notes of his climbs 
are full of geological and other observations; and, though circumstances 
drew his attention largely to pure mathematics, he valued them mainly 
for their applications to physics. He was a fair French and German 
scholar, and in his closing years was equal to reading Homer in the 
original for the purposes of a local essay club. At Harrow, at Dr. 
Butler’s request, he represented the School on the Local Board, filling 
the post of chairman for seventeen years. He was no orator, but he 


468 Appendix. 


won the respect of the Board by his clear judgment and his kindly 
disposition. He gave up his House in 1888, but continued to teach in 
the School until, in 1893, he retired with his daughters to a quiet home 
in the Isle of Wight, where he lived active in mind and body, doing 
much examination work, contributing letters on scientific subjects to 
various papers, and roaming daily over the downs. He was fora 
time on the Shanklin District Council, his scientific knowledge and 
experience contributing largely to the solution of a difficult question 
of water supply. He had ever been strong and healthy, and some 
slight signs of heart weakness had by no means prepared his friends 
for his sudden death after only two days’ illness. 

Of his mathematical work, that of older date consists of papers 
on:—‘ A Direct Method of Estimating Velocities, Accelerations, and 
all similar Quantities with respect to Axes Movable in any manner in 
Space” (Trans. Camb. Phil. Soc., Vol. x., Part I., Feb. 25, 1856) ; 
‘“A Direct Demonstration of Jacobi’s Canonical Formule for the 
Variation of Elements in a Disturbed Orbit” (about 1858); “ An 
Interpretation and Proof of Lagrange’s Equations of Motion referred 
to Generalized Coordinates” (Jour. of P. and A. Math., No. 40, 1870) 
—this won the admiration of Sir, Robert Ball, who wrote: “I 
never before had a thorough hold of these beautiful equations”; ‘On 
an Hxtension of the term ‘Area’ to any Closed Cireuit ” (Proc. Lond. 
Math. Soc., No. 59, April, 1873)—this met with the approval of 
Clerk-Maxwell, who, by the way, considered Hayward sound “on 
tops”; and “An Analysis of Foucault's Experiments with a Revolving 
Disc.” He also wrote lucid essays ‘On Laplace’s Coefficients,” 
“On the Mechanical Sciences,” “‘On the General Distribution of Stars 
in Space.” 

But perhaps, next to his memoir on moving axes, the chief debt the 
mathematical world owes to Hayward is for his work on the A.I.G.T. 
Syllabus and Text-Book of Elementary Geometry. From 1871 to the 
appearance of the book, in 1885, Hayward (President from 1878) and 
Mr. R. Levett (Secretary) were the unflagging leaders of a band of 
men who, though busy in various walks of life, devoted time and 
energy to the production of an alternative text-book to Euclid, which 
should not only be as sound as they could make it, but should fairly 
represent the views of the general body of thoughful teachers. 

The history of this work, with its long fight over commensurables 
and incommensurables, and the various able replies to an appeal made 
in 1874 to all members of the A.I.G.T. to send in print their views 
on proportion, seem well worthy to be permanently recorded. It is true 
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that the protest against the exclusive use of Euclid seemed, in a 
measure, to fail, and that the A.I.G.T. book has not to any great 
extent supplanted Huchd ; but, now that the less ambitious efforts of 
last year in the same direction seem destined to succeed, the 
details of those fourteen years’ work would be interesting and in- 
structive if one of the survivors would publish them. 

The full scheme of proportion (applicable to all magnitudes) which 
was in the main adopted by the Association was Hayward’s. He 
_was on the strong Committee of the British Association on Elementary 
Geometry, and drew up its report in 1876.. The A.I.G.T. Syllabus of 
Solid Geometry again entailed much work on the President and Secre- 
tary, although the Committee was “unable, owing to various causes, 
to complete its labours.” One of these causes seems to have been the 
difficulty of getting the Committee to give enough time to the work. 
But Hayward persevered in this work by himself, and published, in 
1890, a small book on Solid Geometry having many merits (a detail 
was the suggestion of the word “ cuboid”’ instead of “ rectangular 
parallelepiped ”’), which received the compliment of being reproduced 
almost verbatim in the United States in 1896, but under another 
author’s name! 

Hayward also drew up for the A.I.G.T. Syllabuses of Geometrical 
Conics and of Elementary Dynamics. The latter he seems to have 
partly developed into a book. In 1892 was published the ‘“‘ Vector 
Algebra and Trigonometry.” This interesting and suggestive little 
‘book, the first attempt in English to deal simply with the subject of 
Vectors, seems to have been planned many years before: he made 
notes for it as far back as 1882. The work was very favourably 
received, many mathematicians greeting it as “charming.” Prof: 
Maxime Bocher, reviewing it at length in the Bulletin of the American 
Mathematical Society, speaks of ‘‘its freshness and interest, which 
many a mathematical writer might well envy.’ He proceeds, how- 
ever, to make it the text for a severe attack on the “lack of rigor”’ 
of recent English mathematical work, especially pillorying Hayward’s 
use of ‘‘ the permanence of equivalent forms.” Among the interesting 
features of the book are the use of «4 in place of the cumbrous e“ for 
the unit vector of angle A, the attempt to introduce “excircle” for 
“ rectangular hyperbola,” and the pretty geometrical consideration of 
convergency. 

Hayward ventured once to criticize Mr. Herbert Spencer's use 
of certain dynamical terms, and was thereby involved in an arduous 
correspondence, characteristic on both sides. 
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The Nineteenth Century of February, 1884, contains an ingenious 
article by Hayward on “ Proportional Representation,” which aroused 
much interest in the political world. 

He was an able and eager advocate of the introduction of the 
metric system, and with that end in view pleaded strongly for 1m- 
proved methods in arithmetic, especially in decimals. His influence 
established a good system of arithmetical teaching at Harrow. He 
published in December, 1895, an admirable pamphlet, Hints on 
Teaching Arithmetic, the substance of which he forwarded to Sir J. H. 
Gorst at the Board of Education; and on April 5th, 1899, the Times 
printed a lucid letter from him on the decimal system. In February, 
1901, he wrote to the Standard on the recorded hearing at great 
distances of the guns that saluted the Queen’s funeral voyage from 
Osborne, and suggested an ingenious solution. 

As a practical teacher, Hay ward, as is so often the case, was perhaps 
not as good as his theories. He was not always ready to immerse 
himself in the steady drudgery which is essential even to the inspiring 
teacher. But he has left on the minds of those who knew him the 
impression of a remarkably clear-headed, clever man, withal simple, 
sympathetic, and kindly, free from every taint of littleness. 


James Glaisher.* 


James Glaisher was born in London on April 7th, 1809, and died 
at Croydon on February 7th, 1903. His long life thus almost spanned 
the uineteenth century, to the scientific history of which he con- 
tributed one of the most romantic chapters. 

Geology and astronomy were his earliest fields of work: first as 
an assistant in the Irish Survey (1829-34), and afterwards at 
Cambridge (1834-6) and Greenwich (1836-40) Observatories. In 
1840, however, the Meteorological Department was established in 
connexion with Greenwich, and for thirty-four years (1840-74) was 
under Mr. Glaisher’s superintendence. Meteorology and the allied 
subjects became, in this way, the main business of his life; he was 
the chief founder, and for long the Secretary, of the Meteorological 
Society, and the originator of the Meteorological Reports. His 
services in the promotion of this department of knowledge led, in 
1849, to his election as a Fellow of the Royal Society. 

It was not, however, until he was well on in life that he commenced 








* The Council is indebted for this notice to Mr. E. 'T. Whittaker. 
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those sensational investigations by which his name became most 
widely known. In 1859 a Committee of the British Association was 
appointed to consider the possibility of making meteorological observ- 
ations, at great altitudes, by means of balloons. Of this Committee 
Mr. Glaisher was a member, and to him the actual execution of the 
plan was committed. Accordingly, in 1862, he made arrangements 
with a well known aeronaut, Mr. Coxwell, for a series of balloon 
ascents, which were carried out in the ensuing four years. The most 
memorable of these was the ascent of September 5th, 1862, in which 
the record height of 37,000 feet was reached: Mr. Glaisher became, 
for the moment, completely paralyzed, and the two were saved only 
by Mr. Coxwell’s presence of mind in gripping the valve-rope with 
his teeth. 

These adventures were later described in his published work, 
Travels in the Air. He was known to those interested in cosmical 
physics also as the editor of Flammarion’s Atmosphere and Guillemin’s 
World of Comets, and in other circles as the President of the Photo- 
graphic Society of Great Britain and as the President of the Palestine 
Exploration Fund. 

The mathematical world will always remember him as the author 
of Factor Tables which extend several millions beyond the limit 
reached by the earler German workers. ‘T'hese were completed 


chiefly in the period following his retirement from the public service 
in 1874. 


William Irvine Ritchie. 

William Irvine Ritchie was the eldest son of the late Mr. William 
Ritchie, formerly Advocate-General of Bengal and legal member of 
the Council of the Governor-General of India. He was educated at 
Eton, King’s College, London, and Trinity College, Cambridge. He 
was a Scholar of Trinity and was seventh Wrangler in 1873. In 
1874 he was appointed a Junior Hxaminer in the Education Office, 
and in 1893 he became a Senior Examiner and subsequently an 
Assistant Secretary to the Board of Education. A writer in the 
Times of January 6th, 1905, eulogizes his work in the Education 
Office, in which he appears to have found scope for the exercise of 
his mathematical ability. He was elected a member of the London 
Mathematical Society in 1874, and remained a» member until his 
death on January Ist, 1903. In 1875 he married Magdalene Alice, 
only daughter of the Rev. W. H. Brookfield, who was a well known 
personage and a friend of Thackeray and Tennyson, 
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